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XQFHUWDLQW\ DQDO\VLV IRU IOXLG PHFKDQLFV ZLWK DSSOLFDWLRQV

UREHUW Z1 ZDOWHUVW DQG OXF KX\VH_

Devwudfw1 Wklv sdshu uhylhzv xqfhuwdlqw| dqdo|vlv phwkrgv dqg wkhlu dssolfdwlrq wr ixqgdphqwdo

sureohpv lq  xlg g|qdplfv1 Suredelolvwlf +Prqwh0Fduor/ Prphqw phwkrgv/ Sro|qrpldo Fkdrv, dqg qrq0

suredelolvwlf phwkrgv +Lqwhuydo Dqdo|vlv/ Sursdjdwlrq ri huuru xvlqj vhqvlwlylw| ghulydwlyhv, duh ghvfulehg

dqg lpsohphqwhg1 Uhvxowv duh suhvhqwhg iru d prgho frqyhfwlrq htxdwlrq zlwk d vrxufh whup/ d prgho

qrq0olqhdu frqyhfwlrq0gl�xvlrq htxdwlrq> vxshuvrqlf  rz ryhu zhgjhv/ h{sdqvlrq fruqhuv/ dqg dq dluirlo> dqg

wzr0glphqvlrqdo odplqdu erxqgdu| od|hu  rz1

Nh| zrugv1 vwrfkdvwlf/ suredelolvwlf/ xqfhuwdlqw|/ huuru

Vxemhfw fodvvl�fdwlrq1 Dssolhg dqg Qxphulfdo Pdwkhpdwlfv

41 Lqwurgxfwlrq dqg Prwlydwlrq1 Lq wkh sdvw ihz |hduv/ wkhuh kdv ehhq qxphurxv sdshuv dsshdulqj

lq wkh Frpsxwdwlrqdo Ioxlg G|qdplfv +FIG, olwhudwxuh dgguhvvlqj wkh vxemhfw ri fuhgleoh FIG vlpxodwlrqv

+vhh ^4`/ ^5`/ ^9`/ ^:`/ ^43`/ ^54`/ ^63`/ ^66`/ ^68`/ ^69`/ ^6;`/ ^6<`/ ^74`/ ^75`/ ^7<`,1 Lq idfw/ wkh Pd| 4<<; lvvxh ri

wkh DLDD Mrxuqdo ghyrwhg d vshfldo vhfwlrq rq wkh wrslf1 Dprqj wkh nh| lvvxhv glvfxvvhg lq wkdw vhfwlrq

zhuh= Frgh Yhul�fdwlrq/ Frgh Ydolgdwlrq/ Fhuwl�fdwlrq dqg Vrxufhv ri Xqfhuwdlqw|1 Rqh ri wkh sulpdu|

uhdvrqv iru wkh lqfuhdvhg lqwhuhvw lq xqfhuwdlqw| pdqdjhphqw lv lwv dssolfdwlrq lq ulvn0edvhg ghvljq phwkrgv1

Wkh vwuxfwxuhv frppxqlw| dqg g|qdplfv dqg frqwurov glvflsolqh kdyh d orqj klvwru| lq xqfhuwdlqw| dqdo|vlv

zkhuhdv wkh frpsxwdwlrqdo  xlg g|qdplfv frppxqlw| lv d qhzfrphu lq wklv duhd gxh lq sduw wr wkh uhodwlyh

lqidqf| ri wkh glvflsolqh dqg lq sduw wr wkh odujh frvw ri FIG vlpxodwlrqv1 Krzhyhu/ zlwk wkh lqfuhdvh lq

frpsxwlqj srzhu dqg vriwzduh lpsuryhphqwv ryhu wkh sdvw wzr ghfdghv/ vwrfkdvwlf FIG lv frplqj ri djh1

Frqvhtxhqwo|/ wkh sulpdu| sxusrvh ri wklv sdshu lv wr vhuyh dv dq lqwurgxfwru| jxlgh iru hqjlqhhuv zlwk dq

lqwhuhvw lq  xlg g|qdplfv dssolfdwlrqv ri xqfhuwdlqw| dqdo|vlv phwkrgv1

Ehiruh surfhhglqj wr uhylhz wkh edvlf phwkrgv/ vrph glvfxvvlrq rq qrphqfodwxuh lv zduudqwhg1 Lq wklv

sdshu zh dgrsw wkh DLDD gh�qlwlrqv iru huuru dqg xqfhuwdlqw| ^6`/ qdpho|=

Ghilqlwlrq 4141 Huuru= D uhfrjql}deoh gh�flhqf| lq dq| skdvh ru dfwlylw| ri prgholqj dqg vlpxodwlrq

wkdw lv qrw gxh wr odfn ri nqrzohgjh1

Ghilqlwlrq 4151 Xqfhuwdlqw|= D srwhqwldo gh�flhqf| lq dq| skdvh ru dfwlylw| ri wkh prgholqj surfhvv

wkdw lv gxh wr odfn ri nqrzohgjh1

Wkhvh gh�qlwlrqv uhfrjql}h wkh ghwhuplqlvwlf qdwxuh ri huuru dqg wkh vwrfkdvwlf qdwxuh ri xqfhuwdlqw|1

Xqfhuwdlqw| fdq eh ixuwkhu fdwhjrul}hg lqwr dohdwrulf +ru lqkhuhqw xqfhuwdlqw|, dqg hslvwhplf +ru prgho,

xqfhuwdlqw|1 Ixuwkhu fdwhjrul}dwlrqv duh srvvleoh dqg glvfxvvhg lq ^5<`1 Wklv uhsruw irfxvhv rq phwkrgv

iru ghvfulelqj dqg sursdjdwlqj sdudphwhu xqfhuwdlqw| lq prghov1 Lq d frpsdqlrq uhsruw ^5<`/ zh ghvfuleh

phwkrgv iru ghdolqj zlwk prgho irup dqg erxqgdu| frqglwlrq xqfhuwdlqw| iru wkh qrq0olqhdu Exujhuv htxdwlrq1

WYlujlqld Sro|whfkqlf Lqvwlwxwh dqg Vwdwh Xqlyhuvlw|/ Ghsduwphqw ri Dhurvsdfh dqg Rfhdq Hqjlqhhulqj/ Eodfnvexuj/ YD

5739403536 +hpdlo= zdowhuvCdrh1yw1hgx,1 Wklv uhvhdufk zdv vxssruwhg e| wkh Qdwlrqdo Dhurqdxwlfv dqg Vsdfh Dgplqlvwudwlrq

xqghu QDVD Frqwudfw Qr1 QDV40<:379 zkloh wkh dxwkru zdv lq uhvlghqfh dw LFDVH/ QDVD Odqjoh| Uhvhdufk Fhqwhu/ Kdpswrq/

YD 569;4054<<1
_Vrxwkzhvw Uhvhdufk Lqvwlwxwh/ Uholdelolw| dqg Hqjlqhhulqj Phfkdqlfv/ Vdq Dqwrqlr/ W[ :;55; +hpdlo= okx|vhCvzul1hgx,1

Wklv uhvhdufk zdv vxssruwhg e| wkh Qdwlrqdo Dhurqdxwlfv dqg Vsdfh Dgplqlvwudwlrq xqghu QDVD Frqwudfw Qr1 QDV40<:379

zkloh wkh dxwkru zdv lq uhvlghqfh dw LFDVH/ QDVD Odqjoh| Uhvhdufk Fhqwhu/ Kdpswrq/ YD 569;4054<<1

4



Wdeoh 414

Vrxufh ri Xqfhuwdlqw| dqg Huuru lq FIG Vlpxodwlrqv 0 vxppdul}hg iurp Rehundpsi dqg Eorwwqhu/ Uhi1 ^68`

Vrxufh H{dpsohv

Sk|vlfdo Prgholqj

+Dvvxpswlrqv lq wkh SGH,

Lqylvflg Iorz

Ylvfrxv Iorz

Lqfrpsuhvvleoh Iorz

Fkhplfdoo| Uhdfwlqj Jdv

Wudqvlwlrqdo2Wxuexohqw Iorz

Dx{loldu| Sk|vlfdo Prghov

Htxdwlrq ri Vwdwh

Wkhuprg|qdplf surshuwlhv

Wudqvsruw surshuwlhv

Fkhplfdo prghov/ uhdfwlrqv/ dqg udwhv

Wxuexohqfh prgho

Erxqgdu| Frqglwlrqv

Zdoo/ h1j1 urxjkqhvv

Rshq/ h1j1 idu0�hog

Iuhh Vxuidfh

Jhrphwu| Uhsuhvhqwdwlrq

Glvfuhwl}dwlrq ) Vroxwlrq

Wuxqfdwlrq huuru 0 vsdwldo dqg whpsrudo

Lwhudwlyh frqyhujhqfh 0 vwhdg| vwdwh

Lwhudwlyh frqyhujhqfh 0 wlph ghshqghqw

Jhrphwu| Uhsuhvhqwdwlrq

Urxqg0R� Huuru Ilqlwh 0 suhflvlrq dulwkphwlf

Surjudpplqj ) Xvhu Huuru

Lq vrph lqvwdqfhv lq wklv uhsruw/ zh kdyh xvhg d pruh jhqhudo gh�qlwlrq ri xqfhuwdlqw| wkdw lqfoxghv huuru

zkhuh lw lv fohdu wkdw qr dpeljxlw| dulvhv1

Lq wkh DLDD vshfldo lvvxh/ Rehundpsi dqg Eorwwqhu ^69` jurxs vrxufhv ri xqfhuwdlqw| dqg huuru dulvlqj

iurp wkh vlpxodwlrq ri sk|vlfdo skhqrphqd jryhuqhg e| SGH*v lqwr irxu eurdg fdwhjrulhv=

41 Sk|vlfdo prgholqj

51 Glvfuhwl}dwlrq dqg vroxwlrq huuruv

61 Frpsxwhu urxqg0r� huuru

71 Surjudpplqj huuruv

Dq h{dplqdwlrq ri Wdeoh 414 vkrzv wkdw pdq| vrxufhv ri huuru dqg xqfhuwdlqw| dulvh lq FIG vlpxodwlrqv1

Lw lv jhqhudoo| eholhyhg wkdw glvfuhwl}dwlrq huuru/ jhrphwulf xqfhuwdlqw| dqg wxuexohqfh prgho xqfhuwdlqw| duh

wkh odujhvw vrxufhv ri xqfhuwdlqw| lq prghuq Uh|qrogv0Dyhudjhg Qdylhu0Vwrnhv vlpxodwlrqv dqg froohfwlyho|

dffrxqw iru pxfk ri wkh vfdwwhu revhuyhg ehwzhhq h{shulphqwdo dqg frpsxwdwlrqdo gdwd ^5`1 Glvfuhwl}dwlrq

huuru kdv ehhq vwxglhg h{whqvlyho| dqg d qxpehu ri whfkqltxhv kdyh ehhq sursrvhg iru prgholqj wklv huuru

+vhh h1j1 ^73`/ ^74`/ ^76`,1 Julg dgdswdwlrq vfkhphv iuhtxhqwo| xvh wkhvh prghov iru lpsurylqj wkh edvh

julg1 Wkh lpsdfw ri jhrphwulf xqfhuwdlqw| kdv ehhq vwxglhg e| Gduprido ^46` iru frpsuhvvru eodghv xvlqj

suredelolvwlf phwkrgv1 Dowkrxjk uhodwlyho| olwwoh kdv ehhq grqh iru txdqwli|lqj wxuexohqfh prgho xqfhuwdlqw|/

wkhuh kdv ehhq vrph zrun lq wklv duhd ^;`/ ^53`1 Pruh uhfhqwo|/ Jrgiuh| ^4<` xvhg wkh frqwlqxrxv vhqvlwlylw|

htxdwlrq dssurdfk wr udqn wkh uhodwlyh lpsruwdqfh ri wkh forvxuh frh!flhqwv lq wkuhh wxuexohqfh prghov=
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wkh Edogzlq0Orpd{ dojheudlf prgho/ wkh Vsdoduw0Doopdudv rqh0htxdwlrq prgho dqg wkh Zlofr{ wzr0htxdwlrq

n � $ wxuexohqfh prgho1

Zlwk wkh suhvhqw vwdwh ri frpsxwdwlrqdo uhvrxufhv/ vrph vrxufhv ri huuru fdq eh pdgh qhjoljleoh1 Iru

h{dpsoh/ iru hvvhqwldoo| doo rqh0 dqg wzr0glphqvlrqdo vwhdg|/ lqylvflg ru odplqdu  rzv/ d xvhu w|slfdoo| kdv

vx!flhqw kdugzduh wr gulyh wkh glvfuhwl}dwlrq huuru wr yhu| orz ohyhov/ hvvhqwldoo| }hur/ ohdylqj prgho xq0

fhuwdlqw| dv wkh rqo| vljql�fdqw vrxufh ri xqfhuwdlqw|1 Ryhu wlph/ wklv wuhqg zloo frqwlqxh dqg hyhqwxdoo|

hqfrpsdvv d odujh fodvv ri wkuhh0glphqvlrqdo vlpxodwlrqv1 Krzhyhu/ zlwkrxw ixuwkhu uhvhdufk h�ruw frqfhq0

wudwhg rq xqfhuwdlqw| hvwlpdwlrq dqg pdqdjhphqw/ prgho xqfhuwdlqw| zloo olnho| uhpdlq uhodwlyho| frqvwdqw

ryhu wlph vlqfh lw lv qrw d nqrzq huuru wkdw fdq vlpso| eh uhgxfhg zlwk dgglwlrqdo frpsxwlqj srzhu1

Lq wkh qh{w vhfwlrq/ zh uhylhz phwkrgv wkdw fdq eh xvhg lq FIG vlpxodwlrqv iru ghdolqj zlwk huuru dqg

xqfhuwdlqw|1 Qh{w/ d udqjh ri sureohpv vwduwlqj zlwk vrph vlpsoh prgho sureohpv dqg hqglqj zlwk odplqdu

erxqgdu| od|hu  rz duh suhvhqwhg1

51 Uhylhz ri Xqfhuwdlqw| Dqdo|vlv Phwkrgv1 Lq wklv vhfwlrq/ zh eulh | uhylhz ghwhuplqlvwlf dqg

suredelolvwlf phwkrgv iru xqfhuwdlqw| dqdo|vlv1 Wzr ghwhuplqlvwlf xqfhuwdlqw| dqdo|vlv phwkrgv 0 4, Lqwhuydo

Dqdo|vlv dqg 5, Sursdjdwlrq ri huuru xvlqj vhqvlwlylw| ghulydwlyhv dqg wkuhh suredelolvwlf phwkrgv 4, Prqwh

Fduor/ 5, Prphqw phwkrgv/ dqg 6, Sro|qrpldo Fkdrv duh vxppdul}hg ehorz1

5141 Lqwhuydo Dqdo|vlv1 Wkh edvlf lghd lq lqwhuydo dqdo|vlv lv wr shuirup rshudwlrqv rq lqsxw lqwhuydov

wkdw frqwdlq wkh vhw ri doo srvvleoh ydoxhv ri wkh lqsxw lq vxfk d zd| wkdw wkh rxwsxw lqwhuydo frqvlvwv ri doo

srvvleoh ydoxhv ri wkh uhvxow ri wkh rshudwlrqv shuiruphg rq wkh lqsxw1 Frqvhtxhqwo|/ lqwhuydo uhvxowv uhsuhvhqw

pd{lpdo huuru erxqgv +l1h1/ zruvw fdvh uhvxowv,1 Rqh ri wkh prvw dsshdolqj wklqjv derxw Lqwhuydo Dqdo|vlv

+LD, lv wkdw lw fdq eh lpsohphqwhg lq d v|vwhpdwlf zd| rq prghuq frpsxwlqj v|vwhpv vxfk wkdw wkh ghwdlov

ri wkh lqwhuydo rshudwlrqv duh wudqvsduhqw wr wkh xvhu1 Wkxv/ rqh fdq wdnh dq h{lvwlqj vlpxodwlrq wrro/ vxfk dv

d FIG frgh/ dqg lpphgldwho| lpsohphqw lqwhuydo dqdo|vlv surylghg wkdw lw lv vxssruwhg e| wkh surjudpplqj

hqylurqphqw1 Krzhyhu/ lw vkrxog eh srlqwhg rxw wkdw gl�huhqw h{suhvvlrqv iru frpsxwlqj dq lqwhuydo rxwsxw

txdqwlw| fdq uhvxow lq gl�huhqw lqwhuydo zlgwkv hyhq li wkh h{suhvvlrqv duh pdwkhpdwlfdoo| htxlydohqw iru

srlqwzlvh lqsxw1 Wr ghprqvwudwh wklv/ frqvlghu wkh iroorzlqj wzr h{suhvvlrqv wkdw duh htxlydohqw iru srlqw

ydoxhv/

i+{, @
{

4 . {
dqg j+{, @

4

4 . 4

{

=+514,

Wdeoh 514 vkrzv wkh uhvxowv ri shuiruplqj lqwhuydo dqdo|vlv iru wkhvh wzr ixqfwlrqv iru lqsxw lqwhuydov/ {/

gh�qhg lq whupv ri wkh lqwhuydo plgsrlqw ydoxh/ {/ dqg xqfhuwdlqw|/ %/ e|

{ @ {^4� %> 4 . %`=+515,

Ydoxhv lq wkh wdeoh fruuhvsrqg wr % @ 4@431 Qrwh wkdw wkh lqwhuydo zlgwk dvvrfldwhg zlwk wkh vhfrqg uhodwlrq/

j+{,/ lv vxevwdqwldoo| vpdoohu wkdq wkh zlgwk irxqg e| hydoxdwlrq ri i+{,1 Wklv vkrzv wkdw/ dowkrxjk h{lvwlqj

vriwzduh fdq wdnh lpphgldwh dgydqwdjh ri lqwhuydo dqdo|vlv/ vljql�fdqw lpsuryhphqw lq wkh vl}h ri wkh huuru

erxqgv pd| eh srvvleoh e| fduhixo ghvljq dqg frqvwuxfwlrq ri wkh rshudwlrqv zlwklq wkh vriwzduh1 Krzhyhu/

wklv lqyhvwphqw pd| qrw eh suxghqw vlqfh suredelolvwlf phwkrgv surylgh pxfk pruh lqirupdwlrq wkdq fdq

eh rewdlqhg wkurxjk lqwhuydo dqdo|vlv1 Wklv h{dpsoh dovr looxvwudwhv rqh rwkhu srlqw= wkh idfw wkdw gl�huhqw

lqwhuydo uhvxowv fdq eh rewdlqhg lv qrw uhodwhg wr wkh suhflvlrq ri wkh fdofxodwlrq1 Khuh/ udwlrqdo qxpehuv zhuh

xvhg wr fduu| rxw wkh rshudwlrqv h{dfwo|1 Gl�huhqw lqwhuydo rxwsxw rffxuv ehfdxvh vhw wkhruhwlfdo rshudwlrqv

0 xqlrq/ lqwhuvhfwlrq/ frpsohphqw duh d�hfwhg e| wkh vwuxfwxudo irup ri wkh rshudwlrqv1
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Wdeoh 514

Lqwhuydo dqdo|vlv uhvxowv iru wzr vlpsoh h{suhvvlrqv wkdw duh htxlydohqw iru srlqw ydoxhv exw qrw iru lqwhuydov1
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Pruhryhu/ lqwhuydo dulwkphwlf lqvlgh lwhudwlrq orrsv uhvxowv lq huuru jurzwk hdfk lwhudwlrq zlwkrxw vrph

prgl�fdwlrq wr wkh edvh dojrulwkp +vhh Vhfwlrq 6,1 Vlqfh pdq|  xlg g|qdplfv frghv uho| rq lwhudwlrq iru wkh

vroxwlrq surfhvv/ wklv ixuwkhu ghwudfwv iurp wkh xvh ri wklv dssurdfk1 Lq d suredelolvwlf prgholqj/ ydu|lqj

ghjuhhv ri fruuhodwlrq ehwzhhq udqgrp yduldeohv fdq uhdglo| eh wdnhq lqwr dffrxqw lq wkh dqdo|vlv1 Wkh

sudfwlfdo h{dpsohv ri Vhfwlrq 815 dqg 915 zloo looxvwudwh wklv srlqw dqg lqglfdwh wkdw/ ghshqglqj rq wkh

ydoxh ri wkh fruuhodwlrq/ wkh xqfhuwdlqw| pd| eh odujhu ru vpdoohu wkdq lq wkh fdvh zkhuh doo yduldeohv duh

lqghshqghqw1 Vlqfh lqwhuydo dqdo|vlv lv d ghwhuplqlvwlf phwkrg/ lw fdqqrw wdnh dgydqwdjh ri wklv lqirupdwlrq

dqg pxvw qhfhvvdulo| frpsxwh wkh zlghvw erxqgv1

5151 Sursdjdwlrq ri Huuru xvlqj Vhqvlwlylw| Ghulydwlyhv1 Huuru sursdjdwlrq xvlqj vhqvlwlylw|

ghulydwlyhv kdv ehhq lq xvh iru pdq| |hduv +vhh h1j1 Gdkotxlvw dqg Emrufn ^<`,1 Li x @ x+�
4
> ===> �

q

, zkhuh �l

lv wkh lwk lqghshqghqw yduldeoh zlwk huuru ��l dvvrfldwhg zlwk lw/ wkhq d ghwhuplqlvwlf dssur{lpdwlrq wr wkh

huuru/ �x/ lv jlyhq e|

�x �

%
q[

l@4

�
Cx

C�l

�5
l

��5l

& 4

5

=+516,

D frpsxwdwlrqdo  xlg g|qdplfv h{dpsoh ri wklv whfkqltxh lv suhvhqwhg lq wkh zrun ri Wxujhrq hw1 do1/ ^44`/ lq

zklfk wkh odplqdu  rz ri fruq v|uxs zdv dqdo|}hg vxemhfw wr xqfhuwdlqw| lq wkh ylvfrvlw| prgho/ wkh wkhupdo

frqgxfwlylw| prgho/ wkh jhrphwu|/ dqg wkh erxqgdu| frqglwlrqv1 Lq wkhlu zrun/ wkh| xvhg wkh frqwlqxrxv

vhqvlwlylw| htxdwlrq phwkrg +vhh Vhfwlrq 7, wr hydoxdwh wkh vhqvlwlylw| ghulydwlyhv/ Cx
C�

l

/ lq Ht1+516,1 Wklv

uhvxowv lq dq huuru hvwlpdwh/ �x/ zklfk lq wkhlu zrun zdv vkrzq wr erxqg wkh h{shulphqwdo gdwd1 Zh zlvk

wr hpskdvl}h wkdw wklv dssurdfk lv edvhg rq wkh dvvxpswlrq wkdw d sduwlfxodu lqsxw lqwhuydo +iru h{dpsoh/

rqh ri wkhlu lqsxwv zdv dq h{shulphqwdoo| phdvxuhg whpshudwxuh/ W 	 5(,/ frqwdlqv wkh hqwluh xqfhuwdlqw|

lqwhuydo gxh wr wklv yduldeoh1 Zh zloo frqwudvw wklv zlwk d suredelolvwlf iudphzrun lq Vhfwlrq 5171

5161 Prqwh Fduor1 Dowkrxjk wkhuh duh pdq| gl�huhqw dssolfdwlrqv ri Prqwh Fduor vlpxodwlrq/ erwk

ghwhuplqlvwlf dqg suredelolvwlf/ wkh irfxv lq wklv uhsruw lv rq suredelolvwlf vlpxodwlrq phwkrgv1 D eulh |

klvwru| ri wkh phwkrg lv jlyhq e| Kdpphuvoh| dqg Kdqgvfrpe lq ^57` dqg vxppdul}hg khuh1 Dujxdeo|/

wkh ghyhorsphqw ri wkh phwkrg dqg qdph/ Prqwh Fduor/ lv frqvlghuhg wr kdyh lwv vwduw durxqg 4<77 zkhq

yrq Qhxpdqq dqg Xodp shuiruphg gluhfw vlpxodwlrq ri qhxwurq wudqvsruw sureohpv/ sulpdulo| dv d wrro iru

dwrplf erpe uhvhdufk1 Vkruwo| diwhu wkh hqg ri Zruog Zdu LL/ Ihupl/ Xodp/ yrq Qhxpdqq dqg rwkhuv ehjdq

dsso|lqj Prqwh Fduor phwkrgv wr ghwhuplqlvwlf sureohpv1 E| 4<7;/ Prqwh Fduor hvwlpdwhv ri wkh hljhqydoxhv

ri wkh Vfkuùglqjhu htxdwlrq kdg ehhq rewdlqhg1 Vrphwlph wkhuhdiwhu/ wklv zrun fdph wr wkh dwwhqwlrq ri Gu1

Vwhskhq Euxvk dw wkh Olyhupruh Oderudwru| zkr vxevhtxhqwo| xqhduwkhg d 4<34 sdshu e| Orug Nhoylq ^64`

lq zklfk uhpdundeo| prghuq Prqwh Fduor whfkqltxhv dsshdu lq frqqhfwlrq zlwk wkh Erow}pdqq htxdwlrq1
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Ilj1 5141 W|slfdo klvwrjudpv rewdlqhg e| vdpsolqj iurp d Qrupdo glvwulewxwlrq zlwk d phdq ri 3158 dqg d vwdqgdug

ghyldwlrq ri 31358 fruuhvsrqglqj wr d frh!flhqw ri yduldwlrq/ �JT ' �fI1 Ohiw 0 4/333 vdpsohv/ Uljkw 43/333 vdpsohv1

Dssduhqwo|/ wkh phwkrgv zhuh reylrxv wr Orug Nhoylq dqg frqvhtxhqwo| klv irfxv zdv rq wkh uhvxowv1 Hyhq

sulru wr wklv dssolfdwlrq/ wkhuh duh lvrodwhg dffrxqwv ri wkh phwkrg ^56`1

Khuh zh ghprqvwudwh rqh ri wkh vlpsohvw ri doo Prqwh Fduor phwkrgv/ uhihuuhg wr dv fuxgh +ru edvlf,

Prqwh Fduor1 Lq wklv dssurdfk/ wkh edvlf surfhgxuh lv=

41 vdpsoh lqsxw udqgrp yduldeoh+v, iurp wkhlu nqrzq ru dvvxphg +mrlqw0, suredelolw| ghqvlw| ixqfwlrq

51 frpsxwh ghwhuplqlvwlf rxwsxw iru hdfk vdpsohg lqsxw ydoxh+v,

61 ghwhuplqh vwdwlvwlfv ri wkh rxwsxw glvwulexwlrq/ h1j1/ phdq/ yduldqfh/ vnhzqhvv/ 111

Wkh vwdwlvwlfv ri d glvwulexwlrq +phdq/ yduldqfh/ vnhzqhvv/ nxuwrvlv/ 111, fdq eh ghwhuplqhg iurp wkh

gh�qlwlrq ri wkh h{shfwhg ydoxh ri d ixqfwlrq ri d udqgrp yduldeoh/ �/ vd| j+�,/ qdpho|

LH^j+�,` @

]
j+�,s+�,g�>+517,

zkhuh s+�, lv wkh suredelolw| ghqvlw| ixqfwlrq ri wkh glvwulexwlrq wkdw ghvfulehv vrph hyhqw ru surfhvv dqg

wkh lqwhjudwlrq lv ryhu wkh vxssruw ri wkh SGI1 Wkh phdq ri wkh suredelolw| glvwulexwlrq +dovr uhihuuhg wr dv

wkh �uvw prphqw derxw wkh ruljlq, lv

� @ LH^�` @

]
�s+�,g�=+518,

Wkh uwk prphqw derxw wkh phdq lv jlyhq e|

LH^+� � �,u` @

]
+� � �,us+�,g�=+519,

Wkh yduldqfh/ vnhzqhvv/ dqg nxuwrvlv duh uhodwhg wr wkh 5qg> 6ug> dqg 7wk prphqwv derxw wkh phdq1 Lq

vrph fdvhv/ wkh lqwhjudov fdq eh hydoxdwhg dqdo|wlfdoo|/ lq rwkhuv/ wkh lqwhjudov duh uhsodfhg e| glvfuhwh vxpv1

Lq wkh dssolfdwlrq sureohpv wr iroorz/ zh vdpsohg iurp d Qrupdo +Jdxvvldq, glvwulexwlrq zlwk d phdq �

dqg vwdqgdug ghyldwlrq �1 Wkh suredelolw| ghqvlw| ixqfwlrq +SGI, ri wkh Qrupdo glvwulexwlrq/ sQ +�,/ dovr

ghqrwhg Q ^�> �`/ lv jlyhq e|=

sQ +�, @
h�

+���,5

5�5

s
5��

=+51:,

Wzr w|slfdo vdpsohv duh vkrzq lq Iljxuh 514 lq zklfk wkh Jdxvvldq vkdsh ri wkh xqghuo|lqj SGI lv hylghqw1

Iuhtxhqwo|/ lw lv frqyhqlhqw wr xvh wkh vwdqgdug qrupdo yduldeoh/ Q ^3> 4`/ l1h1/ d Jdxvvldq zlwk d phdq ri 3

dqg d yduldqfh ri 4/ lwv gh�qlwlrq iroorzv gluhfwo| iurp Ht1 +51:,1
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Wkh Prqwh Fduor phwkrg kdv wkh surshuw| wkdw lw frqyhujhv wr wkh h{dfw vwrfkdvwlf vroxwlrq dv wkh

qxpehu ri vdpsohv/ q $ 41 Krzhyhu/ frqyhujhqfh ri wkh phdq huuru hvwlpdwh lv uhodwlyho| vorz vlqfh wkh

vwdqgdug ghyldwlrq ri wkh phdq vfdohv lqyhuvho| zlwk wkh vtxduh urrw ri wkh wkh qxpehu ri vdpsohv/

�x @
�s
q

+51;,

Vxevwdqwldo h!flhqf| lpsuryhphqwv ryhu wkh edvlf vfkhph/ nqrzq dv yduldqfh uhgxfwlrq whfkqltxhv/ duh

uhsruwhg lq wkh olwhudwxuh +vhh h1j1 ^55`/ ^57`/ ^58`/ ^65`,1 Wkh wzr sulpdu| phfkdqlvpv iru lpsurylqj wkh

edvlf surfhgxuh duh lpsruwdqfh vdpsolqj dqg fruuhodwlrq phwkrgv1

5171 Prphqw Phwkrgv1 D qxpehu ri dssolfdwlrqv xvlqj prphqw phwkrgv kdyh dsshduhg lq wkh olwhud0

wxuh lqyroylqj FIG vlpxodwlrqv +vhh ^59`/ ^5:`/ ^5;`/ ^6:`/ ^77`,1 Prphqw phwkrg dssur{lpdwlrqv duh rewdlqhg

iurp wuxqfdwhg Wd|oru vhulhv h{sdqvlrqv derxw wkh h{shfwhg ydoxh ri wkh lqsxw sdudphwhu1 Iru h{dpsoh/

frqvlghu d ixqfwlrq/ x+�,/ h{sdqghg derxw wkh phdq ydoxh/ �1 Wkh �uvw0rughu dffxudwh dssur{lpdwlrq iru wkh

h{shfwhg ydoxh ri x/ lv=

LHIR^x+�,` @ x+�,=+51<,

Qrwh wkdw wkh �uvw0rughu �uvw prphqw +IRIP, dssur{lpdwlrq lv qrwklqj pruh wkdq wkh srlqwzlvh +ru ghwhu0

plqlvwlf, ydoxh hydoxdwhg dw wkh phdq ri wkh lqsxw1 Iuhtxhqwo|/ wklv lv uhihuuhg wr dv wkh ghwhuplqlvwlf vroxwlrq1

Wkh vhfrqg0rughu �uvw prphqw +VRIP, uhtxluhv wkh frpsxwdwlrq ri wkh vhfrqg +vhqvlwlylw|, ghulydwlyh wr

lpsuryh wkh hvwlpdwh ri wkh phdq/

LHVR^x+�,` @ x+�, .
4

5
Ydu+�,

C5x

C�5

����
�

=+5143,

Iru vrph sureohpv zh lqyhvwljdwhg/ wkh lpsuryhphqw gxh wr wkh kljkhu rughu fruuhfwlrq whup zdv vljql�fdqw

zkhuhdv iru rwkhu sureohpv lw zdv qrw1 Hvwlpdwhv ri wkh yduldqfh duh rewdlqhg vlploduo|1 Wkh �uvw rughu

dssur{lpdwlrq wr wkh yduldqfh ri x lv=

YduIR^x+�,` @

#
Cx

C�

����
�

$5

Ydu+�,=+5144,

Wkh vhfrqg rughu hvwlpdwh ri wkh yduldqfh ri x lv=

YduVR^x+�,` @

#
Cx

C�

����
�

$5

Ydu+�, .
4

5

#
C5x

C�5

����
�

Ydu+�,

$5

=+5145,

Iru glvfxvvlrq sxusrvhv/ zh vkdoo uhihu wr wkhvh �uvw0 dqg vhfrqg0rughu dssur{lpdwlrqv wr wkh vhfrqg prphqw

dv IRVP/ VRVP phwkrgv uhvshfwlyho|1 H{whqvlrq wr pxowlsoh udqgrp yduldeohv lv vwudljkwiruzdug wkurxjk

Wd|oru vhulhv h{sdqvlrqv ri ixqfwlrqv lqyroylqj pxowlsoh yduldeohv1 Iru h{dpsoh/ li x @ x+�
4
> �

5
,/ wkh �uvw0rughu

prphqw dssur{lpdwlrqv wr wkh h{shfwhg ydoxh dqg yduldqfh uhvshfwlyho| duh

LHIR^x+�4> �5,` @ x+�
4
> �

5
,>+5146,

YduIR^x+�4> �5,` @

#
Cx

C�
4

����
�

$5

�5�
4

.

#
Cx

C�
5

����
�

$5

�5�
5

. 5

#
Cx

C�
4

����
�

$#
Cx

C�
5

����
�

$
Frydu+�

4
> �

5
,>+5147,

zkhuh wkh fryduldqfh +d phdvxuh wr wkh h{whqw wkdw �
4
dqg �

5
ydu| mrlqwo|, ehwzhhq wkh udqgrp yduldeohv �

4

dqg �
5
fdq eh gh�qhg lq whupv ri h{shfwhg ydoxhv dv

Frydu+�
4
> �

5
, @ LH ^�

4
�
5 � LH+�4,LH+�5,` =+5148,
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Wdeoh 515

Txdqwlohv ri wkh Vwdqgdug Qrupdo Glvwulexwlrq1

� +(, Txdqwloh+4.�
5
,

9:1333 31<:

<31333 4197

<81333 41<9

<<1333 518;

<<1<33 615<

<<1<<3 61;<

<<1<<< 7175

Iuhtxhqwo|/ lw lv xvhixo wr gh�qh dqg xvh wkh fruuhodwlrq frh!flhqw/

�
�
4
>�
5

�
Frydu+�4> �5,

��
4
��

5

5 ^�4> 4`=

Wkh h{whqvlrq ri Ht1+5147, wr q lqghshqghqw udqgrp yduldeohv zlwk vwdqgdug ghyldwlrqv +��
4
> ===> ��

q

, uhvxowv

lq wkh vwdqgdug huuru hvwlpdwh iru �x/

�x @

%
q[
l@4

�
Cx

C�l

�5
�5�

l

& 4

5

=+5149,

Qrwh wkh vlplodulw| ri wklv IRVP hvwlpdwh dvvxplqj xqfruuhodwhg gdwd zlwk wkh sursdjdwlrq ri huuru irupxod/

Ht1+516,1 Lq d suredelolvwlf dssurdfk/ rqh frpprqo| xvhv dq lqsxw xqfhuwdlqw| zlwk d vshfl�hg frq�ghqfh

lqwhuydo/ h1j1 W 	 4=<9�
W
/ d <8( phdq frq�ghqfh lqwhuydo1 Uhfdoo wkdw d frq�ghqfh lqwhuydo jlyhv d erxqg

zlwklq zklfk d sdudphwhu lv h{shfwhg wr olh zlwk d fhuwdlq suredelolw|1 Lw lv frpprq sudfwlfh wr glvwlqjxlvk

ehwzhhq vlqjoh suhglfwlrq frq�ghqfh lqwhuydov lq zklfk d udqgrpo| gudzq/ lqglylgxdo +l1h1/ vlqjoh, vdpsoh lv

h{shfwhg wr olh zlwk d suh0vshfl�hg suredelolw| dqg phdq frq�ghqfh lqwhuydov lq zklfk wkh srsxodwlrq phdq

lv h{shfwhg wr eh frqwdlqhg/ djdlq zlwk d suhvfulehg suredelolw|1 Frq�ghqfh lqwhuydov fdq eh rewdlqhg iurp

nqrzohgjh ri wkh txdqwlohv ri wkh glvwulexwlrq1 D txdqwloh lv d phdvxuh ri wkh orfdwlrq ri d srlqw vxfk wkdw d

vshfl�hg iudfwlrq ri wkh gdwd olhv wr lwv ohiw1 Iru h{dpsoh/ wkh phgldq lv wkh txdqwloh phdvxulqj wkh orfdwlrq

ri wkh srlqw vxfk wkdw 83( ri wkh gdwd olh wr lwv ohiw1 Txdqwlohv ri wkh vwdqgdug qrupdo glvwulexwlrq iru ydulrxv

frq�ghqfh lqwhuydov duh vkrzq lq Wdeoh 5151 Wkh lpsruwdqw gl�huhqfh ehwzhhq wkh lqwhuydo hvwlpdwh Ht1+516,

xvhg e| Wxujhrq dqg wkh suredelolvwlf dssurdfk/ Ht1+5149,/ lv wkh lqwhusuhwdwlrq ri wkh lqsxw xqfhuwdlqw|

dqg khqfh wkh vfdoh idfwru iru wkh vhqvlwlylw| ghulydwlyhv1 Qrwh wkdw 	6 vwdqgdug ghyldwlrqv frqwdlqv pruh

wkdq <<( ri wkh lqwhuydo dqg 	7 vwdqgdug ghyldwlrqv frqwdlqv <<1<<( ri wkh lqwhuydo1 Li h{shulphqwdo gdwd lv

dydlodeoh/ wkhq hvwlpdwhv ri wkh lqsxw vwdqgdug ghyldwlrqv/ ��
l
/ fdq eh rewdlqhg wkdw zloo eh ohvv +dqg srvvleo|

vxevwdqwldoo| ohvv, wkdq wkh zlgwk ri wkh xqfhuwdlqw| lqwhuydo/ ��l/ xvhg lq Ht1+516,1 Wklv glvwlqfwlrq lv ixuwkhu

kljkoljkwhg lq Vhfwlrq 7 iru d qrq0olqhdu frqyhfwlrq0gl�xvlrq sureohp1 Fhuwdlqo|/ uhshdwhg h{shulphqwdo

phdvxuhphqwv zloo jlyh ulvh wr d suredelolw| ghqvlw| ixqfwlrq wkdw ghvfulehv wkh vwdwlvwlfv ri wkh glvwulexwlrq

zklfk fdq wkhq eh xvhg wr jhqhudwh dffxudwh dqg uholdeoh suredelolvwlf rxwsxw iru pxowl0glvflsolqdu| ulvn0edvhg

ghvljq dfwlylwlhv1

5181 Sro|qrpldo Fkdrv1 Uhfhqwo|/ vhyhudo sdshuv kdyh dsshduhg lq wkh olwhudwxuh lqyhvwljdwlqj vshfwudo

uhsuhvhqwdwlrqv ri xqfhuwdlqw| +vhh ^47`/ ^48`/ ^49`/ ^4:`/ ^7:`/ ^7;`,1 Dq lpsruwdqw frqfhsw ri wklv dssurdfk lv

:



wkh ghfrpsrvlwlrq ri d udqgrp ixqfwlrq +ru yduldeoh, lqwr vhsdudeoh ghwhuplqlvwlf dqg vwrfkdvwlf frpsrqhqwv1

Vshfl�fdoo|/ iru d yhorflw| �hog zlwk udqgrp  xfwxdwlrqv/ zh zulwh/

x+{> �, @
S[
l@3

xl+{,�l+�,+514:,

zkhuh xl+{, lv wkh ghwhuplqlvwlf sduw dqg �l+�, lv wkh udqgrp edvlv ixqfwlrq fruuhvsrqglqj wr wkh lwk prgh1

H�hfwlyho|/ xl+{, lv wkh dpsolwxgh ri wkh lwk  xfwxdwlrq1 Wkh glvfuhwh vxp lv wdnhq ryhu wkh qxpehu ri

prghv uhsuhvhqwhg/ S @ +q.s,$
q$s$ / zklfk lv d ixqfwlrq ri wkh rughu ri wkh sro|qrpldo fkdrv/ s/ dqg wkh qxpehu

ri udqgrp glphqvlrqv/ q1 Khuh/ zh xvh pxowl0glphqvlrqdo Khuplwh sro|qrpldo edvlv ixqfwlrqv wr vsdq wkh

q0glphqvlrqdo udqgrp vsdfh wkdw zh zlvk wr uhsuhvhqw dowkrxjk wkh xvh ri pdq| rwkhu edvlv ixqfwlrqv duh

srvvleoh1 D frqyhqlhqw irup ri wkh Khuplwh sro|qrpldov lv jlyhq e|

Kq+�l4 > ===> �lq, @ h
4

5
�W �+�4,q

Cq

C�l4 � � � C�lq
h�

4

5
�W � >+514;,

zkhuh � @ +�l4 > ===> �lq, lv wkh q0glphqvlrqdo udqgrp yduldeoh yhfwru1 Dv glvfxvvhg lq ^7:`/ wkhuh lv d rqh0wr0rqh

fruuhvsrqghqfh ehwzhhq wkh ixqfwlrqv Kq+�l4 > ===> �lq, dqg �l+�,1 Wkh Khuplwh sro|qrpldov irup d frpsohwh

ruwkrjrqdo vhw ri edvlv ixqfwlrqv lq wkh udqgrp vsdfh1 Lq whupv ri wkh lqqhu surgxfw/

ki+�,j+�,l @

]
4

�4

i+�,j+�,Z +�,g�+514<,

zlwk wkh zhljkw ixqfwlrq Z +�, wdnlqj wkh irup ri dq q0glphqvlrqdo Jdxvvldq glvwulexwlrq zlwk xqlw yduldqfh

gh�qhg e|

Z +�, @
4s
+5�,q

h�
4

5
�W �>+5153,

wkh lqqhu surgxfw ri wkh edvlv ixqfwlrqv lv }hur zlwk uhvshfw wr hdfk rwkhu/ l1h1/

k�l�ml @


�5
l

�
�lm >+5154,

zkhuh �om lv wkh Nurqhfnhu ghowd ixqfwlrq1 Rqfh wkh prghv/ xn/ ri wkh vroxwlrq duh nqrzq/ wkhq vwdwlvwlfv

ri wkh glvwulexwlrq fdq eh uhdglo| hydoxdwhg1 Wkh phdq ri wkh udqgrp vroxwlrq lv jlyhq e| LHSF ^x` @ x31

Wkh n @ 4> ===> q prghv duh wkh Jdxvvldq hvwlpdwhv ri wkh yduldqfh/ doo kljkhu prghv surylgh qrq0Jdxvvldq

lqwhudfwlrqv1 Wkh yduldqfh ri wkh glvwulexwlrq lv jlyhq e|

YduSF ^x` @
SS
l@4

�
x5l +{,



�5
l

��
=+5155,

61 Olqhdu Frqyhfwlrq zlwk d Vrxufh Whup1 Wkh sulpdu| irfxv ri wklv h{dpsoh lv rq wkh dssolfdwlrq

ri lqwhuydo dqdo|vlv iru erwk wlph0ghshqghqw dqg vwhdg|0vwdwh fdofxodwlrqv1 Zh frqvlghu wkh vfdodu zdyh

htxdwlrq zlwk d vrxufh whup ghvljqhg wr plplf fkhplfdoo|0uhdfwlqj  rz sureohpv lq zklfk � sod|v wkh uroh

ri d fkhplfdo wlph vfdoh/ � $ 4@ni / zkhuh ni lv wkh iruzdug uhdfwlrq udwh1 Wkh jryhuqlqj htxdwlrq lv

Cx

Cw
. d

Cx

C{
@ �

x

�
>+614,

lq zklfk d lv wkh frqyhfwlyh zdyh vshhg +wdnhq wr eh d @ 4 iru doo fdvhv frqvlghuhg,1 Qhdu fkhplfdo

htxloleulxp/ uhdfwlrq udwhv duh hvvhqwldoo| lqvwdqwdqhrxv/ l1h1/ ni $ 4 dqg � $ 3/ uhvxowlqj lq glvsdudwh

wlph vfdohv wkdw fdxvh qxphulfdo �vwl�qhvv�1 Wklv sureohp kdv ehhq vwxglhg e| Jrgiuh| ^4;` lq frqqhfwlrq

;
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Ilj1 6141 H{dfw wlph0ghshqghqw vroxwlrq wr wkh prgho sureohp1

zlwk lpsolflw suhfrqglwlrqlqj dojrulwkpv1 Khuh/ zh frqvlghu xqfhuwdlqw| lq wkh fkhplfdo wlph vfdoh/ � / gxh

wr xqfhuwdlqw| lq phdvxuhg uhdfwlrq udwhv1 Wkh h{dfw vroxwlrq wr wklv htxdwlrq lv

x+{> w, @ j+w�
{

d
> �,h�{@d� =+615,

Lq rughu wr frpsohwh wkh gh�qlwlrq ri wklv sureohp/ wkh lqlwldo dqg erxqgdu| frqglwlrq/ uhvshfwlyho|/ duh

wdnhq wr eh

x+{> 3, @ 4 { 5 ^3> 4`>+616,

x+3> w, @ 4 ; w A 3=+617,

Zlwk wkhvh frqglwlrqv/ wkh ixqfwlrq/ j/ lv

j+w�
{

d
> �, @

+
4> w � {

d

h�+w�{@d,@� > 3 � w ? {
d =

+618,

Wdnlqj wkh fkhplfdo wlph vfdoh/ � @ 3=5/ dqg wkh zdyh vshhg/ d @ 4/ d judsk ri wkh h{dfw ghwhuplqlvwlf

wlph0ghshqghqw vroxwlrq iurp w @ 3 wr w @ 4 lv vkrzq lq Iljxuh 6141 Iru wkh xqfhuwdlqw| dqdo|vlv/ zh zloo

h{dplqh wkh wlph0ghshqghqw ehkdylru dw { @ 4 +vhhq dorqj wkh iurqw vlgh, dqg wkh vwhdg| vwdwh vroxwlrq +vhhq

dorqj wkh uljkw hgjh,1

6141 Lqwhuydo Dqdo|vlv1 Iluvw0rughu xszlqg gl�huhqfhv zhuh xvhg wr dssur{lpdwh wkh vsdwldo ghulydwlyh

lq Ht1 +614,1 Wkh rxw rz erxqgdu| frqglwlrq +{ @ 4, zdv suhvfulehg e| dssur{lpdwlqj Cx
C{

��
{@4

@ 3 wr �uvw

rughu dffxudf|1 Wkuhh wlph lqwhjudwlrq phwkrgv zhuh lpsohphqwhg= Hxohu h{solflw/ Hxohu lpsolflw/ dqg 70

vwdjh Uxqjh0Nxwwd1 Lq whupv ri wkh vwhdg|0vwdwh uhvlgxdo/ U+x, � dCxC{ . x
� / wkh Hxohu h{solflw phwkrg iru

xw .U+x, @ 3 fdq eh zulwwhq dv=

x+q.4, @ x+q, ��wU+x+q,, +Hxohu H{solflw04,1+619,

Iru d ghwhuplqlvwlf sureohp/ wkdw lv doo wkhuh lv wr wklv phwkrg +uhihuuhg wr khuhdiwhu dv Hxohu H{solflw 0 4,1

Krzhyhu/ frqvlghu wkh fdvh lq zklfk wkhuh lv xqfhuwdlqw| lq wkh lqsxw fkhplfdo wlph vfdoh/ � 1 Ohw � eh gh�qhg

wr eh wkh lqwhuydo

� � � ^4� %> 4 . %`>+61:,

<



zkhuh � lv wkh plgsrlqw ri wkh lqwhuydo zlwk xqfhuwdlqw| %1 Wkh uhvlgxdo lq Ht1+619, lv qrz dq lqwhuydo udwkhu

wkdq d srlqw ydoxh dw dq| { orfdwlrq1 Pruhryhu/ x+q, lv dovr dq lqwhuydo diwhu wkh �uvw lwhudwlrq dv d frqvhtxhqfh

ri lqwhuydo rshudwlrqv gxulqj wkh suhylrxv wlph vwhs hyhq li wkh lqlwldo frqglwlrq kdv qr xqfhuwdlqw|1 Dv vhhq

lq Iljxuh 615/ wklv phwkrg uhvxowv lq h{srqhqwldo jurzwk ri wkh lqwhuydov gxulqj d wlph dffxudwh vlpxodwlrq1

Rqh fdq frqvlghu dowhuqdwlyhv/ qdpho|/

x+q.4, @ x+q, ��wU+x+q,, +Hxohu H{solflw05,+61;,

x+q.4, @ x+q, ��wU+x+q,, +Hxohu H{solflw06,+61<,

x+q.4, @ x+q, ��wU+x+q,, +Hxohu H{solflw07,1+6143,

zkhuh x lv wkh plgsrlqw ri wkh lqwhuydo1 Phwkrgv 5 dqg 7 hydoxdwh wkh uhvlgxdo zlwk wkh plgsrlqw ri wkh

lqwhuydo iurp wkh suhylrxv wlph vwhs1 Krzhyhu/ U+x+q,, lv vwloo dq lqwhuydo vlqfh wkh fkhplfdo wlph vfdoh

lv xqfhuwdlq1 Vlqfh Phwkrg 7 dovr xvhv wkh plgsrlqw ydoxh lq wkh wlph ghulydwlyh/ lw jlyhv rqo| wkh orfdo

xqfhuwdlqw| dw hdfk vwhs gxh vwulfwo| wr wkh xqfhuwdlqw| lq � 1 Iru wklv sureohp/ wklv uhvxowv lq yhu| vpdoo

lqwhuydo hvwlpdwhv lq zklfk wkh xsshu dqg orzhu lqwhuydo erxqgv ylvxdoo| dsshdu wr eh rq wrs ri rqh dqrwkhu1

Phwkrg 5 xvhv wkh lqwhuydo x+q, lq wkh wlph ghulydwlyh dqg khqfh dffrxqwv iru fxpxodwlyh jurzwk1 Lq idfw/ dw

dq| srlqw lq wlph/ wkh fxpxodwlyh +lqwhjudwhg, vxp wr wlph w ri wkh xqfhuwdlqw| iurp Phwkrg 7 lv htxlydohqw

wr wkh Phwkrg 5 xqfhuwdlqw| dw wlph w1 Phwkrgv 4 dqg 6 erwk xvh wkh lqwhuydo x+q, wr hydoxdwh wkh uhvlgxdo

dqg khqfh doorz iru whpsrudo jurzwk ri xqfhuwdlqw|1 Wkh pdjqlwxgh ri wkh rxwsxw lqwhuydov zloo jurz zlwkrxw

erxqg lq Phwkrg 4 dqg |hw zlwk Phwkrg 6 frqyhujh wr vwhdg|0vwdwh ydoxhv +surylghg d vwhdg|0vwdwh h{lvwv,1

Wkh uhvxowv ri wkhvh irxu phwkrgv zlwk ;4 htxdoo|0vsdfhg julg srlqwv dorqj wkh { � d{lv dqg xvlqj d wlph

vwhs �w fruuhvsrqglqj wr � � d�w

�{
@ 4

5 > duh vkrzq lq Iljxuh 6151

Lw lv frpprq sudfwlfh wr prqlwru wkh frqyhujhqfh ri d vroxwlrq surfhvv lq FIG vlpxodwlrqv lq whupv ri

d yhfwru qrup ri wkh vwhdg|0vwdwh uhvlgxdo/ U+x+q,,1 Lq wklv fdvh/ krzhyhu/ U+x+q,, lv dq lqwhuydo qrw vxlwdeoh

iru rewdlqlqj srlqw0zlvh yhfwru qrup ydoxhv khqfh zh prqlwruhg wkh O5 � qrup ri U+x+q,,1 Wkh uhvlgxdo

klvwrulhv ri wkh irxu phwkrgv duh vkrzq lq Iljxuh 6161 Iru Phwkrg 4/ wkh lqwhuydo vl}h udslgo| uhdfkhv wkh

pd{lpxp pdfklqh uhsuhvhqwdwlrq/ rq wklv frpsxwhu i�4=:<:9<� 4363;> 4=:<:9<� 4363;j zklfk uhvxowv lq d

plgsrlqw uhvlgxdo ri }hur dowkrxjk wkh vroxwlrq lv frpsohwho| xvhohvv1 Wkh rwkhu wkuhh phwkrgv vprrwko|

frqyhujh wr wkh vwhdg|0vwdwh lq w ? 5 |hw wkh h{dfw vwhdg|0vwdwh lv dfklhyhg dw w @ 41 Krzhyhu/ lq doo fdvhv/

wkh uhvlgxdov dw w @ 4 kdyh ehhq uhgxfhg pruh wkdq wkuhh rughuv ri pdjqlwxgh dqg wkh ydoxhv dw wklv wlph

duh forvh wr wkhlu vwhdg|0vwdwh ydoxhv1

Rqh ri wkh prvw frpprq 70vwdjh Uxqjh0Nxwwd phwkrgv +dqg wkh rqh lpsohphqwhg, fdq eh zulwwhq dv

�4 @ U+x+q,,>

�5 @ U+x+q, . �4@5,>

�6 @ U+x+q, . �5@5,>

�7 @ U+x+q, . �6,>

�x+q, @ ��w

9 +�4 . 5�5 . 5�6 . �7,>

x+q.4, @ x+q, .�x+q,=

+6144,

Djdlq/ zh idfh wkh vdph lvvxhv dv ehiruh/ qdpho| wkh uhvlgxdo hydoxdwlrq/ U+x, yv U+x,/ dqg wkh xsgdwh vwhs/

x+q, yv x+q,1 Qxphulfdo h{shulphqwv frq�up wkdw wkh xvh ri U+x, iru wkh uhvlgxdo hydoxdwlrqv dqg x+q, lq

wkh xsgdwh vwhs |lhogv wkh prvw xvhixo lqwhuydo dqdo|vlv uhvxowv1

Iru pdq| FIG vlpxodwlrqv/ lpsolflw wlph lqwhjudwlrq phwkrgv duh suhihuuhg1 Iru ghprqvwudwlrq sxu0
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Ilj1 6151 Lqwhuydo dqdo|vlv uhvxowv xvlqj gl�huhqw yduldwlrqv rq wkh Hxohu H{solflw phwkrg1
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srvhv/ zh lpsohphqwhg wkh Hxohu lpsolflw wlph lqwhjudwlrq vfkhph zklfk lq ghowd irup fdq eh zulwwhq dv

�
4

�w
.

CU

Cx

�+q,
�x+q, @ �U+x+q,,>+6145,

x+q.4, @ x+q, .�x+q,=

Wklv uhvxowv lq wkh wul0gldjrqdo vhw ri htxdwlrqv

5
99999997

e4 f4

d5 e5 f5 3
1 1 1

3 dq�4 eq�4 fq�4

dq eq

6
:::::::8

;AAAAAAA?
AAAAAAA=

�x4

�x5
111

�xq�4

�xq

<AAAAAAA@
AAAAAAA>
@ �

;AAAAAAA?
AAAAAAA=

U+x4,

U+x5,
111

U+xq�4,

U+xq,

<AAAAAAA@
AAAAAAA>

+6146,

zkhuh iru wkh jhqhudo fdvh ri zdyh vshhgv ri hlwkhu vljq/

dm @ �
d.mdm
5�{

em @
4
�w

. 4
�
. mdm

�{

fm @
d�mdm
5�{

<A@
A> m @ 5> ===> q� 4=+6147,

Dw wkh lq rz erxqgdu|/ f4 @ U+x4, @ 3 dqg e4 @ 4 dqg dw wkh rxw rz/ dq @ �4> eq @ 4> U+xq, @ 31

Iru srvlwlyh zdyh vshhgv/ wkh deryh pdwul{ uhgxfhv wr d orzhu el0gldjrqdo pdwul{ zklfk fdq eh vroyhg

e| d iruzdug vxevwlwxwlrq sdvv1 Olnhzlvh/ iru qhjdwlyh zdyh vshhgv/ wkh pdwul{ +zlwk dssursuldwh fkdqjh lq

erxqgdu| frqglwlrqv, uhgxfhv wr dq xsshu el0gldjrqdo pdwul{ zklfk fdq eh vroyhg e| d edfnzdug vxevwlwxwlrq

vwhs1

Xvlqj wkh lqwhuydo plgsrlqw iru uhvlgxdo hydoxdwlrqv/ d frpsdulvrq ri wkh wlph klvwru| iurp wkh Hxohu

h{solflw/ Hxohu lpsolflw/ dqg 70vwdjh Uxqjh0Nxwwd phwkrgv dw { @ 4 lv vkrzq lq Iljxuh 6171 Dowkrxjk gl!fxow

wr vhh/ wkh Hxohu lpsolflw dqg Hxohu h{solflw phwkrgv |lhog lghqwlfdo uhvxowv lq whupv ri lqwhuydo vl}h1 Wkh

Uxqjh0Nxwwd phwkrg uhvxowv lq odujhu lqwhuydov gxh wr wkh lqfuhdvhg qxpehu ri uhvlgxdo hydoxdwlrqv dqg

lqwhuphgldwh xsgdwh vwhsv lq wkh pxowl0vwhs phwkrg1

Li rqh lv rqo| lqwhuhvwhg lq wkh vwhdg|0vwdwh vroxwlrq/ rwkhu rswlrqv ehfrph dydlodeoh/ sulpdulo| wkurxjk

wkh xvh ri dojrulwkpv wkdw duh vwdeoh iru odujh wlph vwhsv dqg lq vrph fdvhv/ vsdfh0pdufklqj phwkrgv1 Lq wklv

fdvh/ erwk duh dssolfdeoh1 Iru h{dpsoh/ wkh Hxohu lpsolflw phwkrg/ Ht1 +6145, fdq eh xvhg zlwk �w $ 41

Vlqfh wkh jryhuqlqj htxdwlrq lv olqhdu/ wkh vwhdg| vroxwlrq lv rewdlqhg lq rqh vwhs e| vroylqj wkh uhvxowlqj

olqhdu sureohp zklfk zh uhihu wr dv d Wlph Pdufk phwkrg1 Wkh rwkhu dowhuqdwlyh lv wr lpsohphqw d Vsdfh

Pdufk phwkrg e| holplqdwlqj wkh wlph ghulydwlyh lq Ht1 +614,/ l1h1/

d
Cx

C{
@ �

x

�
=+6148,

Glvfuhwl}lqj wklv htxdwlrq zlwk �uvw0rughu xszlqg gl�huhqfhv +wdnlqj d A 3, |lhogv

xm @
xm�4

4 . �{
d�

+6149,

zkhuh xm � x+m�{,1 Wkh uhvxowv ri wkh Wlph Pdufk yhuvxv Vsdfh Pdufk dssurdfkhv fdq eh vhhq lq Iljxuh

618 zkhuh wkh dgydqwdjh ri vsdfh pdufklqj lv hylghqw1
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Ilj1 6181 Vwhdg| vwdwh lqwhuydo vroxwlrq xvlqj wkh Hxohu lpsolflw phwkrg zlwk dq lq�qlwh wlph vwhs +Wlph Pdufk, frpsduhg

wr d vsdfh0pdufklqj phwkrg1

0.15 0.2 0.25

20
40
60
80

100
Input Uncertainty

0.005 0.015

10
20
30
40
50
60
70

Output Uncertainty

Ilj1 6191 Klvwrjudpv ri wkh lqsxw fkhplfdo wlph vfdoh/ � / dqg wkh rxwsxw yduldeoh/ � dw % ' � iurp 4333 Prqwh Fduor

vlpxodwlrqv1
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Ilj1 61:1 Phdq ydoxhv dqg <8( vlqjoh suhglfwlrq frq�ghqfh lqwhuydov iurp wlph0ghshqghqw Prqwh Fduor dw wkuhh { orfdwlrqv1
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Ilj1 61;1 Frpsdulvrq ri wkh Iluvw0Rughu Prphqw phwkrg zlwk 4333 Prqwh Fduor vlpxodwlrqv1

6151 Prqwh Fduor dqg Prphqw Phwkrg1 Wkh Prqwh Fduor dqg Iluvw0Rughu prphqw phwkrgv zhuh

dovr lpsohphqwhg1 Iru wkhvh suredelolvwlf phwkrgv/ zh wrrn wkh fkhplfdo wlph vfdoh/ � / wr eh d Jdxvvldq

udqgrp yduldeoh zlwk d phdq/ � @ 3=5 dqg d 8( frh!flhqw ri yduldwlrq +FrY,1 Iljxuh 619 vkrzv klvwrjudpv

iurp 4333 Prqwh Fduor vlpxodwlrqv zkhuh lw fdq eh vhhq wkdw wkh rxwsxw lv fohduo| qrq0Jdxvvldq1

Wlph0ghshqghqw Prqwh Fduor fdofxodwlrqv duh frpsduhg dw wkuhh { orfdwlrqv lq Iljxuh 61:1 Iru wklv

sureohp/ wkh vroxwlrq dw dq| { ghfd|v iurp wkh lqlwldo frqglwlrq ri x @ 4 xqwlo lwv vwhdg|0vwdwh ydoxh lv

uhdfkhg dw w @
{

d 1 Wkh <8( phdq frq�ghqfh lqwhuydov duh urxjko| 63 wlphv qduurzhu dqg duh qrw vkrzq

khuh iru fodulw|1 Vwhdg|0vwdwh uhvxowv iurp wkh IR prphqw phwkrg duh frpsduhg zlwk 4333 Prqwh Fduor

vlpxodwlrqv lq Iljxuh 61;1 Wkh vhqvlwlylw| ghulydwlyh uhtxluhg wr lpsohphqw wkh IR prphqw phwkrg lv

Cx

C�
@

{

d�5
h
�{@d�

=+614:,

Wkh <8( frq�ghqfh lqwhuydov iurp wkh IRVP duh frpsdudeoh wr wkh vlqjoh suhglfwlrq <8( frq�ghqfh lqwhuydov

iurp Prqwh Fduor1 Wkh glvwulexwlrq ri vwdqgdug ghyldwlrq dqg frh!flhqw ri yduldwlrq duh lq jrrg ryhudoo

djuhhphqw1
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Ilj1 7141 H{dfw ghwhuplqlvwlf vroxwlrq dqg �uvw wkuhh vhqvlwlylw| ghulydwlyhv1

71 Qrq0olqhdu Exujhuv Htxdwlrq1 Frpsxwdwlrqdo  xlg g|qdplflvwv iuhtxhqwo| vwxg| vlpsol�hg sure0

ohpv ghvljqhg wr plplf fhuwdlq ihdwxuhv ri d pruh frpsolfdwhg vlwxdwlrq exw dw orzhu frvw dqg h�ruw1 Pdq|

vxfk sureohpv h{lvw exw rqh wkdw lv sduwlfxoduo| xvhixo lv wkh prgho qrq0olqhdu frqyhfwlrq0gl�xvlrq sureohp

sursrvhg e| Udnlfk dqg uhihuuhg wr dv wkh jhqhudo Exujhuv htxdwlrq ^7`1 Edvhg rq vshfl�f fkrlfhv ri sdud0

phwhuv lq wkh htxdwlrq/ rqh fdq rewdlq olqhdu ru qrq0olqhdu ehkdylru1 Zh frqvlghu wkh vwhdg| irup ri wklv

htxdwlrq/ zklfk lq frqvhuydwlrq odz irup lv

Ci

C{
�

C

C{

�
�
Cx

C{

�
� U+x, @ 3+714,

zkhuh wkh  x{/ i / lv d qrq0olqhdu ixqfwlrq ri x1 Zh wrrn wkh vshfl�f fdvh ri i @ x
�
4

5
� x

�
iru zklfk wkh

h{dfw vwdwlrqdu| vroxwlrq lv jlyhq e|

x+{, @ 4

5

k
4 . wdqk

�
{

7�

�l
=+715,

Iru wkh xqfhuwdlqw| dqdo|vlv/ zh wrrn wkh lqsxw ylvfrvlw| wr eh vwrfkdvwlf/ khqfh wkh vhqvlwlylw| ghulydwlyhv/

Cqx@C�q/ duh lpsruwdqw lq wkh dqdo|vlv1 Wkh h{dfw vroxwlrq/ x+{,/ dqg lwv �uvw wkuhh ghulydwlyhv zlwk uhvshfw

wr ylvfrvlw|/ �/ duh vkrzq lq Iljxuh +714,1 Wkh vroxwlrq ulvhv prqrwrqlfdoo| iurp 3 dw �4 wr 4 dw .41 Qrwh

wkdw wkh kljkhu ghulydwlyhv duh lqfuhdvlqjo| rvfloodwru|1 Rqh sudfwlfdo frqvhtxhqfh ri wklv wkdw zh irxqg zdv

wkh qhhg iru kljk0rughu phwkrgv ru �qhu julgv wr qxphulfdoo| hvwlpdwh wkrvh ghulydwlyhv1

Iru doo qxphulfdo frpsxwdwlrqv/ zh olplwhg wkh frpsxwdwlrqdo grpdlq wr { 5 ^�6> 6`1 Wuxqfdwlqj lq�qlwh

grpdlqv lq FIG lv frpprqsodfh/ h{whuqdo  rz ryhu dluirlov/ zlqjv/ dqg dlufudiw frq�jxudwlrqv duh d ihz

h{dpsohv1 Krzhyhu/ wkhuh duh frqvhtxhqfhv ri wklv zlwk uhjdug wr erxqgdu| frqglwlrq wuhdwphqw ri vwrfkdvwlf

yduldeohv1 D pruh frpsohwh glvfxvvlrq ri wklv wrslf dqg d udqgrp �hog dqdo|vlv ri wklv sureohp fdq eh irxqg

lq ^5<`1

48



Number of iterations

L
2

n
o

rm
o

f
R

e
si

d
u

al

5 10 15 20
10-14

10-12

10-10

10-8

10-6

10-4

10-2

100

102

x

u
(x

)

-3 -2 -1 0 1 2 3

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9 9 points
33 points
129 points

Ilj1 7151 Qxphulfdo vroxwlrqv xvlqj d vhfrqg0rughu dffxudwh fhqwhuhg vfkhph rq wkuhh phvk ohyhov+ohiw,1 W|slfdo frqyhu0

jhqfh klvwru| xvlqj Qhzwrq*v phwkrg iru wkh jhqhudo Exujhu htxdwlrq +uljkw,1

7141 Ghwhuplqlvwlf Sureohp1 Qhzwrq*v phwkrg zdv xvhg wr vroyh wkh qrq0olqhdu sureohp/ Ht1+714,1

Wklv uhvxowv lq wkh olqhdul}hg v|vwhp ri htxdwlrqv dqg wkh xsgdwh vwhs

�
CU

Cx

�+q,

�x+q, @ �U+x+q,,>+716,

x+q.4, @ x+q, .�x+q,=

Vhfrqg0rughu fhqwhuhg gl�huhqfhv zhuh xvhg wr dssur{lpdwh wkh vsdwldo ghulydwlyhv1 Glulfkohw erxqgdu|

frqglwlrqv zhuh vshfl�hg dw wkh hqgsrlqwv/ { @ 	6/ iurp wkh h{dfw ghwhuplqlvwlf vroxwlrq1 Wklv uhvxowv lq d

wul0gldjrqdo vhw ri htxdwlrqv wr vroyh iru hdfk Qhzwrq lwhudwlrq +iru ghwdlov/ vhh ^5<`,

5
99999997

e4 f4

d5 e5 f5 3
1 1 1

3 d
q�4 e

q�4 f
q�4

dq eq

6
:::::::8

;AAAAAAA?
AAAAAAA=

�x4

�x5
111

�x
q�4

�xq

<AAAAAAA@
AAAAAAA>

@ �

;AAAAAAA?
AAAAAAA=

U+x4,

U+x5,
111

U+x
q�4,

U+xq,

<AAAAAAA@
AAAAAAA>

+717,

zkhuh
;A?
A=

dm @ �
+4@5�xm�4,

5�{ �

�
�{5

em @
5�
�{5

fm @
+4@5�xm.4,

5�{ �

�
�{5 >

+718,

e4 @ eq @ 4> dqg d4 @ f4 @ dq @ fq @ U+x4, @ U+xq, @ 31

Qxphulfdo vroxwlrqv zhuh jhqhudwhg rq d vhtxhqfh ri xqlirupo|0vsdfhg julgv iru zklfk wkh qxpehu ri

julg srlqwv dqg phvk vsdflqj lv jlyhq lq Wdeoh 7141 Wkh qxphulfdo vroxwlrq iru wkh ghshqghqw yduldeoh/ x/ rq

wkuhh gl�huhqw julgv lv vkrzq lq wkh ohiw ri Iljxuh 7151 D w|slfdo frqyhujhqfh klvwru|/ fruuhvsrqglqj wr wkh

45< phvk srlqw vroxwlrq lv rq wkh uljkw1 Lqghshqghqw ri wkh ohyho ri julg uh�qhphqw/ wkh uhvlgxdo frqyhujhg

wr pdfklqh hsvlorq lq wkh vdph qxpehu ri lwhudwlrqv +	4,1

Vhyhudo dssurdfkhv kdyh ehhq sursrvhg iru hvwdeolvklqj wuxqfdwlrq huuru hvwlpdwhv1 Suredeo| wkh prvw

frpprq dssurdfk lv edvhg rq Ulfkdugvrq h{wudsrodwlrq dowkrxjk rwkhu hvwlpdwhv/ vxfk dv pxow0julg hvwlpdwhv

49



Mesh spacing, h

L
2

n
o

rm
o

f
D

is
cr

e
tiz

a
tio

n
E

rr
o

r

10-2 10-1 10010-6

10-5

10-4

10-3

10-2

10-1

x

D
is

cr
e

tiz
a

tio
n

e
rr

o
r

-2 -1 0 1 2
10-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2
GCI estimate
Exact

33

129

513

Mesh

Ilj1 7161 Ohiw 0 Frqyhujhqfh ri wkh u2 huuru qrup yhuvxv phvk vsdflqj1 Uljkw 0 Glvwulexwlrq ri h{dfw dqg hvwlpdwhg

glvfhuwl}dwlrq huuru rq wkuhh julgv1

fdq dovr eh xvhg1 Urdfkh ^73` kdv xvhg Ulfkdugvrq h{wudsrodwlrq zlwk prgl�fdwlrqv wr rewdlq dq huuru

hvwlpdwru dqg wklv whfkqltxh zloo eh xvhg khuh iru ghprqvwudwlrq sxusrvhv1 Wkh glvfuhwl}dwlrq huuru hvwlpdwhv

wkdw zh uhtxluh fdq eh rewdlqhg e| vhulhv h{sdqvlrqv1 Wkh uhvxow lv=

H4 @
%

4� us
dqg H5 @

us%

4� us
+719,

zkhuh

H4> H5 � huuru hvwlpdwhv rq wkh �qh julg �4� dqg frduvh julg �5�/ uhvshfwlyho|

% � x5 � x4> wkh srlqwzlvh gl�huhqfh ehwzhhq vxffhvvlyh vroxwlrqv

u �
k5

k4
A 4> wkh udwlr ri phvk vsdflqj

s � wkh rughu ri dffxudf| ri wkh qxphulfdo phwkrg1

Wkh Julg Frqyhujhqfh Lqgh{ +JFL, xvhg e| Urdfkh dv d glvfuhwl}dwlrq huuru hvwlpdwru lv gh�qhg e|

JFL � Iv mH4m ru JFL � Iv mH5m+71:,

zkhuh Iv lv d idfwru0ri0vdihw| zlwk d uhfrpphqghg ydoxh ri Iv @ 4=58 +zklfk zdv xvhg khuh, iru kljk �gholw|

qxphulfdo h{shulphqwv1 Lq doo fdvhv h{dplqhg/ wkh JFL hvwlpdwh erxqghg wkh wuxh glvfuhwl}dwlrq huuru dw

hyhu| srlqw lq wkh grpdlq1 Qrwh wkdw huuru hvwlpdwhv duh dydlodeoh rq doo julg ohyhov1 Ur| ^76` kdv h{whqghg

wklv dqdo|vlv wr pl{hg0rughu vfkhphv dqg ixuwkhu uh�qhphqwv duh srvvleoh xvlqj lqirupdwlrq iurp dgglwlrqdo

julgv1

Phdvxuhv ri dffxudf| dqg glvfuhwl}dwlrq huuru duh vkrzq lq Iljxuh 7161 Wkh sorw rq wkh ohiw vkrzv

O5 � qrup ri wkh dfwxdo huuru1 Wkh vorsh ri wkh olqh lv zhoo nqrzq wr eh d phdvxuh ri wkh rughu ri dffxudf|

ri wkh glvfuhwl}dwlrq1 Wdeoh 714 vkrzv wkh frpsxwhg ydoxhv ri wkh vorsh ri hdfk olqh vhjphqw1 Wkh h{dfw

glvwulexwlrq ri wkh glvfuhwl}dwlrq huuru lv vkrzq rq wkh uljkw ri Iljxuh 716 dorqj zlwk wkh Julg Frqyhujhqfh

Lqgh{ +JFL, hvwlpdwh1

4:



Wdeoh 714

Vxppdu| ri julg frqyhujhqfh sdudphwhuv dqg uhvxowv iru Exujhu*v htxdwlrq1

Julg Ohyho
Qxpehu ri

Julg Srlqwv

Phvk

Vsdflqj/ �{

O5�qrup

ri Huuru

Vorsh ri

Vhjphqw

4 < 31:8 31346;6464 0

5 4: 316:8 3133683:88 41<:<73

6 66 314;:8 31333<89<6 41;:6<;

7 98 313<6:8 3133356<34 513345<

8 45< 31379;:8 3133339356 41<;;84

9 58: 3135676:8 3133334838 5133334

: 846 31344:4;; 31333336:9 5133333

7151 Vwrfkdvwlf Sureohp1

715141 H{dfw Vwrfkdvwlf Vroxwlrq1 Wkh ylvfrvlw|/ �/ zdv wdnhq wr eh d Jdxvvldq udqgrp yduldeoh/

sP+�,/ zlwk d phdq � @ 3=58 dqg d frh!flhqw ri yduldwlrq/ FrY +�, � �
�
@ 43(1 Wkh h{dfw vwrfkdvwlf

vroxwlrq fdq eh h{suhvvhg lq whupv ri lwv suredelolw| ghqvlw| ixqfwlrq/ zklfk lv jlyhq e|

sX +x+{,, @

�
�
�
�
C

C�
x+{> �,

�
�
�
�

�4

sP +�,=+71;,

Mxvwl�fdwlrq iru wklv h{suhvvlrq lv udwkhu lqwxlwlyh vlqfh lw lv vlpso| d vwdwhphqw wkdw wkh suredelolw| ri d

udqgrp yduldeoh iroorzlqj zlwklq d vshfl�hg udqjh lv frqvwdqw xqghu d wudqvirupdwlrq ri yduldeohv1 Xvlqj

Ht1+714, dqg wkh gh�qlwlrq ri wkh Jdxvvldq SGI/ wklv h{suhvvlrq fdq eh dqdo|wlfdoo| hydoxdwhg wr rewdlq

sX +x+{,, @
h�

�
{

7 wdqk�4+4�5x,
.�

�5

5�5

�
�� {

+x�4,x wdqk�4+4�5x,5

�
��

;
s
5��

=+71<,

D sorw ri wklv ixqfwlrq lv vkrzq lq Iljxuh 717 iroorzhg e| wkh hqodujhg ylhz lq Iljxuh 718 zlwk pruh uhvroxwlrq

ri wkh SGI1 Lw fdq eh vhhq wkdw sX ydulhv pdunhgo| zlwk {1 Qhdu wkh erxqgdulhv/ wkh SGI lv kljko| vnhzhg

dqg shdnhg exw dssurdfkhv d Jdxvvldq dv { $ 	4 iurp wkh qhduhvw erxqgdu|1 Dw { @ 3/ wkh vroxwlrq lv

ghwhuplqlvwlf/ l1h1/ wkh yduldqfh lv }hur/ zklfk doo udqgrp yduldeoh prghov suhglfw1 Dv d vlgh qrwh/ udqgrp

�hog prghov pd| surgxfh txlwh gl�huhqw uhvxowv/ sduwlfxoduo| qhdu wkh fhqwhuolqh ^5<`1

715151 Lqwhuydo Dqdo|vlv1 Zh dssolhg lqwhuydo dqdo|vlv wr erwk wkh h{dfw vroxwlrq dqg wkh FIG0

rulhqwhg qxphulfdo phwkrg ghvfulehg suhylrxvo|1 Wkh lqsxw lqwhuydo remhfw zdv wkh ylvfrvlw|/ zklfk zdv

gh�qhg wr eh

� @ �^4� %> 4 . %`=+7143,

Qxphulfdo uhvxowv rewdlqhg e| hydoxdwlqj wkh h{dfw ghwhuplqlvwlf vroxwlrq/ Ht1 +715, iru dq lqsxw ydoxh/

% @ 3=4/ duh vkrzq lq Iljxuh 7191 Wkh huuru eduv lqglfdwh wkh zlgwk ri wkh rxwsxw lqwhuydo1 Rqh ri wkh

prvw dwwudfwlyh wklqjv derxw lqwhuydo dqdo|vlv lv wkdw lw lv yhu| vlpsoh wr lpsohphqw1 Krzhyhu/ dv vhhq lq wkh

lqwhuydo dqdo|vlv uhvxowv iurp wkh qxphulfdo phwkrg lq zklfk erwk wkh Mdfreldq pdwul{ dqg uhvlgxdo zhuh

hydoxdwhg zlwk wkh lqwhuydo plgsrlqw ydoxhv/ Iljxuh 71:/ wkh xqfhuwdlqw| hvwlpdwhv duh xqdffhswdeo| odujh1

Wkh erxqgv ehfdph vr odujh iru wkh erwwrp wzr fdvhv wkdw d fkdqjh lq vfdoh zdv uhtxluhg wr nhhs wkh huuru

eduv zlwklq wkh glvsod| duhd1
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Ilj1 7181 Hqodujhg ylhz ri wkh h{dfw suredelolw| ghqvlw| ixqfwlrq ri x iru wkh Exujhu htxdwlrq1
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Ilj1 71:1 Lqwhuydo dqdo|vlv uhvxowv iurp wkh qxphulfdo vroxwlrq ri Exujhu*v htxdwlrq1 Qrwh wkh fkdqjh lq vfdoh rq wkh

erwwrp wzr sorwv1

715161 Prphqw Phwkrgv1 Wkh prphqw phwkrgv uhtxluh wkh vhqvlwlylw| ghulydwlyhv zlwk uhvshfw wr

wkh lqsxw udqgrp yduldeoh1 Lq wklv h{dpsoh/ zh frpsxwhg qxphulfdo dssur{lpdwlrqv iurp wkh frqwlqxrxv

vhqvlwlylw| htxdwlrq +FVH, dssurdfk dqg wkh glvfuhwh dgmrlqw +GD, phwkrg1 D eulhi ghvfulswlrq ri wkhvh wzr

whfkqltxhv iroorzv=

Frqwlqxrxv Vhqvlwlylw| Htxdwlrq +FVH,1 Wkh frqvhuydwlrq odz irup ri wkh Exujhuv htxdwlrq +714, fdq

eh uh0zulwwhq lq txdvl0olqhdu irup dv

�x
{
@ �x

{{
zkhuh � @

4

5
� x=+7144,

Wkh frqwlqxrxv vhqvlwlylw| htxdwlrq lv ghulyhg e| gl�huhqwldwlqj Ht1 +7144, zlwk uhvshfw wr � qrwlqj wkdw

x @ x+{>�,1 Gh�qlqj v� � Cx@C� dqg fduu|lqj rxw wkh gl�huhqwldwlrq |lhogv d olqhdu gl�huhqwldo htxdwlrq

iru wkh vhqvlwlylw| ghulydwlyh/ qdpho|/

+�v�,{ @ �+v�,{{ . x{{=+7145,

Jlyhq d qxphulfdo vroxwlrq ri wkh Exujhuv htxdwlrq dv lqsxw/ rqh fdq xvh d ydulhw| ri qxphulfdo phwkrgv wr

vroyh Ht1 +7145,1 Zh xvhg d vsdwldo glvfuhwl}dwlrq frqvlvwhqw zlwk wkh  rz vroxwlrq phwkrg +l1h1/ d 5qg rughu
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dffxudwh fhqwhuhg vfkhph, dqg Qhzwrq*v phwkrg1 Vlqfh wkh sureohp lv olqhdu/ rqh Qhzwrq lwhudwlrq dozd|v

�qgv wkh vroxwlrq wr pdfklqh suhflvlrq +� 43�49,1 Lw lv zruwk phqwlrqlqj wkdw wkh Mdfreldq pdwul{ ri wkh

FVH htxdwlrq lv lghqwlfdo wr wkh Mdfreldq pdwul{ ri wkh Exujhuv htxdwlrq1 Wklv vlpsol�hv wkh frglqj ri wkh

FVH vlqfh rqh phuho| kdv wr fkdqjh wkh uljkw kdqg vlgh lq wkh ruljlqdo vriwzduh1

Glvfuhwh Dgmrlqw Phwkrg1 Wkh glvfuhwh dgmrlqw phwkrg lv frpprqo| xvhg lq dhurg|qdplf rswlpl}dwlrq

sureohpv +^67`, lq zklfk d xvhu gh�qhg frvw ixqfwlrq lv plqlpl}hg1 Wkh frvw ixqfwlrq/ ghqrwhg I +x> )l, zkhuh

)l uhsuhvhqwv wkh lwk jhqhulf ghvljq yduldeoh/ lv dxjphqwhg zlwk d yhfwru ri Odjudqjh pxowlsolhuv rshudwlqj

rq wkh glvfuhwh yhuvlrq ri wkh jryhuqlqj htxdwlrqv/ lq wklv fdvh Ht1 +714,/ l1h1/

I � @ I +x> )l, . �WU+x> )l,=+7146,

Wklv htxdwlrq lv qh{w gl�huhqwldwhg zlwk uhvshfw wr wkh ghvljq yduldeoh/ ru pruh jhqhudoo|/ dq| jhqhulf yduldeoh

ghqrwhg )l1 Diwhu vrph uhduudqjhphqw/ rqh rewdlqv

CI �

C)l
@

�
CI

Cx
. �W

CU

Cx

�
Cx

C)l
. �W

�
CU

C)l

�
x

=+7147,

Vlqfh wkh yhfwru ri Odjudqjh pxowlsolhuv lv duelwudu|/ wkh �uvw whup lq sduhqwkhvhv pd| eh htxdwhg wr }hur wr

|lhog d olqhdu v|vwhp ri htxdwlrqv iru �/

�
CU

Cx

�W

� @ �
CI

Cx
=+7148,

Rqfh wkh yhfwru ri Odjudqjh pxowlsolhuv lv nqrzq/ wkh vhqvlwlylw| ri wkh frvw ixqfwlrq zlwk uhvshfw wr )l fdq

eh hydoxdwhg iurp

CI

C)l
@ �W

�
CU

C)l

�
x

=+7149,

Wklv edvlf lpsohphqwdwlrq lv zlgho| xvhg lq d ghvljq hqylurqphqw +vhh ^67`, dqg suhfoxghv wkh qhhg wr

frpsxwh wkh  rz vhqvlwlylwlhv/ l1h/1 Cx@C)l/ gluhfwo|1 Lq wklv sureohp/ zh uhtxluh wkrvh ghulydwlyhv dqg wkh|

fdq eh uhdglo| rewdlqhg e| gh�qlqj wkh vhw ri frvw ixqfwlrqv/ I @ iIm � xm mm @ 4> 5> ===qj zkhuh q lv wkh

wrwdo qxpehu ri julg srlqwv1 H{whqglqj Ht1 +7149, wr d v|vwhp ri ixqfwlrqv dqg lqvhuwlqj wkh gh�qlwlrq ri I

|lhogv

�
CU

Cx

�W

� @ �L+714:,

zkhuh L lv wkh lghqwlw| pdwul{ dqg � lv d pdwul{ frqvlvwlqj ri d vhw ri froxpq yhfwruv/ �m iru hdfk m1 Wkh

uhtxluhg vhqvlwlylw| ghulydwlyhv fdq qrz eh irxqg iurp Ht1 +7147,/ zklfk xsrq vxevwlwxwlrq dqg uhduudqjhphqw

uhgxfhv wr

Cx

C)l
@ �W

�
CU

C)l

�
x

=+714;,

Qrwh wkdw Ht1 +714:, fdq eh vroyhg h!flhqwo| iru doo uljkw kdqg vlghv e| OX ghfrpsrvlwlrq1 Doo vhqvlwlylw|

ghulydwlyhv fdq wkhq eh frpsxwhg e| wkh vlqjoh pdwul{0yhfwru pxowlso| lqglfdwhg lq Ht1 +714;,1

Dowkrxjk lw pd| qrw eh uhdglo| dssduhqw/ erwk wkh FVH dqg wkh GD phwkrgv |lhog lghqwlfdo uhvxowv

surylghg erwk phwkrgv duh irupxodwhg dqg lpsohphqwhg frqvlvwhqwo|1 Lq sudfwlfh/ wklv jhqhudoo| grhv qrw

rffxu ehfdxvh ri gl�huhqfhv lq frglqj/ frqyhujhqfh ohyho/ hwf1 Khuh/ krzhyhu/ wkh htxdwlrqv duh dozd|v vroyhg

wr pdfklqh suhflvlrq/ wkh glvfuhwl}dwlrqv duh frqvlvwhqw/ dqg frqvhtxhqwo|/ wkh vhqvlwlylw| ghulydwlyhv rewdlqhg
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Ilj1 71;1 Ohiw 0 Iluvw vhqvlwlylw| ghulydwlyh frpsxwhg e| wkh glvfuhwh dgmrlqw dqg frqwlqxrxv vhqvlwlylw| phwkrgv frpsduhg

wr wkh h{dfw vroxwlrq1 Uljkw 0 Frpsdulvrq ri suredelolvwlf +gdvkhg olqhv, yv1 qrq0suredelolvwlf +huuru eduv, lqwhusuhwdwlrq ri

lqsxw xqfhuwdlqw| rq % M d3�c fo1

e| erwk phwkrgv duh lghqwlfdo1 D sorw ri wkh �uvw ghulydwlyh zlwk uhvshfw wr ylvfrvlw| e| erwk phwkrgv lv

vkrzq rq wkh ohiw ri Iljxuh 71; dqg frpsduhg zlwk wkh h{dfw ghulydwlyh1 Wkh uljkw kdoi ri wkh �jxuh vkrzv

uhvxowv iru hvwlpdwlqj wkh xqfhuwdlqw| dvvxplqj wkdw 4, wkh lqsxw xqfhuwdlqw| frqwdlqv 433( ri wkh huuru

+qrq0suredelolvwlf 0 Ht1 +516,, dqg 5, d suredelolvwlf IRVP dssur{lpdwlrq dvvxplqj wkdw wkh lqsxw huuru

uhsuhvhqwv wkuhh vwdqgdug ghyldwlrqv +� <<( ri wkh vdpsohv,1 Wkh dgydqwdjh ri nqrzohgjh derxw wkh lqsxw

gdwd lv fohduo| vhhq lq wkh uhgxfhg xqfhuwdlqw| lq wkh rxwsxw1

D frpsdulvrq ri wkh devroxwh huuru lq wkh phdq +� @ 3=58, dqg uhodwlyh huuru lq wkh vwdqgdug ghyldwlrq

+FrY +�, � �
�
@ 43(, suhglfwhg e| Prqwh Fduor dqg wkh �uvw0 dqg vhfrqg0prphqw phwkrgv duh vkrzq

lq Iljxuh 71<1 Wkh glvwulexwlrq ri wkh phdq huuru iurp wkh �uvw0rughu prphqw phwkrg forvho| iroorzv wkh

vhfrqg ghulydwlyh glvwulexwlrq vkrzq lq Iljxuh 7141 Dgglqj wkh vhfrqg ghulydwlyh fruuhfwlrq whup wr rewdlq

wkh vhfrqg rughu prphqw hvwlpdwh ri wkh phdq uhvxowv lq vxevwdqwldoo| ohvv huuru1 Dv fdq eh vhhq rq wkh

uljkw/ wkh uhodwlyh huuru lq hvwlpdwlqj wkh vwdqgdug ghyldwlrq lv dssur{lpdwho| 9( dqg 5( iru wkh IRVP dqg

VRVP hvwlpdwhv uhvshfwlyho| dw wkh erxqgdulhv1 Rqh wkrxvdqg PF vlpxodwlrqv uhvxowv lq urxjko| wkh vdph

pd{lpxp huuru dv wkh VRVP phwkrg dw urxjko| 633 wlphv wkh frvw1 Lqfuhdvlqj wkh qxpehu ri vlpxodwlrqv

dq rughu ri pdjqlwxgh uhgxfhg wkh huuru e| dssur{lpdwho| wkuhh dw frqvlghudeoh dgglwlrqdo frvw1

715171 Sro|qrpldo Fkdrv1 Vxevwlwxwlqj lq sro|qrpldo fkdrv h{sdqvlrqv iru wkh ghshqghqw yduldeoh/

x/ dqg wkh lqsxw udqgrp yduldeoh/ �/ lqwr wkh uhvlgxdo/ Ht1+714,/ dqg wdnlqj wkh lqqhu surgxfw/ k�>�nl |lhogv

dq htxdwlrq iru wkh uhvlgxdo ri wkh nwk prgh/

Un @
4

5

C

C{

5
7xnk�5

nl �
S[
l@3

S[
m@3

hlmnxlxm

6
8
�

S[
l@3

S[
m@3

hlmn�l
C5xm

C{5
+714<,

zkhuh hlmn � k�l�m�nl1 Zh lwhudwlyho| vroyhg wklv htxdwlrq e| wkh Hxohu h{solflw phwkrg exw irxqg wkdw

wkh FSX wlph wr dfklhyh wkh pdfklqh }hur vwhdg|0vwdwh vroxwlrq zdv h{fhvvlyh uhodwlyh wr lpsolflw phwkrgv1

Frqvhtxhqwo|/ Qhzwrq*v phwkrg zdv lpsohphqwhg e| xvlqj wkh olqhdul}dwlrq ri wkh uhvlgxdo/ zklfk fdq eh
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Ilj1 71<1 Devroxwh huuru lq wkh phdq +ohiw, dqg uhodwlyh huuru lq wkh vwdqgdug ghyldwlrq +uljkw, xvlqj Prqwh Fduor dqg

�uvw0 dqg vhfrqg0prphqw phwkrgv1

vkrzq wr uhgxfh wr

�Un * CUn

Cxo
�xo @

4

5

C

C{

5
7
3
C�onk#5

nl �
S[
l@3

S[
m@3

hlmn+xl�om . xm�ol,

4
D�xo

6
8�

S[
l@3

S[
m@3

hlmn�l
C5�xo
C{5

+7153,

zkhuh �om lv wkh Nurqhfnhu ghowd ixqfwlrq1 Wkh erxqgdu| frqglwlrqv zhuh vshfl�hg iurp wkh h{dfw vwrfkdvwlf

vroxwlrq e| pdwfklqj prphqwv ri wkh glvwulexwlrq xs wr d xvhu0vshfl�hg rughu1 Wkh wkuhh erxqgdu| frqglwlrqv

vwxglhg zhuh rewdlqhg e| pdwfklqj

41 wkh phdq +EF4,

51 wkh phdq dqg yduldqfh +EF5,

61 wkh phdq/ yduldqfh/ dqg vnhzqhvv +EF6,

Wkh �uvw erxqgdu| frqglwlrq/ EF4/ lpsolhv wkdw wkh �uvw prgh/ x3 lv vhw wr wkh phdq ri wkh h{dfw vroxwlrq

dqg wkh uhpdlqlqj prghv duh vhw wr }hur rq wkh erxqgdu|1 Wkh vhfrqg erxqgdu| frqglwlrq vhwv x3 dqg x4

wr wkh phdq dqg yduldqfh ri wkh h{dfw vroxwlrq/ uhvshfwlyho|/ wkh uhpdlqlqj prghv duh vhw wr }hur1 Vlploduo|/

EF6 vhwv x3 wr wkh phdq dqg vroyhv d vlpsoh dojheudlf sureohp wr �qg wkh ydoxhv ri x4 dqg x5 vxfk wkdw wkh

yduldqfh dqg vnhzqhvv ri wkh sro|qrpldo fkdrv glvwulexwlrq pdwfk wkh h{dfw vroxwlrq1

Rqh dgydqwdjh ri Sro|qrpldo Fkdrv lv wkdw wkh rxwsxw SGI*v zklfk ghshqg rq wkh rughu ri wkh fkdrv

fdq eh hdvlo| rewdlqhg1 Iru d vlqjoh udqgrp yduldeoh/ wkh �uvw0rughu fkdrv |lhogv d Jdxvvldq glvwulexwlrq

zlwk phdq x3 dqg vwdqgdug ghyldwlrq mx4m/ l1h1/

sSF4
+x, @

h�+x�x3,
5@5x5

4s
5� mx4m

=+7154,

Wkh kljkhu0rughu prghv dffrxqw iru qrq0Jdxvvldq lqwhudfwlrqv dqg duh uh hfwhg lq wkh rxwsxw SGI1 Iru d

vhfrqg0rughu fkdrv/ wkh uhvxow lv

sSF5
+x, @

h
�

�
x4.

s
x5
4
.7x5+x�x3.x5,

�
5

@;x5
5

s
5� mx5

4
. 7x5 +x� x3 . x5,m

=+7155,

Ixuwkhu dqdo|wlf uhsuhvhqwdwlrqv iru kljkhu rughu fkdrvhv duh srvvleoh exw ohqjwk|1
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Ilj1 71431 Wkh �uvw irxu prghv iurp Sro|qrpldo Fkdrv1 Frpsduh wr wkh vhqvlwlylw| ghulydwlyhv ri wkh h{dfw vroxwlrq1

Qxphurxv uhvxowv zhuh jhqhudwhg xvlqj Khuplwh sro|qrpldo fkdrvhv ri ydu|lqj rughu zlwk gl�huhqw

erxqgdu| frqglwlrq wuhdwphqw dqg rq gl�huhqw julgv1 Khuh zh vxppdul}h wkhvh uhvxowv1 Wkh �uvw irxu prghv

iurp dq rughu 6 SF duh vkrzq lq Iljxuh 71431 Uhfdoo wkdw prgh 3 uhsuhvhqwv wkh h{shfwhg ydoxh +l1h1/ wkh

phdq,1 Qrwh wkh vlplodulw| ri wkh vkdshv ri wkh kljkhu prghv zlwk wkh vhqvlwlylw| ghulydwlyhv ri wkh h{dfw

vroxwlrq lq Iljxuh 7141 Wkh rqo| glvfuhsdqf| wkdw fdq eh vhhq lv ehwzhhq wkh wklug prgh dqg wkh wklug

ghulydwlyh zklfk lv gxh wr erxqgdu| frqglwlrq wuhdwphqw iru wklv prgh dqg zloo eh glvfxvvhg vxevhtxhqwo|1

Iljxuh 7144 vkrzv devroxwh huuruv lq wkh phdq dqg uhodwlyh huuruv lq wkh vwdqgdug ghyldwlrq xvlqj rughu

4 dqg 5 SF rq 45< dqg 846 srlqw julgv1 Uh�qlqj wkh julg iru wkh �uvw0rughu fkdrv jlyhv d voljkwo| odujhu

pd{lpxp huuru wkdq wkh frduvhu julg1 Frpsxwdwlrqv vkrz wkdw wkh �uvw0rughu phwkrg lv julg frqyhujhg

rq wkh 45< srlqw phvk/ l1h1/ ixuwkhu julg uh�qhphqw pdnhv qr dssuhfldeoh uhgxfwlrq lq huuru qru lv wkhuh

vljql�fdqw lqfuhdvhv/ mxvw uh0glvwulexwlrq1 Krzhyhu/ wkh vhfrqg0rughu sro|qrpldo fkdrv lv fohduo| qrw julg

frqyhujhg rq wkh 45< srlqw julg1 Wkhuh lv d vxevwdqwldo uhgxfwlrq lq wkh phdq huuru rq wkh �qhu 846 srlqw

julg1 Lq whupv ri wkh hvwlpdwhv ri wkh vwdqgdug ghyldwlrq/ wkh �uvw0rughu fkdrv uhvxowv rq erwk julgv duh

vlplodu dqg yhu| forvh wr wkh VRVP phwkrg +vhh Ilj1 71<,1 Wkh 5
qg rughu fkdrv kdv yhu| vpdoo huuru lq wkh

vwdqgdug ghyldwlrq/ doprvw dq rughu0ri0pdjqlwxgh vpdoohu wkdq wkh hvwlpdwh rewdlqhg iurp 43/333 Prqwh

Fduor vlpxodwlrqv1

D ixuwkhu h{dplqdwlrq ri wkh huuru frqyhujhqfh yhuvxv wkh rughu ri wkh SF zdv frqgxfwhg1 Lq wkhru|/

h{srqhqwldo uhgxfwlrq udwh ri wkh huuru dv wkh rughu ri wkh fkdrv lv lqfuhdvhg vkrxog eh revhuyhg1 Lq sudfwlfdo

FIG vlpxodwlrqv/ wkhuh duh lvvxhv wkdw duh olnho| wr pdnh vxfk frqyhujhqfh udwhv xqdfklhydeoh dowkrxjk wklv

grhv qrw suhfoxgh wkh xvh ru xwlolw| ri wkh sro|qrpldo fkdrv phwkrg1 Iljxuh 7145 vxssruwv wklv vwdwhphqw

zkhuh/ rq wkh ohiw/ wkh frqyhujhqfh ehkdylru ri wkh O5 qrup vkrzv wkdw lq rughu wr dfklhyh wkh �wkhruhwlfdo�

frqyhujhqfh/ pruh dqg pruh lqirupdwlrq qhhgv wr eh vxssolhg dw wkh erxqgdu| dv wkh rughu ri wkh fkdrv

lqfuhdvhv +vhh Wdeoh 715,1 Wklv vlpso| phdqv wkdw lq rughu wr pdwfk wkh h{dfw vroxwlrq wr d jlyhq ohyho ri

dffxudf|/ erxqgdu| frqglwlrqv pxvw dovr eh vshfl�hg frqvlvwhqw zlwk wkh ohyho ri dffxudf| vrxjkw1 Wkxv/ wr

vwd| rq wkh h{srqhqwldo frqyhujhqfh fxuyh/ kljkhu rughu fkdrvhv uhtxluh kljkhu rughu vwdwlvwlfv dw wkh erxqg0

dulhv ri wkh frpsxwdwlrqdo grpdlq1 Qrwh dovr wkdw �qhu julgv duh dovr uhtxluhg wr vwd| rq wkh h{srqhqwldo

uhgxfwlrq udwh fxuyh gxh wr wkh lqfuhdvhg iuhtxhqf| frqwhqw lqkhuhqw lq wkh kljkhu rughu prgdo vroxwlrqv1

57



x

A
b

so
lu

te
e

rr
o

r
in

th
e

m
e

a
n

-3 -2 -1 0 1 2 3

-6E-05

-5E-05

-4E-05

-3E-05

-2E-05

-1E-05

0

1E-05

2E-05

3E-05

4E-05

5E-05

6E-05 O(1) - 129 pts
O(1) - 513 pts
O(2) - 129 pts
O(2) - 513 pts

x

R
e

la
tiv

e
e

rr
o

r
in

st
a

n
d

a
rd

d
e

vi
a

tio
n

-3 -2 -1 0 1 2 3
-0.03

-0.02

-0.01

0

0.01

0.02

0.03 O(1) - 129 pts
O(1) - 513 pts
O(2) - 129 pts
O(2) - 513 pts

Ilj1 71441 Devroxwh huuru lq wkh phdq +ohiw, dqg uhodwlyh huuru lq wkh vwdqgdug ghyldwlrq +uljkw, iurp Sro|qrpldo Fkdrv1

Surylghg wkdw wkh SGI ri wkh rxwsxw xqfhuwdlqw| rq wkh erxqgdu| lv nqrzq/ rqh fdq ghwhuplqh wkh

uhtxluhg prgdo ydoxhv/ xl/ rq wkh erxqgdu| e| pdwfklqj prphqwv dv zdv grqh khuh1 Lw lv qrw olnho| wkdw wkh

SGI zloo eh dydlodeoh iru jhqhudo FIG vlpxodwlrqv1 Pruhryhu/ zh zloo eh iruwxqdwh wr jhw jrrg hvwlpdwhv ri

wkh phdq dqg yduldqfh dw wkh erxqgdulhv1 Lq wkh devhqfh ri kljkhu rughu vwdwlvwlfv/ rqh lv irufhg wr pdnh

dvvxpswlrqv wkdw ghjudgh wkh huuru uhgxfwlrq udwh ri wkh phwkrg1 Krzhyhu/ dv vkrzq hduolhu/ hyhq uhodwlyho|

orz0rughu +?6, fkdrv fdq surgxfh uhvxowv vxshulru wr wkh �uvw0 dqg vhfrqg0prphqw phwkrgv1

Wr ixuwkhu ghprqvwudwh wkh erxqgdu| frqglwlrq lvvxh/ wkh uljkw ri Iljxuh 7145 vkrzv wkh huuru frqyhujhqfh

iru d voljkwo| vlpsohu sureohp/ wkh 4�G khdw htxdwlrq zlwk lqwhuqdo khdw jhqhudwlrq1 Wkh vljql�fdqw gl�huhqfh

ehwzhhq wkhvh wzr sureohpv lv wkh vwrfkdvwlf erxqgdu| frqglwlrqv1 Iru wkh khdw htxdwlrq/ wkh grpdlq lv

�qlwh dqg wkh erxqgdu| frqglwlrqv/ e| sureohp gh�qlwlrq/ kdyh qr xqfhuwdlqw|1 Wkh xqfhuwdlqw| hqwhuv

wkurxjk wkh wkhupdo frqgxfwlylw| zklfk zdv wuhdwhg dv d Jdxvvldq udqgrp yduldeoh zlwk d FrY @ 43(1

Wklv sureohp kdv d vlpsoh h{dfw vwrfkdvwlf vroxwlrq dqg vlqfh wkhuh lv qr erxqgdu| xqfhuwdlqw|/ wkh h{dfw

erxqgdu| frqglwlrq wuhdwphqw lv wr vhw doo kljkhu prghv wr }hur1 Dv vhhq/ wkh h{srqhqwldo frqyhujhqfh udwh

lv dfklhyhg1 Rq wkh rwkhu kdqg/ iru wkh Exujhuv htxdwlrq/ wkh h�hfw ri qrw ehlqj deoh ru zloolqj wr vshfli|

wkh kljkhu prghv h{dfwo| uhvxowv lq wkh �shholqj r�� ri wkh huuru iurp wkh wkhruhwlfdo fxuyh1

Ixuwkhu lpsdfw ri wkh erxqgdu| frqglwlrq vshfl�fdwlrq iru wkh Exujhuv htxdwlrq fdq eh vhhq lq Iljxuh 7146

lq zklfk wkh h{dfw vroxwlrq lv frpsduhg zlwk wkh suredelolw| ghqvlw| ixqfwlrq ri d wklug0rughu fkdrv dw { @ �5>

wkh vkdghg duhdv kljkoljkw wkhlu gl�huhqfh1 Wkh wkuhh erxqgdu| frqglwlrqv fruuhvsrqg wr vshfl�fdwlrq ri wkh

phdq +EF4,/ phdq dqg yduldqfh +EF5,/ phdq/ yduldqfh/ dqg vnhzqhvv +EF6, uhvshfwlyho|/ l1h1/ wkh erxqgdu|

frqglwlrq vshfl�fdwlrqv duh lqfuhdvlqjo| frpsohwh1 Wkh �uvw erxqgdu| frqglwlrq vkrzv wkdw ljqrulqj wkh

yduldqfh dw wkh erxqgdu| uhvxowv lq d pxfk pruh shdnhg glvwulexwlrq wkdq vkrxog eh suhglfwhg1 Wklv h�hfw

lv hyhq pruh surqrxqfhg forvhu wr wkh erxqgdu| rq zklfk wkhuh lv qr glvwulexwlrq/ mxvw d phdq ydoxh dqg

}hur yduldqfh1 Frqvhtxhqwo|/ prylqj voljkwo| lqzdug uhvxowv lq vrph exw olwwoh yduldqfh vlqfh lw*v irufhg wr

}hur qhdue|/ dqg khqfh d odujh qduurz shdn1 Krzhyhu/ dv vhhq lq wkh orzhu ohiw ri wkh �jxuh/ dgglwlrq ri wkh

yduldqfh pdnhv vxevwdqwldo lpsuryhphqw lq wkh suhglfwlrq dowkrxjk wkh glvwulexwlrq lv Jdxvvldq1 Surylglqj

dgglwlrqdo lqirupdwlrq frqfhuqlqj wkh erxqgdu| vnhzqhvv lv vhhq wr vkliw wkh glvwulexwlrq pdunhgo| vxfk wkdw

wkh lqwhulru vnhzqhvv lv qrz zhoo suhglfwhg1
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Wdeoh 715

Fdvh ghvfulswlrq iru Iljxuh 7145

Fdvh Erxqgdu| Frqglwlrq Julg Srlqwv

4 Phdq rqo| 45<

5 Phdq dqg Yduldqfh 45<

6 Phdq/ Yduldqfh/ dqg Vnhzqhvv 45<

7 Phdq/ Yduldqfh/ dqg Vnhzqhvv 58:

8 Phdq/ Yduldqfh/ dqg Vnhzqhvv 846

Order of Polynomial Chaos
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Ilj1 71451 Huuru lq wkh phdq iru ydulrxv rughuv ri Sro|qrpldo Fkdrv1 Ohiw 0 Exujhu*v htxdwlrq zlwk ydulrxv erxqgdu|

frqglwlrqv dqg julgv1 Uljkw 0 Khdw htxdwlrq zlwk vwrfkdvwlf lqwhuqdo khdw jhqhudwlrq11

Wkh vwdwlvwlfv ri wkh glvwulexwlrq suhglfwhg e| d 7wk rughu fkdrv duh frpsduhg zlwk wkh h{dfw vroxwlrq

lq Iljxuh 71471 Zlwkrxw v|perov rq wkh sorwv/ wkh glvwulexwlrqv duh doo exw lqglvwlqjxlvkdeoh1 Qrwh wkdw wkh

vwdqgdug ghyldwlrq lv d pd{lpxp lq wkh ylflqlw| ri { @ 	4 zkhuh wkh SGI lv qhduo| Jdxvvldq dv lqglfdwhg

e| lwv vnhzqhvv qhdu 3 dqg nxuwrvlv ydoxh qhdu 61 Wkh SGI*v vzlwfk iurp vnhzhg wr wkh ohiw wr vnhzhg wr

wkh uljkw lq hdfk kdoi grpdlq { 5 ^�6> 3j dqg { 5 i�6> 3`1 Lw lv dovr fohdu wkdw wkh ghsduwxuh iurp Jdxvvldq

lv pd{lpdo dw wkh erxqgdu|1

Dq hvwlpdwh ri wkh frpsxwdwlrqdo h�ruw dvvrfldwhg zlwk wklv sureohp lv vkrzq lq Iljxuh 71481 Wkh

ghwhuplqlvwlf/ �uvw0 dqg vhfrqg0rughu prphqw phwkrgv/ dqg sro|qrpldo fkdrv ri rughuv 406 duh frpsduhg

zlwk wkh frvw ri 433 Prqwh Fduor vlpxodwlrqv1 Prphqw phwkrgv frvw 506 wlphv pruh wkdq d ghwhuplqlvwlf

vroxwlrq1 Wkh zrun ri sro|qrpldo fkdrv lv uhodwlyho| kljk/ derxw 53 wlphv wkh frvw ri d ghwhuplqlvwlf vroxwlrq

exw wkhuh duh rssruwxqlwlhv wr uhgxfh wklv frvw +h1j1 orrvho|0frxsohg dojrulwkpv/ pxowl0julg/ 111,1
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Ilj1 71461 Frpsdulvrq ri h{dfw dqg sro|qrpldo fkdrv sgi*v dw % ' 32 zlwk wkuhh gl�huhqw erxqgdu| frqglwlrqv1 Wkh

vkdghg duhdv kljkoljkw wkh gl�huhqfh ehwzhhq wkh h{dfw dqg dssur{lpdwh SGI*v1
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Ilj1 71471 Vwdwlvwlfv ri wkh rxwsxw glvwulexwlrq iurp e
|� rughu Sro|qrpldo Fkdrv frpsduhg zlwk wkh h{dfw vroxwlrq1
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Ilj1 71481 Uhodwlyh fsx wlphv wr jhqhudwh vroxwlrqv wr wkh Exujhu htxdwlrq1

5:



E , Shock Wave Angle

T, Deflection Angle

M1

p1

T1

Ilj1 8141 Vnhwfk ri vxshuvrqlf/ lqylvflg  rz ryhu d zhgjh1

81 Reoltxh Vkrfn Zdyhv1 Vkrfn zdyhv dqg h{sdqvlrq idqv duh ixqgdphqwdo exloglqj eorfnv iru lq0

ylvflg frpsuhvvleoh  rz wkhru|1 Zh ehjlq e| dgguhvvlqj lqylvflg/ vxshuvrqlf  rz ryhu d zhgjh dw Pdfk

qxpehuv dqg zhgjh dqjohv iru zklfk dq dwwdfkhg/ vwhdg|/ reoltxh vkrfn irupv1 D vnhwfk ri wkh sureohp lv

vkrzq lq Iljxuh 8141 Wkh rxwsxw txdqwlw| ri lqwhuhvw iru wklv h{dpsoh lv wkh suhvvxuh ulvh dfurvv wkh vkrfn

zdyh/ s5

s4
/ zklfk lv vwulfwo| d ixqfwlrq ri wkh xsvwuhdp Pdfk qxpehu/ P4 dqg wkh zhgjh dqjoh � +iru d �{hg

�,1 Lq doo fdvhv/ zh wdnh wkh udwlr ri vshfl�f khdwv/ � @ 4=71

8141 Ghwhuplqlvwlf Sureohp1 Iru d shuihfw jdv/ wkh suhvvxuh ulvh dfurvv d qrupdo vkrfn zdyh lv jlyhq

e| wkh Udqnlqh0Kxjrqlrw uhodwlrq

s5

s4
@ 4 .

5�

� . 4
+P5

4
� 4,+814,

zkhuh wkh vxevfulswv�4� dqg �5� uhihu wr frqglwlrqv mxvw dkhdg ri dqg ehklqg wkh vkrfn zdyh uhvshfwlyho|1

Wkh suhvvxuh ulvh dfurvv dq reoltxh vkrfn fdq eh rewdlqhg iurp wkh qrupdo vkrfn uhodwlrq e| uhsodflqj

wkh Pdfk qxpehu lq Ht1+814, e| wkh qrupdo frpsrqhqw ri wkh xsvwuhdp Pdfk qxpehu/ P4q lq wklv fdvh1

Iurp jhrphwulf frqvlghudwlrqv/

P4q @ P4 vlq�=+815,

D uhodwlrqvkls iru wkh vkrfn zdyh dqjoh/ �/ fdq eh rewdlqhg iurp wkh wdqjhqwldo prphqwxp htxdwlrq +wkh

vr0fdoohg � � � �P uhodwlrqvkls,1 D frpprq irup ri wklv uhodwlrqvkls lv

wdq � @ 5frw�

�
P5 vlq5 � � 4

P5+� . frv 5�, . 5

�
=+816,

Iru d ghwdlohg ghulydwlrq/ vhh h1j1 ^8`1 Qrwh wkdw wklv uhodwlrqvkls xqltxho| vshfl�hv wkh  rz gh hfwlrq

dqjoh/ �/ iru d jlyhq Pdfk qxpehu dkhdg ri wkh vkrfn/ +ghqrwhg jhqhulfdoo| e| P, dqg vkrfn zdyh dqjoh/ �1

Krzhyhu/ lq sudfwlfh/ rqh jhqhudoo| nqrzv wkh Pdfk qxpehu dqg wkh jhrphwu|/ �/ +wr zlwklq d pdqxidfwxulqj

wrohudqfh,/ wkxv/ rqh qhhgv wr vroyh Ht1+816, iru �1 Zlwk vrph pdqlsxodwlrq/ wklv htxdwlrq fdq eh zulwwhq

dv d fxelf sro|qrpldo lq wkh yduldeoh vlq5 �/ khqfh wkuhh vroxwlrqv iru � h{lvw iru hdfk iP> �j sdlu1 Wzr ri

wkh vroxwlrqv fruuhvsrqg wr sk|vlfdo surfhvvhv wkdw rffxu lq qdwxuh= d vwurqj vkrfn zdyh dqg d zhdn vkrfn

zdyh dowkrxjk wkh odwwhu lv suhihuuhg e| qdwxuh dqg lv wkh rqh zh vwxg| khuh1 Wkh wklug vroxwlrq lv qrq0

sk|vlfdo1 Iuhtxhqwo|/ rqh xvhv d qxphulfdo urrw �qglqj surfhgxuh vxfk dv wkh Vhfdqw phwkrg wr lwhudwlyho|

vroyh Ht1+816, iru wkh ydoxh ri � fruuhvsrqglqj wr wkh zhdn vroxwlrq exw khuh zh xvhg wkh dqdo|wlf vroxwlrq

+rewdlqhg yld Pdwkhpdwlfd y7 ^79`,1 Wklv zdv hvshfldoo| xvhixo iru frpsxwlqj h{dfw dqdo|wlf vhqvlwlylw|

ghulydwlyhv iru wklv sureohp1 D sorw ri wkh � � � �P uhodwlrqvkls lv vkrzq rq wkh ohiw ri Iljxuh 815 iru

vhohfwhg Pdfk qxpehuv1 Dv fdq eh vhhq/ iru hdfk Pdfk qxpehu wkhuh lv d pd{lpxp gh hfwlrq dqjoh eh|rqg
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Flow deflection angle, θ
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θMAX at Mach 2 ≈ 23o

Ilj1 8151 +ohiw, q 3 w 3� uhodwlrqvkls iru ydulrxv Pdfk qxpehuv1 +uljkw, suhvvxuh ulvh iurp wkh ghwhuplqlvwlf vroxwlrq1

zklfk qr vroxwlrqv h{lvw1 Dw Pdfk 5/ wkh pd{lpxp gh hfwlrq lv dssur{lpdwho| 56
r/ dw Pdfk 8 lw lv urxjko|

74
r1

Rqfh � lv irxqg/ rqh vroyhv Ht1+815, iru wkh qrupdo frpsrqhqw ri wkh Pdfk qxpehu dqg uhsodfhv P4 e|

P4q
lq Ht1+814, wr rewdlq wkh ghwhuplqlvwlf ydoxhv ri wkh suhvvxuh ulvh1 Rwkhu wkdq wkh dvvxpswlrqv douhdg|

phqwlrqhg +l1h1/ lqylvflg/ shuihfw jdv, zklfk dulvh lq wkh jryhuqlqj htxdwlrqv/ wklv surfhgxuh lv h{dfw1 Wkh

vroxwlrq iru wkh suhvvxuh ulvh dfurvv dq reoltxh vkrfn lv vkrzq rq wkh uljkw ri Iljxuh 8151

D idu pruh jhqhudo doehlw h{shqvlyh dssurdfk wr vroylqj wklv sureohp lv wr xvh prghuq FIG whfkqltxhv1

Wr wkdw hqg/ zh xvhg wkh wzr0glphqvlrqdo FIG frgh/ IORZ1i +iruphuo| DQVHUV, vxssolhg e| D1 Wd|oru

Wklv frgh vroyhv wkh Qdylhu0Vwrnhv htxdwlrqv dqg vxevhwv lqfoxglqj wkh Hxohu htxdwlrqv rq �qlwh yroxph

phvkhv xvlqj xszlqg glvfuhwl}dwlrq phwkrgv +vhh ^77`,1 D vdpsoh uhvxow ri rqh fdofxodwlrq lv vkrzq lq Iljxuh

816 iru zklfk suhvvxuh frqwrxuv ryhu wkh zhgjh fruuhvsrqglqj wr wkh frqglwlrqv P
4

@ 6 dqg � @ 8
r duh

glvsod|hg1 Wr frpsduh wkh FIG fdofxodwlrqv zlwk reoltxh vkrfn uhodwlrqv/ zh wrrn wkh suhvvxuh ehklqg wkh

vkrfn wr eh wkh fhoo0dyhudjhg ydoxh iurp wkh odvw fhoo rq wkh vxuidfh +l1h1/ uljkw ehiruh wkh h{lw sodqh,1 Rq 64

� 79 julgv/ wkh uhvxowv ri wkh FIG fdofxodwlrqv dw doo Pdfk qxpehuv frqvlghuhg duh ylvxdoo| lqglvwlqjxlvkdeoh

rq wkh suhvvxuh ulvh sorw iurp wkh h{dfw reoltxh vkrfn uhvxowv1

8151 Vwrfkdvwlf Sureohp1 Wzr yduldeohv/ wkh Pdfk qxpehu/ P / dqg zhgjh dqjoh/ �/ zhuh frqvlghuhg

wr eh Jdxvvldq udqgrp yduldeohv/ erwk zlwk d frh!flhqw ri yduldwlrq ri 43(1 Wkh pdlq irfxv zdv rq wkh

jhrphwulf xqfhuwdlqw| dvvrfldwhg zlwk wkh zhgjh dqjoh1 Wkh xqfhuwdlqw| dqdo|vlv phwkrgv lpsohphqwhg

zhuh Prqwh Fduor dqg wkh �uvw0rughu prphqw phwkrg iru zklfk wkh �uvw0rughu vhqvlwlylw| ghulydwlyhv zhuh

frpsxwhg dqdo|wlfdoo|1 Iru h{dpsoh/ wr frpsxwh wkh vhqvlwlylw| ghulydwlyh Cs
C�

zh xvhg wkh fkdlq uxoh/

Cs

C�
@

Cs

CP4q

CP4q

C�

C�

C�
=+817,

Wkh �uvw wzr whupv duh wulyldo exw wkh wklug lv hvvhqwldoo| lpsrvvleoh e| kdqg1 Pdwkhpdwlfd yhuvlrq 7 ^79`zdv

xvhg wr hydoxdwh C�
C�

dqdo|wlfdoo|/ dowkrxjk rwkhu dssurdfkhv/ lqfoxglqj qxphulfdo ghulydwlyhv frxog eh xvhg1

Wkh uhvxowv ri wkh vhqvlwlylw| ghulydwlyh hydoxdwlrq duh vkrzq lq Iljxuh 8171 Qrwh wkdw wkh ghulydwlyh lv idluo|

olqhdu xqwlo � dssurdfkhv wkh pd{lpxp  rz gh hfwlrq dqjoh dw zklfk srlqw wkh ghulydwlyh ydulhv yhu| udslgo|1

Wklv lv mxvw dqrwkhu h{dpsoh ri wkh kljko| qrq0olqhdu qdwxuh ri  xlg phfkdqlfv1
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Ilj1 8161 Qrq0glphqvlrqdo suhvvxuh frqwrxuv iru Pdfk 6  rz ryhu d 8J zhgjh1 Vhfrqg0rughu dffxudwh xszlqg vroxwlrq

iurp IORZ1i rq d 64 { 79 phvk1
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Ilj1 8171 Qrq0glphqvlrqdo vhqvlwlylw| ghulydwlyh ri suhvvxuh zlwk uhvshfw wr gh hfwlrq dqjoh1 Qrwh wkh kljko| qrq0olqhdu

qdwxuh lq wkh ylflqlw| ri wkh pd{lpxp ghihfwlrq dqjoh iru hdfk Pdfk qxpehu11

Prqwh Fduor vlpxodwlrqv xvlqj erwk reoltxh vkrfn uhodwlrqv dqg FIG zhuh uxq iru phdq Pdfk qxpehuv

iP @ 5> 6> 7> 8j dqg phdq  rz gh hfwlrq dqjohv i� @ 8r> 43r> 48r> 53rj1 Iru hdfk fdvh/ 4333 vlpxodwlrqv

zhuh shuiruphg1 Dgglwlrqdoo|/ fruuhodwlrqv ehwzhhq wkh wzr udqgrp yduldeohv zhuh lqyhvwljdwhg1 Iru hdfk

iP> �j sdlu/ wkh fruuhodwlrq frh!flhqw/ �/ zdv ydulhg iurp i�4> 4j uhvxowlqj lq <� 49� 4333 @ 477> 333 5G

FIG vlpxodwlrqv dqg dq htxdo qxpehu ri reoltxh vkrfn fdofxodwlrqv1 Wkh FIG fdofxodwlrqv zhuh shuiruphg

dw LFDVH rq ;0surfhvvruv ri FRUDO1 Lw wrrn dssur{lpdwho| wzr ryhuqljkw uxqv wr frpsohwh wkh 477> 333

vlpxodwlrqv1 Wkh reoltxh vkrfn uhodwlrqv zhuh uxq lq d pdwwhu ri plqxwhv rq d 533 PK} shqwlxp SF1 Lq

whupv ri wkh vwdwlvwlfv ri wkh glvwulexwlrqv/ erwk dssurdfkhv |lhoghg frqvlvwhqwo| vlplodu ydoxhv1 Wkh h{shfwhg

ydoxh ri wkh suhvvxuh ulvh zlwk <8( phdq frq�ghqfh lqwhuydov dqg wkh frh!flhqw ri yduldwlrq duh vkrzq lq

Iljxuh 8181

Qrwh wkdw wkh gdwd srlqw fruuhvsrqglqj wr P @ 5/ � @ 53r lv plvvlqj1 Iru d Jdxvvldq glvwulexwhg

udqgrp yduldeoh zlwk d phdq ri 53r dqg vwdqgdug ghyldwlrq ri 5r +l1h1/ 43( FrY,/ wkh <8( frq�ghqfh uhjlrq
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Flow deflection angle, θ
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Ilj1 8181 +ohiw, Phdq suhvvxuh ulvh iru dq lqsxw FrY ^w`@3141 Wkh huuru eduv uhsuhvhqw <8( phdq frq�ghqfh lqwhuydov

iurp 4333 Prqwh Fduor vlpxodwlrqv1 +uljkw, rxwsxw suhvvxuh frh!flhqw ri yduldwlrq1 Wkh �edg� srlqw dw Pdfk 5/ w ' 2f
J lv

gxh wr vdpsolqj ydoxhv ri w juhdwhu wkdq w�@%1

Wdeoh 814

Qxpehu ri vdpsohv iurp Q^53/5` wkdw duh juhdwhu wkdq w +rxw ri 4333,1

�r Qxpehu ri Vdpsohv A �

H{dfw Ydoxhv Udqgrp Gudz

53 833 7<5

54 63< 5<5

55 48< 476

56 9: :6

57 56 57

58 9 ;

59 4 5

lv urxjko| ^49r> 57r`1 Fohduo|/ zkhq udqgrpo| gudzlqj 4333 vdpsohv iurp vxfk d glvwulexwlrq/ qxphurxv

vdpsohv zloo eh gudzq zlwk ydoxhv juhdwhu wkdq 56r +vhh Wdeoh 814, zklfk fruuhvsrqgv wr wkh pd{lpxp  rz

gh hfwlrq dqjoh iru wklv Pdfk qxpehu khqfh wkhP @ 5/ � @ 53r gdwd srlqw zdv uhmhfwhg1 Wr ixuwkhu looxvwudwh

wklv/ Iljxuh 819 vkrzv wkh lqsxw klvwrjudp zlwk phdq dqjoh ri 53r zkhuh qxphurxv vdpsohv juhdwhu wkdq 56r

fdq eh vhhq1 Wkh fhqwhu dqg uljkw klvwrjudpv duh wkh suhvvxuh rxwsxw iru lqsxw frqglwlrqv P @ 5> � @ 48r

dqg P @ 8> � @ 53r/ uhvshfwlyho| iru zklfk doo ri wkh vdpsohg dqjohv duh zhoo ehorz �Pd{ iru hdfk Pdfk

qxpehu1 Lq wklv udwkhu dfdghplf h{dpsoh/ zh fkrvh odujh yduldwlrqv lq wkh lqsxw yduldeohv sxusrvho| wr pdnh

wkh judsklfv hdvlhu wr vhh/ exw iru rqh fdvh/ wklv uhvxowhg lq qrq0sk|vlfdo vdpsolqj1 Vxfk lv olnho| wr rffxu

zlwk pdq| udqgrp yduldeohv wkdw pd| dulvh lq  xlg phfkdqlfv dssolfdwlrqv/ iru h{dpsoh/ wkhuprg|qdplf

dqg wudqvsruw surshuwlhv duh erxqghg iurp ehorz e| }hur zkhuhdv d Jdxvvldq glvwulexwlrq kdv vxssruw

rq ^�4>4`1 Rqh dssurdfk wr ryhufrplqj wklv sureohp lv wr hlwkhu wuxqfdwh wkh glvwulexwlrq ru wr xvh

glvwulexwlrqv zlwk �qlwh vxssruw +vxfk dv wkh Ehwd glvwulexwlrq, surylghg wkdw wkh xvh ri vxfk d glvwulexwlrq

fdq eh mxvwl�hg1

Iru ghprqvwudwlrq sxusrvhv/ fruuhodwlrqv ehwzhhq wkh xsvwuhdp Pdfk qxpehu dqg � zhuh frqvlghuhg1

64



16 20 24

20
40
60
80

100

1.8 2.2 2.6

10
20
30
40
50
60
70

5 7 9

20

40

60

80

Ilj1 8191 Klvwrjudpv ri= +ohiw, lqsxw zhgjh dqjohv iurp Q^53/5`/ +fhqwhu, rxwsxw suhvvxuh dw � ' 2c w ' �D
J dqg +uljkw,

rxwsxw suhvvxuh dw � ' Dc w ' 2f
J1

Correlation coefficient, ρ
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Ilj1 81:1 Rxwsxw suhvvxuh frh!flhqw ri yduldwlrq gxh fruuhodwlrq ri iuhh0vwuhdp Pdfk qxpehu dqg zhgjh dqjoh/ w�

Wkh uhvxow ri fruuhodwlqj wkhvh yduldeohv lv vkrzq lq Iljxuh 81:1 Dv h{shfwhg/ zkhq P dqg � duh srvlwlyho|

fruuhodwhg/ wkh frpelqhg prgho xqfhuwdlqw| lqfuhdvhv vlqfh lqfuhdvlqj P ru � lqghshqghqwo| lqfuhdvhv wkh

xqfhuwdlqw|1 Olnhzlvh/ qhjdwlyh fruuhodwlrq uhgxfhv wkh yduldqfh vlqfh rqh whqgv wr r�vhw wkh rwkhu1 Qrwh wkdw

d udwkhu vxevwdqwldo yduldwlrq zlwk fruuhodwlrq frh!flhqw rffxuv sduwlfxoduo| iru wkh vwurqjhu fdvhv +odujhu

phdq P dqg phdq �,1 Fohduo|/ zkhq frqvlghulqj pxowlsoh udqgrp lqsxw yduldeohv/ lw zloo eh lpsruwdqw

wr kdyh nqrzohgjh ri wkh fruuhodwlrq dprqj wkh yduldeohv lq rughu wr jhw uholdeoh rxwsxw hvwlpdwhv ri wkh

yduldqfh1
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Expansion Fan

T, Deflection Angle
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Ilj1 9141 Vnhwfk ri vxshuvrqlf  rz ryhu dq h{sdqvlrq fruqhu1

91 Sudqgwo0Ph|hu H{sdqvlrq Zdyhv1 H{sdqvlrq zdyhv irup dqrwkhu ixqgdphqwdo exloglqj eorfn

iru frpsuhvvleoh  rz wkhru|1 Lq wklv fdvh/ zh frqvlghu wkh  rz ri d fdorulfdoo| shuihfw jdv dfurvv d fhqwhuhg

h{sdqvlrq idq hpdqdwlqj iurp d vkdus frqyh{ fruqhu dv vkrzq lq wkh vnhwfk ri Iljxuh 9141 Zh wdnh wkh

rxwsxw txdqwlw| ri lqwhuhvw wr eh wkh suhvvxuh gurs wkurxjk wkh h{sdqvlrq idq zklfk lv d ixqfwlrq ri wkh

xsvwuhdp Pdfk qxpehu dqg  rz wxuqlqj dqjoh1

9141 Ghwhuplqlvwlf Sureohp1 Wkh vroxwlrq wr wklv vxshuvrqlf  rz sureohp zdv �uvw suhvhqwhg e|

Sudqgwo lq 4<3: dqg vxevhtxhqwo| e| Ph|hu lq 4<3; ^8`1 Wkh edvlf sureohp lv wr ghwhuplqh surshuwlhv ehklqg

wkh uhduzdug Pdfk olqh jlyhq  rz surshuwlhv dkhdg ri wkh h{sdqvlrq fruqhu1 Wkh jryhuqlqj gl�huhqwldo

htxdwlrq iru wklv  rz lv

g� @
s
P5

� 4
gY

Y
+914,

zkhuh Y lv wkh  rz yhorflw| dqg g� lv dq lq�qlwhvlpdoo| vpdoo h{sdqvlrq dqjoh1 Lqwhjudwlqj wkh gl�huhqwldo

htxdwlrq ryhu wkh hqwluh h{sdqvlrq dqjoh |lhogv/

m��m @ �+P5,� �+P4,+915,

zkhuh wkh qrwdwlrq �� lpsolhv wkh wrwdo wxuqlqj dqjoh wkdw wkh  rz h{shulhqfhv dqg �+P, lv wkh Sudqgwo0

Ph|hu ixqfwlrq/ zklfk iru d fdorulfdoo| shuihfw jdv/ lv

�+P, @

u
� . 4

� � 4
wdq�4

u
� � 4

� . 4
+P5 � 4,� wdq�4

s
P5 � 4=+916,

Jlyhq wkh xsvwuhdp Pdfk qxpehu/ P4/ dqg wkh  rz h{sdqvlrq dqjoh/ m��m/ wkh surfhgxuh iru vroylqj wklv

sureohp lv=

41 frpsxwh �+P4, iurp Ht1+916,

51 frpsxwh �+P5, iurp Ht1+915,

61 frpsxwh P5 e| vroylqj Ht1+916, dv d urrw0�qglqj sureohp ru �qg P5 iurp wdexodwhg ydoxhv

71 Xvh lvhqwurslf uhodwlrqv wr frpsxwh  rz surshuwlhv lq uhjlrq 5

Iru h{dpsoh/ wkh suhvvxuh ghfuhdvh/ s5@s4/ fdq eh rewdlqhg iurp

s5
s4

@

%
4 . ��4

5
P5

5

4 . ��4

5
P5

4

& �

4��

=+917,
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Ilj1 9151 Qrq0glphqvlrqdo suhvvxuh frqwrxuv iru Pdfk 6  rz ryhu d D
J h{sdqvlrq fruqhu1 Vhfrqg0rughu dffxudwh xszlqg

vroxwlrq iurp IORZ1i rq d 64 { 79 phvk1

Wkh vhfrqg dssurdfk wkdw zh xvhg wr vroyh wklv sureohp zdv wkh  rz dqdo|vlv frgh IORZ1i ghvfulehg

hduolhu1 Vlpsoh k0phvkhv frqvlvwlqj ri 64 � 79 julg srlqwv zhuh xvhg iru wkh vlpxodwlrqv1 Suhvvxuh frqwrxuv

iurp d Pdfk 6 vlpxodwlrq ryhu d 8
r h{sdqvlrq fruqhu duh vkrzq lq Iljxuh 9151 Iru frpsdulvrqv zlwk wkh

Sudqgwo0Ph|hu uhvxowv/ zh djdlq wrrn wkh glvfuhwh ydoxh ri wkh suhvvxuh ehklqg wkh h{sdqvlrq wr eh wkh

fhoo0dyhudjhg ydoxh dw wkh odvw fhoo rq wkh vxuidfh dkhdg ri wkh h{lw sodqh1

9151 Vwrfkdvwlf Sureohp1 Vlplodu wr wkh reoltxh vkrfn zdyh h{dpsoh/ zh wrrn wkh xsvwuhdp Pdfk

qxpehu dqg wkh  rz h{sdqvlrq dqjoh wr eh Jdxvvldq udqgrp yduldeohv zlwk d frh!flhqw ri yduldwlrq ri 43(1

Prqwh Fduor vlpxodwlrqv +4333 shu fdvh, dqg wkh �uvw0rughu prphqw phwkrg zhuh lpsohphqwhg xvlqj erwk

dqdo|vlv phwkrgv glvfxvvhg1 Wkh h{shfwhg ydoxh ri wkh suhvvxuh ghfuhdvh vkrzq lq Iljxuh 916 forvho| iroorzv

wkh ghwhuplqlvwlf vroxwlrq1 Rq wkh ruljlqdo 54 � 64 julgv xvhg e| wkh FIG frgh/ zh irxqg glvfuhsdqflhv

dw wkh kljkhu Pdfk qxpehuv dqg wxuqlqj dqjohv1 Frqvhtxhqwo|/ zh uh�qhg wkh julgv wr 64 � 79 iru zklfk

vroxwlrqv dw doo iP> �j sdluv frpsduhg forvho| wr wkh h{dfw vroxwlrq1

Vhqvlwlylw| ghulydwlyhv zhuh frpsxwhg xvlqj �qlwh0gl�huhqflqj ri wkh h{dfw lqylvflg Sudqgwo0Ph|hu vrox0

wlrq1 Uhvxowv iru wkh suhvvxuh vhqvlwlylw| duh vkrzq lq wkh uljkw ri Iljxuh 9161 Iru prghudwh wxuqv ri ohvv

wkdq dssur{lpdwho| 43
r/ suhvvxuh vhqvlwlylw| lqfuhdvhv zlwk lqfuhdvlqj Pdfk qxpehu/ exw dw kljkhu wxuqlqj

dqjohv/ wklv wuhqg uhyhuvhv1 Vlqfh wkh �uvw0rughu hvwlpdwh ri wkh vwdqgdug ghyldwlrq lv gluhfwo| sursruwlrqdo

wr wkh suhvvxuh vhqvlwlylw| Cs
C�
/ wklv ehkdylru lv uh hfwhg lq wkh vwdqgdug ghyldwlrq ri wkh suhvvxuh glvwulexwlrq

+vhh Iljxuh 917,1 Krzhyhu/ wkh uhodwlyh xqfhuwdlqw| lq whupv ri wkh frh!flhqw ri yduldwlrq prqrwrqlfdoo|

lqfuhdvhv zlwk lqfuhdvlqj Pdfk qxpehuv dqg wxuqlqj dqjohv1 Qrwh wkdw txlwh vxevwdqwldo yduldwlrq lq wkh

rxwsxw rffxuv dw wkh kljkhu iP> �j sdluv1

Zh lpsohphqwhg wkh errwvwuds hvwlpdwh ri wkh vwdqgdug huuru wr frpsxwh frq�ghqfh lqwhuydov iru dq|

vwdwlvwlfdo txdqwlw|1 Wkh phwkrg kdv wkh dgydqwdjh wkdw lw lv hdv| dqg h!flhqw wr lpsohphqw/ jhqhudo lq wkh

vhqvh wkdw lw lv qrw uhvwulfwhg wr d vshfl�f glvwulexwlrq/ h1j1 d Jdxvvldq/ dqg lw fdq eh frpsohwho| dxwrpdwhg

iru dq| hvwlpdwru1 Wkh lqwhuhvwhg uhdghu lv uhihuuhg wr ^45` iru ghwdlov ri wkh phwkrg1 Lq sudfwlfh/ rqh

wdnhv 58� 533 errwvwuds vdpsohv wr rewdlq d vwdqgdug huuru hvwlpdwh1 Wdeoh 914 vkrzv errwvwuds vwdqgdug

huuru hvwlpdwhv ri wkh phdq/ vwdqgdug ghyldwlrq/ dqg frh!flhqw ri yduldwlrq iru d udqjh ri errwvwuds vdpsoh

qxpehuv iru wkh fdvh ri Pdfk 8  rz ryhu dq h{sdqvlrq fruqhu zlwk d phdq dqjoh ri 53r dqg d frh!flhqw
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Ilj1 9161 +ohiw, H{shfwhg ydoxh ri wkh suhvvxuh ghfuhdvh wkurxjk dq h{sdqvlrq iurp 4333 Prqwh Fduor vlpxodwlrqv1 +uljkw,
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Ilj1 9171 Suhvvxuh rxwsxw= +ohiw, Vwdqgdug ghyldwlrq dqg +uljkw, frh!flhqw ri yduldwlrq zlwk <8( phdq frq�ghqfh lqwhuydov

iurp 4333 Prqwh Fduor vlpxodwlrqv1

ri yduldwlrq ri 43(1 Wkh <8( frq�ghqfh lqwhuydov vkrzq lq Iljxuh 918 zhuh rewdlqhg iurp wkh errwvwuds

hvwlpdwh ri wkh vwdqgdug huuru lq wkh frh!flhqw ri yduldwlrq ri suhvvxuh1

Wkh klvwrjudp lq Iljxuh 919 vkrzv wkdw wkh udqgrp yduldeoh s5@s4 lv qrq0Jdxvvldq dv hylghqfhg e|

wkh vljql�fdqw wdlo wr wkh uljkw1 Uhvxowv ri wkh dqdo|vlv dvvxplqj fruuhodwlrq dprqj wkh iP> �j sdluv duh

suhvhqwhg lq Iljxuh 9191 Wkh wuhqgv duh vlplodu wr wkh reoltxh vkrfn uhvxowv lq wkdw srvlwlyho| fruuhodwhg

yduldeohv uhvxow lq wkh juhdwhvw xqfhuwdlqw|1 Wklv lv lqwxlwlyh vlqfh lqfuhdvlqj wkh h{sdqvlrq dqjoh uhvxowv lq

juhdwhu xqfhuwdlqw| dv grhv lqghshqghqwo| lqfuhdvlqj wkh Pdfk qxpehu1

:1 Vxshuvrqlf Dluirlo1 Vkrfn0h{sdqvlrq wkhru| kdv ehhq xvhg h{whqvlyho| wr prgho vxshuvrqlf  rz

ryhu wklq dluirlov1 Wklv h{dpsoh frqvlghuv vwhdg|/ wzr0glphqvlrqdo dgldedwlf  rz ri dq lqylvflg/ shuihfw jdv

ryhu wkh dluirlo vkdsh ghvfulehg e| lwv xsshu dqg orzhu vxuidfhv/ |x+{, dqg |o+{,/ uhvshfwlyho|1 Wkh dluirlo

frruglqdwhv duh jlyhq e|

|x+{, @
w

5
frv^�+

{

f
�

4

5
,`> |o+{, @ �|x+{,> { 5 ^3> f`=+:14,
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Wdeoh 914

Hvwlpdwhv ri vwdqgdug huuru iru ydulrxv errwvwudsv vdpsohv iurp Pdfk 8  rz ryhu dq h{sdqvlrq fruqhu zlwk d phdq dqjoh

ri 53 ghjuhhv dqg d frh!flhqw ri yduldwlrq ri 43 shufhqw1

Qxpehu ri

Errwvwudsv

Vwdqgdug Huuru

lq wkh Phdq
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Ilj1 9181 Dssolfdwlrq ri wkh errwvwuds huuru hvwlpdwru iru frq�ghqfh lqwhuydov1
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Ilj1 9191 Ohiw 0 Rxwsxw suhvvxuh frh!flhqw ri yduldwlrq gxh fruuhodwlrq ri iuhh0vwuhdp Pdfk qxpehu dqg zhgjh dqjoh/ w1

Uljkw 0 Klvwrjudp ri wkh rxwsxw suhvvxuh glvwulexwlrq dw Pdfk 8 wkurxjk dq h{sdqvlrq zlwk d phdq dqjoh ri 2fJ dqg d 43(

frh!flhqw ri yduldwlrq1 Qrwh wkdw wkh glvwulexwlrq lv vnhzhg wr wkh uljkw1
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Ilj1 :151 Julg frqyhujhqfh uhvxowv iru wkh wklq vxshuvrqlf dluirlo dw Pdfk 6 dqg dq dqjoh ri dwwdfk ri 6 ghjuhhv1

Wkh vkdsh ri wkh dluirlo lv vkrzq lq Iljxuh :141 Ylvxdoo|/ wkh dluirlo lv glvsod|hg �yh wlphv wklfnhu wkdq lw

dfwxdoo| lv gxh wr wkh dvshfw udwlr ri wkh sorw1 Iru doo fdofxodwlrqv/ wkh iuhh0vwuhdp Pdfk qxpehu zdv �{hg dw

wkuhh/ +P
4
@ 6,1 Wkh qrq0glphqvlrqdo suhvvxuh glvwulexwlrq rewdlqhg rq d xqlirup 98 julg srlqw +k @ 3=349,

phvk dw dq dqjoh ri dwwdfn/ � @ 6r dqg d wklfnqhvv0wr0fkrug udwlr/ w

f
@ 3=38/ lv vkrzq rq wkh uljkw1

Julg frqyhujhqfh vwxglhv zhuh shuiruphg sulru wr jhqhudwlqj vwrfkdvwlf vroxwlrqv1 Whq julg ohyhov zhuh

xvhg zlwk wkh qxpehu ri srlqwv/ q/ ghwhuplqhg iurp q @ 5l.4> l @ i4> 5> ===43j1 Wkh phvk vl}h/ k � 7{

f
@ 4

q�4

ydulhv iurp d pd{lpxp ydoxh ri 318 wr wkh plqlpxp ri 31333<:98961 Iljxuh :15 vkrzv wkh uhvxowv ri wklv

julg uh�qhphqw surfhvv rq Fo> Fg> dqg Fo@Fg1 Dv fdq eh vhhq/ julg frqyhujhqfh rffxuv idluo| txlfno|1 Rq wkh

98 julg srlqw +k � 3=349, phvk fruuhvsrqglqj wr wkh vl{wk ohyho ri uh�qhphqw +vwduwlqj iurp d yhu| frduvh 6

julg srlqw/ 5 sdqho dluirlo,/ wkh vroxwlrq lv frqyhujhg iru doo sudfwlfdo sxusrvhv1

Iru wkh vwrfkdvwlf fdofxodwlrqv/ wkh wklfnqhvv0wr0fkrug udwlr zdv dvvxphg wr ehkdyh dv d Jdxvvldq udqgrp

yduldeoh zlwk d phdq ydoxh ri w

f
@ 3=38 dqg d frh!flhqw ri yduldwlrq ri 4(1 Vroxwlrqv rq d 98 julg srlqw phvk

zhuh jhqhudwhg e| wkh Prqwh Fduor phwkrg dqg wkh �uvw0 dqg vhfrqg0prphqw phwkrgv1 Wkh vhqvlwlylw|
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Ilj1 :161 Prqwh Fduor frqyhujhqfh klvwru|1 Wkh IRVP dqg VRVP uhvxowv duh vkrzq iru uhihuhqfh1
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Ilj1 :171 H{shfwhg ydoxh ri oliw0wr0gudj frh!flhqwv zlwk xqfhuwdlqw| gxh wr d 4( frh!flhqw ri yduldwlrq lq dluirlo wklfnqhvv1

ghulydwlyhv zlwk uhvshfw wr w

f
uhtxluhg e| wkh prphqw phwkrgv zhuh frpsxwhg xvlqj vhfrqg0rughu dffxudwh

�qlwh gl�huhqfhv1 Wkh xsshu vxuidfh suhvvxuh vhqvlwlylw| ghulydwlyhv yhuvxv {@f iru wzr gl�huhqw dqjohv ri

dwwdfn +� @ 3
r dqg 6

r, duh vkrzq lq Iljxuh :161 Wkuhh ixqfwlrq hydoxdwlrqv shu dqjoh0ri0dwwdfn duh uhtxluhg

e| wklv surfhgxuh1 Li rqh lv rqo| lqwhuhvwhg lq d vlqjoh rxwsxw txdqwlw|/ vxfk dv Fo@Fg/ wkhuh lv qr qhhg wr

frpsxwh wkh suhvvxuh vhqvlwlylwlhv vlqfh wkh vhqvlwlylw| ghulydwlyh ri wkh rxwsxw txdqwlw| fdq eh ghwhuplqhg

gluhfwo| iurp wkh gl�huhqflqj surfhgxuh1 Iljxuh :16 vkrzv wkh Prqwh Fduor frqyhujhqfh ri wkh h{shfwhg

ydoxh ri Fo@Fg dqg <8( phdq dqg vlqjoh suhglfwlrq frq�ghqfh lqwhuydov1

Ilqdoo|/ wkh shuirupdqfh ri wkh dluirlo dfurvv d udqjh ri dqjohv ri dwwdfn zdv vwxglhg1 Wkh dqjoh0ri0

dwwdfn zdv ydulhg iurp 4
r wr 8

r lq lqfuhphqwv ri 4@7r1 Uhvxowv iurp 433 Prqwh Fduor vlpxodwlrqv iru hdfk

dqjoh0ri0dwwdfn duh frpsduhg zlwk uhvxowv iurp wkh �uvw0rughu prphqw phwkrg lq Iljxuh :17 zkhuh djdlq

jrrg fruuhvsrqghqfh ehwzhhq wkh IRVP frq�ghqfh lqwhuydo dqg wkh vlqjoh suhglfwlrq frq�ghqfh lqwhuydo lv

vhhq1 Wkh hqodujhg ylhz rq wkh uljkw fohduo| vkrzv wkdw IRVP voljkwo| xqghuhvwlpdwhv wkh yduldqfh1 Wkh

vhfrqg0rughu prphqw phwkrg surgxfhv uhvxowv yluwxdoo| lghqwlfdo wr IRVP dqg zhuh rplwwhg iru fodulw|1
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;1 Odplqdu Erxqgdu| Od|hu Iorz1 Wkh erxqgdu| od|hu htxdwlrqv iru vwhdg|/ wzr0glphqvlrqdo lq0

frpsuhvvleoh  rz zlwk frqvwdqw surshuwlhv fdq eh zulwwhq dv

Cx

C{
.

Cy

C|
@ 3+;14,

x
Cx

C{
. y

Cx

C|
@ X

gX

g{
. �

C5x

C|5
+;15,

vxemhfw wr wkh erxqgdu| frqglwlrqv

x+{> 3, @ y+{> 3, @ 3 x+{>4, @ X+{,=+;16,

Lw lv zhoo nqrzq wkdw wkhvh sduwldo gl�huhqwldo htxdwlrqv fdq eh uh0fdvw lq whupv ri d vlplodulw| yduldeoh dv dq

ruglqdu| gl�huhqwldo htxdwlrq iru zklfk vroxwlrqv h{lvw iru vshfl�f iuhhvwuhdp yhorflw| glvwulexwlrqv/ X+{,1

Lq 4<3;/ Eodvlxv irxqg d vroxwlrq wr wkh sdudooho  rz ryhu d  dw sodwh zlwk X+{, d frqvwdqw +vhh ^78`,1 Xqghu

wkhvh frqglwlrqv/ wkh jryhuqlqj htxdwlrqv lq vhoi0vlplodu irup uhgxfh wr

i 333 . ii 33 @ 3+;17,

zkhuh i @ i+�, rqo| dqg

x+{> |, @ X+{,i 3+�, zkhuh �+{> |, @ |

u
X

5�{
=+;18,

Wkh erxqgdu| frqglwlrqv wudqvirup wr

i+3, @ i 3+3, @ 3 i 3+4, @ 4+;19,

Wr gdwh/ dq dqdo|wlf vroxwlrq wr wklv htxdwlrq lv qrw nqrzq dowkrxjk vhulhv vroxwlrqv zlwk d �qlwh udglxv

ri frqyhujhqfh duh hvwdeolvkhg1 Qxphulfdoo|/ wkh sureohp uhgxfhv wr �qglqj wkh ydoxh ri i 33+3, vxfk wkdw

i 3
$ 4 dv �$4= Dq dv|pswrwlf dqdo|vlv vkrzv wkdw � @ 43 lv d vx!flhqwo| odujh ydoxh1 Ilqglqj wkh fruuhfw

ydoxh ri i 33+3, lv d vlpsoh urrw �qglqj sureohp zklfk/ lq rxu fdofxodwlrqv/ zdv vroyhg e| wkh Vhfdqw phwkrg1

Wkh fruuhfw ydoxh wr vl{ vljql�fdqw gljlwv lv +vhh ^78`,

i 33+3, @ 3=79<933 � � �+;1:,

;141 Ghwhuplqlvwlf Sureohp1 D uhodwlyho| �qh 8333 julg srlqw phvk glvwulexwhg rq � 5 ^3> 43` zdv

xvhg iru wkh qxphulfdo vroxwlrq1 Vlplodulw| ixqfwlrqv dqg yhorflw| sur�ohv { @ 4 phwhu iru wkuhh gl�huhqw

iuhhvwuhdp Uh|qrogv qxpehuv +Uh � X{

�
, duh vkrzq lq Iljxuh ;141

;151 Vwrfkdvwlf Sureohp1 Wkh nlqhpdwlf ylvfrvlw|/ �/ zdv wdnhq dv d qrupdoo| glvwulexwhg vwrfkdvwlf

lqsxw sdudphwhu zlwk d frh!flhqw ri yduldwlrq ri 5(1 Wkh vhqvlwlylw| ghulydwlyh uhtxluhg iru wkh IRVP

phwkrg fdq eh rewdlqhg iurp

Cx

C�
@

Cx

C�

C�

C�
@ �

X�

5�
i 33+�,=+;1;,

Wkh vhfrqg ghulydwlyh +iru wkh VRVP phwkrg, fdq eh irxqg e| ixuwkhu dssolfdwlrq ri wkh fkdlq uxoh wr eh

C5x

C�5
@

X�

7�5
+6i 33+�, . �i 333+�,,=+;1<,
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Ilj1 ;151 Qrq0glphqvlrqdo vhqvlwlylw| ghulydwlyhv +ohiw, dqg glvwulexwlrq ri wkh yhorflw| vwdqgdug ghyldwlrq wkurxjk wkh

erxqgdu| od|hu1

Sorwv ri wkh ghulydwlyhv/ qrq0glphqvlrqdol}hg e| X dqg wkh phdq ylvfrvlw|/ �/ duh vkrzq lq Iljxuh ;151

Iru wklv sureohp/ wkh frqwulexwlrq ri wkh vhfrqg ghulydwlyh whupv wr wkh hvwlpdwhv ri wkh phdq dqg yduldqfh

duh qhjoljleo| vpdoo dqg khqfh wkhlu glvwulexwlrqv duh lqglvwlqjxlvkdeoh dv vhhq rq wkh uljkw ri Iljxuh ;15

zkhuh wkh Prqwh Fduor uhvxowv diwhu 4333 vlpxodwlrqv duh dovr vkrzq iru frpsdulvrq1

Phdq yhorflw| sur�ohv dw { @ 4 phwhu dqg Uh @ 43> 333 rewdlqhg iurp 4333 Prqwh Fduor uhdol}dwlrqv

duh vkrzq lq Iljxuh ;161 Dq hqodujhg ylhz lv glvsod|hg rq wkh uljkw vr wkdw wkh vlqjoh suhglfwlrq frq�ghqfh

lqwhuydov fdq eh uhdglo| revhuyhg1 Wkh IRVP dqg VRVP frq�ghqfh lqwhuydov frlqflgh zlwk wkh Prqwh

Fduor frq�ghqfh lqwhuydov dqg zhuh rplwwhg lq wkh sorw iru fodulw|1 Lw lv zruwk qrwlqj wkdw wkh <8( phdq

frq�ghqfh lqwhuydov duh vpdoohu e| d idfwru ri urxjko| 63 +�
s
4333, dqg vkrxog eh xvhg iru jlylqj wkh ehvw

hvwlpdwh ri wkh phdq1 Krzhyhu/ vlqfh prphqw0edvhg phwkrgv rqo| hvwlpdwh wkh vwdqgdug ghyldwlrq ri wkh

sduhqw srsxodwlrq/ d pruh gluhfw frpsdulvrq wr Prqwh Fduor lv d�rughg e| wkh vlqjoh suhglfwlrq frq�ghqfh

lqwhuydov1
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Ilj1 ;161 Yhorflw| sur�ohv wkurxjk wkh erxqgdu| od|hu zlwk <8( vlqjoh suhglfwlrq frq�ghqfh lqwhuydov1
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Ilj1 ;171 Frqyhujhqfh ri Prqwh Fduor vlpxodwlrqv dw | @314: phwhuv1

Wkh frqyhujhqfh ri wkh vwdqgdug ghyldwlrq suhglfwhg e| wkh Prqwh Fduor phwkrg yhuvxv wkh qxpehu

ri vlpxodwlrqv lv vkrzq lq Iljxuh ;171 Wkh IRVP dqg VRVP hvwlpdwhv +zklfk od| rq wrs ri rqh dqrwkhu,

duh dovr vkrzq1 Qrwh wkh uhodwlyho| vorz frqyhujhqfh ri wkh Prqwh Fduor phwkrg dv fdq eh vhhq e| wkh

orz iuhtxhqf| phdqghulqj ri wkh yhorflw| vwdqgdug ghyldwlrq1 Li rqh zdqwv yhu| dffxudwh hvwlpdwhv ri wkh

vwdqgdug ghyldwlrq/ wklv vorz frqyhujhqfh dqg khqfh kljk frvw zloo eh xqdffhswdeoh1 Krzhyhu/ li rqh rqo|

qhhgv d prghudwho| dffxudwh hvwlpdwh ri wkh phdq dqg lv zloolqj wr dffhsw d idluo| urxjk hvwlpdwh ri wkh

vwdqgdug ghyldwlrq/ wkhq uhodwlyho| ihz vlpxodwlrqv pd| |lhog dffhswdeoh uhvxowv1

<1 Vxppdu|1 Wklv sdshu uhylhzv ghwhuplqlvwlf dqg suredelolvwlf xqfhuwdlqw| dqdo|vlv phwkrgv dssolhg

wr ixqgdphqwdo sureohpv lq  xlg phfkdqlfv1 Vrxufhv ri xqfhuwdlqw| dqg d glvfxvvlrq ri vhohfwhg phwkrgv

iru udqgrp yduldeoh prghov duh suhvhqwhg1 Dssolfdwlrqv suhvhqwhg lqfoxgh d olqhdu frqyhfwlrq sureohp zlwk

d vrxufh whup/ d qrq0olqhdu Exujhuv htxdwlrq/ vxshuvrqlf  rz ryhu zhgjhv/ h{sdqvlrq fruqhuv/ dqg d wklq
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vxshuvrqlf dluirlo dv zhoo dv lqfrpsuhvvleoh erxqgdu| od|hu  rz1

Wkh phwkrgv glvfxvvhg dqg lpsohphqwhg duh= Lqwhuydo Dqdo|vlv/ Sursdjdwlrq ri huuru xvlqj vhqvlwlylw|

ghulydwlyhv/ Prqwh Fduor vlpxodwlrq/ Prphqw phwkrgv dqg Sro|qrpldo Fkdrv1 Dowkrxjk hdv| wr lpsoh0

phqw/ lqwhuydo dqdo|vlv riwhq uhvxowv lq pd{lpdo huuru erxqgv wkdw duh txlwh odujh1 Wkh edvlf surfhgxuh iru

lpsohphqwlqj Prqwh Fduor lv suhvhqwhg qh{w1 Dowkrxjk frpsxwdwlrqdoo| lqwhqvlyh/ Prqwh Fduor vroxwlrqv

duh iuhtxhqwo| xvhg dv d edvholqh iru frpsdulvrq zlwk rwkhu phwkrgv vlqfh wkh| duh nqrzq wr frqyhujh wr

wkh h{dfw vwrfkdvwlf vroxwlrq lq wkh olplw ri lq�qlwh vdpsoh vl}h1 Iluvw0 dqg vhfrqg0rughu prphqw phwkrgv/

srsxodu ehfdxvh ri wkh uhodwlyho| orz frvw dqg xwlolw| lq d ghvljq hqylurqphqw duh fryhuhg1 Wkhvh phwkrgv

jhqhudoo| |lhog jrrg dssur{lpdwlrqv zkhq wkh rxwsxw suredelolw| ghqvlw| ixqfwlrq lv d Jdxvvldq glvwulexwlrq

ru uhodwlyho| forvh wr Jdxvvldq1 Qh{w/ Khuplwh sro|qrpldo fkdrv lv ghvfulehg iru vroylqj vwrfkdvwlf sureohpv

lqyroylqj udqgrp yduldeohv1 Wkh prvw vrsklvwlfdwhg ri wkh phwkrgv uhylhzhg/ sro|qrpldo fkdrv lv edvhg rq d

vshfwudo uhsuhvhqwdwlrq ri wkh xqfhuwdlqw| zklfk lv vxevhtxhqwo| ghfrpsrvhg lqwr ghwhuplqlvwlf dqg udqgrp

frpsrqhqwv1 Riwhq/ kljko| dffxudwh uhvxowv duh rewdlqdeoh iurp wklv dssurdfk dw orzhu frvw wkdq Prqwh

Fduor vlpxodwlrqv1

Doo phwkrgv zhuh lpsohphqwhg iru d qrq0olqhdu irup ri wkh jhqhudol}hg Exujhuv htxdwlrq iru zklfk zh

rewdlqhg dq h{dfw vwrfkdvwlf vroxwlrq1 Wr plplf wkh ehkdylru ri FIG frghv/ zh xvhg vhfrqg rughu vsdwldo

gl�huhqflqj dqg lpsohphqwhg Qhzwrq*v phwkrg wr vroyh wkh qrq0olqhdu sureohp1 Lq doo fdvhv/ dssur{lpdwho|

whq lwhudwlrqv zhuh uhtxluhg wr dfklhyh pdfklqh suhflvlrq uhvxowv1 Lqwhuydo dqdo|vlv huuru erxqgv zhuh xqdf0

fhswdeo| odujh/ hyhq zkhq shuiruphg dv d vlqjoh ixqfwlrq hydoxdwlrq rxwvlgh wkh lwhudwlrq orrs1 Erwk �uvw0

dqg vhfrqg0rughu prphqw phwkrgv surgxfhg uhdvrqdeoh hvwlpdwhv ri wkh phdq dqg yduldqfh exw wkh vhfrqg

rughu hvwlpdwhv zhuh vxevwdqwldoo| ehwwhu1 Sro|qrpldo fkdrv vroxwlrqv ri ydulrxv rughuv zhuh jhqhudwhg1 Wkh

�uvw0rughu fkdrv vroxwlrqv zhuh frpsdudeoh wr wkh vhfrqg prphqw vroxwlrqv1 Wkh wklug dqg irxuwk0rughu

vroxwlrqv zhuh yhu| dffxudwh dqg pdwfkhg wkh h{dfw SGI ri wkh vroxwlrq forvho| dw doo srlqwv lq wkh grpdlq1

Zh dovr vkrzhg wkdw wkh wuhdwphqw ri erxqgdu| frqglwlrqv dqg wkh txdolw| ri wkh julg kdv dq lpsdfw rq wkh

huuru frqyhujhqfh dv d ixqfwlrq ri wkh rughu ri wkh fkdrv1

Reoltxh vkrfnv dqg h{sdqvlrqv zhuh frqvlghuhg lq zklfk wkh  rz wxuqlqj dqjoh dqg wkh lqsxw Pdfk

qxpehu zhuh frqvlghuhg wr eh udqgrp yduldeohv1 Zh xvhg wkh 5 � G FIG frgh IORZ1i dv zhoo dv vkrfn

h{sdqvlrq wkhru| wr vlpxodwh wkhvh  rzv e| wkh Prqwh Fduor dqg �uvw0rughu prphqw phwkrgv1 Sdudphwulf

uhvxowv vkrzlqj wkh lpsdfw ri fruuhodwlrq dprqj wkh yduldeohv ghprqvwudwh wkh qhhg wr kdyh nqrzohgjh derxw

wkh uhodwlrqvkls dprqj lqsxw udqgrp yduldeohv1 Vxshuvrqlf  rz ryhu d wklq frvlqh vkdshg dluirlo zdv vwxglhg

dw d ydulhw| ri dqjohv0ri0dwwdfn1 Wkh wklfnqhvv ri wkh dluirlo lv wuhdwhg dv d udqgrp yduldeoh dqg wkh lpsdfw

ri wklv xqfhuwdlqw| rq wkh oliw0wr0gudj fxuyh lv h{dplqhg1

Ilqdoo|/ zh vwxglhg lqfrpsuhvvleoh/ vwhdg|  rz ryhu d  dw sodwh/ wkh fhoheudwhg Eodvlxv  rz/ lq zklfk wkh

nlqhpdwlf ylvfrvlw| zdv xqfhuwdlq1 Wkh htxdwlrqv zhuh vroyhg lq vhoi0vlplodu yduldeohv iru zklfk wkh udqgrp

yduldeoh jhwv iroghg lqwr wkh vlplodulw| yduldeoh1 Erwk prphqw phwkrgv dqg Prqwh Fduor vlpxodwlrqv zhuh

shuiruphg1 Iru wklv h{dpsoh/ olwwoh gl�huhqfh zdv revhuyhg ehwzhhq wkh �uvw0 dqg vhfrqg0prphqw phwkrgv1

UHIHUHQFHV

^4` G1 S1 Dhvfkolpdq dqg Z1 O1 Rehundpsi/ H{shulphqwdo phwkrgrorj| iru frpsxwdwlrqdo  xlg g|0

qdplfv frgh ydolgdwlrq/ DLDD Mrxuqdo/ 69 +4<<;,/ ss1 :66�:741

^5` DLDD Dssolhg Dhurg|qdplfv Whfkqlfdo Frpplwwhh/ Gudj Suhglfwlrq Zrunvkrs/ 4<wk DSD Frq0

ihuhqfh/ Dqdkhlp/ FD/ 53341 kwws=22zzz1dldd1ruj2wf2dsd2gudjsuhgzrunvkrs2gsz1kwpo1
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^6` Jxlgh iru wkh yhul�fdwlrq dqg ydolgdwlrq ri frpsxwdwlrqdo  xlg g|qdplfv vlpxodwlrqv1 DLDD Jxlgh

J03::04<<;/ 4<<;1

^7` G1 D1 Dqghuvrq/ M1 F1 Wdqqhkloo/ dqg U1 K1 Sohwfkhu/ Frpsxwdwlrqdo Ioxlg Phfkdqlfv dqg

Khdw Wudqvihu/ Vhulhv lq frpsxwdwlrqdo phwkrgv lq phfkdqlfv dqg wkhupdo vflhqfhv/ PfJudz0Kloo/

4<<:1

^8` M1 G1 Dqghuvrq/ Prghuq Frpsuhvvleoh Iorz/ PfJudz0Kloo/ Qhz \run/ XVD/ 4<;51

^9` W1 M1 Eduehu/ Uroh ri frgh ydolgdwlrq dqg fhuwl�fdwlrq lq wkh ghvljq hqylurqphqw/ DLDD Mrxuqdo/ 69

+4<<;,/ ss1 :85�:8;1

^:` M1 D1 Ehqhn/ H1 P1 Nudiw/ dqg U1 I1 Odxhu/ Ydolgdwlrq lvvxhv iru hqjlqh0dluiudph lqwhjudwlrq/

DLDD Mrxuqdo/ 69 +4<<;,/ ss1 :8<�:971

^;` F1 K1 Elvfkri/ J1 I1 Fruolvv/ O1 O1 Juhhq/ D1 Julhzdqn/ N1 Kdljohu/ dqg S1 D1 Qhzpdq/

Dxwrpdwlf gl�huhqwldwlrq ri dgydqfhg FIG frghv iru pxowlglvflsolqdu| ghvljq/ Mrxuqdo rq Frpsxwlqj

V|vwhpv lq Hqjlqhhulqj/ 6 +4<<6,/ ss1 958�96:1

^<` J1 Gdkotxlvw dqg D1 Emrufn/ Qxphulfdo Phwkrgv/ Vhulhv lq frpsxwdwlrqdo phwkrgv lq phfkdqlfv

dqg wkhupdo vflhqfhv/ Suhqwlfh0Kdoo/ 4<:71

^43` G1 V1 Groolqj/ Kljk0vshhg wxuexohqw vhsdudwhg  rzv= Frqvlvwhqf| ri pdwkhpdwlfdo prghov dqg  rz

sk|vlfv/ DLDD Mrxuqdo/ 69 +4<<;,/ ss1 :58�:651

^44` G1 H1 Wxujhrq dqg M1 Erujjddug/ Vhqvlwlylw| dqg xqfhuwdlqw| dqdo|vlv iru yduldeoh surshuw|  rzv/

DLDD0sdshu 533403473/ lq 6<
wk DLDD Dhurvsdfh Vflhqfhv Phhwlqj dqg H{klelw/ Uhqr/ QY/ Mdqxdu|/

53341 FG0URP1

^45` E1 Hiurq dqg U1 M1 Wlevkludql/ Dq Lqwurgxfwlrq wr wkh Errwvwuds/ Fkdspdq dqg Kdoo/ Qhz \run/

Q\/ XVD/ 4<<61

^46` Y1 H1 Jdu}rq dqg G1 O1 Gduprido/ Xvlqj frpsxwdwlrqdo  xlg g|qdplfv lq suredelolvwlf hqjlqhhulqj

ghvljq/ DLDD sdshu 533405859/ lq 48wk DLDD Frpsxwdwlrqdo Ioxlg G|qdplfv Frqihuhqfh/ Mxqh

44047/ 53341

^47` U1 Jkdqhp/ Vwrfkdvwlf �qlwh hohphqwv zlwk pxowlsoh udqgrp qrq0jdxvvldq surshuwlhv/ Mrxuqdo ri Hqjl0

qhhulqj Phfkdqlfv/ +4<<<,/ ss1 59�731

^48` U1 Jkdqhp dqg S1 G1 Vsdqrv/ Sro|qrpldo fkdrv lq vwrfkdvwlf �qlwh hohphqwv/ Mrxuqdo ri Dssolhg

Phfkdqlfv/ 8: +4<<3,/ ss1 4<:�5351

^49` U1 J1 Jkdqhp/ Lqjuhglhqwv iru d jhqhudo sxusrvh vwrfkdvwlf �qlwh hohphqw irupxodwlrq/ Frpsxwdwlrqdo

Phwkrgv lq Dssolhg Phfkdqlfdo Hqjlqhhulqj/ 49; +4<<<,/ ss1 4<�671

^4:` U1 J1 Jkdqhp dqg S1 G1 Vsdqrv/ Vwrfkdvwlf Ilqlwh Hohphqwv= D Vshfwudo Dssurdfk/ Vsulqjhu0Yhuodj/

Qhz \run/ 4<<41

^4;` D1 J1 Jrgiuh|/ Wrslfv rq Vsdwldoo| Kljk0Rughu Dffxudwh Phwkrgv dqg Suhfrqglwlrqlqj iru wkh Qdylhu0

Vwrnhv Htxdwlrqv zlwk Ilqlwh0Udwh Fkhplvwu|/ SkG wkhvlv/ Ylujlqld Whfk/ 4<<51

^4<` D1 J1 Jrgiuh| dqg H1 P1 Folii/ Vhqvlwlylw| htxdwlrqv iru wxuexohqw  rzv/ DLDD0sdshu 533404393/

lq 6<
wk DLDD Dhurvsdfh Vflhqfhv Phhwlqj dqg H{klelw/ Uhqr/ QY/ Mdqxdu|/ 53341 FG0URP1

^53` O1 O1 Juhhq/ S1 D1 Qhzpdq/ dqg N1 Kdljohu/ Vhqvlwlylw| ghulydwlyhv iru dgydqfhg FIG dojrulwkp

dqg ylvfrxv prgholqj sdudphwhuv yld dxwrpdwlf gl�huhqwldwlrq/ Mrxuqdo ri Frpsxwdwlrqdo Sk|vlfv/

458 +4<<9,/ ss1 646�6571

^54` Z1 J1 Kdedvkl/ M1 Grpslhuuh/ \1 Erxujdxow/ P1 Iruwlq/ dqg P1 Zdoohw/ Fhuwl�deoh frpsx0

wdwlrqdo  xlg g|qdplfv wkurxjk phvk rswlpl}dwlrq/ DLDD Mrxuqdo/ 69 +4<<;,/ ss1 :36�:441

^55` D1 Kdogdu dqg V1 Pdkdghydq/ Suredelolw|/ Uholdelolw| dqg Vwdwlvwlfdo Phwkrgv lq Hqjlqhhulqj Ghvljq/
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Mrkq Zloh| dqg Vrqv/ Lqf1/ 53331

^56` D1 Kdoo/ Rq dq h{shulphqwdo ghwhuplqdwlrq ri �/ Phvvhqj1 Pdwk1/ 5 +4;:6,/ ss1 446�4471

^57` M1 P1 Kdpphuvoh| dqg G1 F1 Kdqgvfrpe/ Prqwh Fduor Phwkrgv/ Phwkxhq*v Prqrjudskv rq Ds0

solhg Suredelolw| dqg Vwdwlvwlfv/ Iohwfkhu ) Vrq Owg1/ Qruzlfk/ 4<971

^58` M1 F1 Khowrq dqg I1 M1 Gdylv/ Vdpsolqj0edvhg phwkrgv iru xqfhuwdlqw| dqg vhqvlwlylw| dqdo|vlv/ Whfk1

Uhsruw VDQG<<05573/ Vdqgld Qdwlrqdo Oderudwrulhv/ Mxo| 53331

^59` O1 Kx|vh/ Iuhh0irup dluirlo vkdsh rswlpl}dwlrq xqghu xqfhuwdlqw| xvlqj pd{lpxp h{shfwhg ydoxh

dqg vhfrqg0rughu vhfrqg0prphqw vwudwhjlhv/ whfk1 uhsruw/ LFDVH Uhsruw 533404;2QDVD FU 53340

544353/ 53341

^5:` / Vroylqj Sureohpv ri Rswlpl}dwlrq Xqghu Xqfhuwdlqw| dv Vwdwlvwlfdo Ghflvlrq Sureohpv/ DLDD0

Sdshu 53340484</ lq 75
qg DLDD2DVPH2DVFH2DKV2DVF Vwuxfwxuhv/ Vwuxfwxudo G|qdplfv/ dqg

Pdwhuldov Frqihuhqfh dqg H{klelw/ Vhdwwoh/ ZD/ 53341

^5;` O1 Kx|vh dqg U1 P1 Ohzlv/ Dhurg|qdplf vkdsh rswlpl}dwlrq ri wzr0glphqvlrqdo dluirlov xqghu xq0

fhuwdlq frqglwlrqv/ whfk1 uhsruw/ LFDVH Uhsruw 5334042QDVD FU 5334054397;/ 53341

^5<` O1 Kx|vh dqg U1 Z1 Zdowhuv/ Udqgrp �hog vroxwlrqv lqfoxglqj erxqgdu| frqglwlrq xqfhuwdlqw|

iru wkh vwhdg|0vwdwh jhqhudol}hg exujhu htxdwlrq/ whfk1 uhsruw/ LFDVH Uhsruw 53340682QDVD FU

5334054456</ 53341

^63` D1 Mdphvrq dqg O1 Pduwlqhool/ Phvk uh�qhphqw dqg prgholqj huuruv lq  rz vlpxodwlrqv/ DLDD

Mrxuqdo/ 68 +4<<;,/ ss1 9:9�9;91

^64` O1 Nhoylq/ Qlqhwhhqwk fhqwxu| forxgv ryhu wkh g|qdplfdo wkhru| ri khdw dqg oljkw/ Sklo1 Pdj1/ 5 +4<34,/

ss1 4�731

^65` P1 G1 PfNd|/ U1 M1 Ehfnpdq/ dqg Z1 M1 Frqryhu/ D frpsdulvrq ri wkuhh phwkrgv ri vhohfwlqj

ydoxhv ri lqsxw yduldeohv lq wkh dqdo|vlv ri rxwsxw iurp d frpsxwhu frgh/ Whfkqrphwulfv/ 54 +4<:<,/

ss1 56<�5781

^66` X1 E1 Phkwd/ Fuhgleoh frpsxwdwlrqdo  xlg g|qdplfv vlpxodwlrqv/ DLDD Mrxuqdo/ 69 +4<<;,/ ss1 998�

99:1

^67` H1 M1 Qlhovhq/ Dhurg|qdplf Ghvljq Vhqvlwlylwlhv rq dq Xqvwuxfwxuhg Phvk Xvlqj wkh Qdylhu0Vwrnhv

Htxdwlrqv dqg d Glvfuhwh Dgmrlqw Irupxodwlrq/ SkG wkhvlv/ Ylujlqld Whfk/ Ghfhpehu 4<<;1

^68` Z1 Rehundpsi/ M1 Khowrq/ dqg N1 Vhqw}/ Pdwkhpdwlfdo Uhsuhvhqwdwlrq ri Xqfhuwdlqw|/ DLDD

Sdshu 533404978/ lq 75
qg DLDD2DVPH2DVFH2DKV2DVF Vwuxfwxuhv/ Vwuxfwxudo G|qdplfv/ dqg

Pdwhuldov Frqihuhqfh dqg H{klelw/ Vhdwwoh/ ZD/ 53341 FG0URP1

^69` Z1 O1 Rehundpsi dqg I1 J1 Eorwwqhu/ Lvvxhv lq frpsxwdwlrqdo  xlg g|qdplfv frgh yhul�fdwlrq

dqg ydolgdwlrq/ DLDD Mrxuqdo/ 69 +4<<;,/ ss1 9;:�9<81

^6:` P1 P1 Sxwnr/ S1 D1 Qhzpdq/ D1 F1 Wd|oru LLL/ dqg O1 O1 Juhhq/ Dssurdfk iru Xqfhuwdlqw|

Sursdjdwlrq dqg Urexvw Ghvljq lq FIG Xvlqj Vhqvlwlylw| Ghulydwlyhv/ DLDD Sdshu 53340585;/ lq

DLDD 48
wk Frpsxwdwlrqdo Ioxlg G|qdplfv Frqihuhqfh/ Dqdkhlp/ FD/ Mxqh 53341

^6;` K1 O1 Uhhg/ W1 V1 Kd|qhv/ dqg Z1 V1 Vdulf/ Frpsxwdwlrqdo  xlg g|qdplfv ydolgdwlrq lvvxhv lq

wudqvlwlrq prgholqj/ DLDD Mrxuqdo/ 69 +4<<;,/ ss1 :75�:841

^6<` D1 Ul}}l dqg M1 Yrv/ Wrzdug hvwdeolvklqj fuhglelolw| lq frpsxwdwlrqdo  xlg g|qdplf vlpxodwlrqv/ DLDD

Mrxuqdo/ 69 +4<<;,/ ss1 99;�9:81

^73` S1 M1 Urdfkh/ Txdqwl�fdwlrq ri xqfhuwdlqw| lq frpsxwdwlrqdo  xlg g|qdplfv/ Dqqxdo Uhylhz ri Ioxlg

Phfkdqlfv/ 5< +4<<:,/ ss1 456�4931

^74` / Yhul�fdwlrq ri frghv dqg fdofxodwlrqv/ DLDD Mrxuqdo/ 69 +4<<;,/ ss1 9<9�:351

77



^75` G1 J1 Urelqvrq/ Vxuyh| ri suredelolvwlf phwkrgv xvhg lq uholdelolw|/ ulvn/ dqg xqfhuwdlqw| dqdo|vlv=

Dqdo|wlfdo whfkqltxhv/ Whfk1 Uhsruw VDQG0<;044;</ Vdqgld Qdwlrqdo Oderudwrulhv/ Mxqh 4<<;1

^76` F1 M1 Ur|/ Julg Frqyhujhqfh Huuru Dqdo|vlv iru Pl{hg0Rughu Qxphulfdo Vfkhphv/ DLDD Sdshu 53340

5939/ lq DLDD 48
wk Frpsxwdwlrqdo Ioxlg G|qdplfv Frqihuhqfh/ Dqdkhlp/ FD/ Mxqh 53341

^77` D1 F1 Wd|oru/ O1 O1 Juhhq/ S1 D1 Qhzpdq/ dqg P1 P1 Sxwnr/ Vrph Dgydqfhg Frqfhswv lq

Glvfuhwh Dhurg|qdplf Vhqvlwlylw| Dqdo|vlv/ DLDD Sdshu 53340585</ lq DLDD 48
wk Frpsxwdwlrqdo

Ioxlg G|qdplfv Frqihuhqfh/ Dqdkhlp/ FD/ Mxqh 53341

^78` I1 P1 Zklwh/ Ylvfrxv Ioxlg Iorz/ PfJudz0Kloo/ Lqf1/ 4<:71

^79` V1 Zroiudp/ Wkh Pdwkhpdwlfd Errn/ Zroiudp Phgld/ Fdpeulgjh Xqlyhuvlw| Suhvv/ irxuwk hg1/ 4<<<1

^7:` G1 [lx dqg J1 H1 Nduqldgdnlv/ Prgholqj xqfhuwdlqw| lq  rz vlpxodwlrqv yld jhqhudol}hg sro|qrpldo

fkdrv/ Mrxuqdo ri Frpsxwdwlrqdo Sk|vlfv/ +5334,1 lq uhylhz1

^7;` / Wkh Zlhqhu � Dvnh| sro|qrpldo fkdrv iru vwrfkdvwlf gl�huhqwldo htxdwlrqv/ Whfk1 Uhsruw 3404/

Fhqwhu iru Ioxlg Phfkdqlfv/ Glylvlrq ri Dssolhg Pdwkhpdwlfv/ Eurzq Xqlyhuvlw|/ Surylghqfh/ UL/

53341

^7<` K1 F1 \hh dqg S1 N1 Vzhe|/ Dvshfwv ri qxphulfdo xqfhuwdlqwlhv lq wlph pdufklqj wr vwhdg|0vwdwh

qxphulfdo vroxwlrqv/ DLDD Mrxuqdo/ 69 +4<<;,/ ss1 :45�:571
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