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 EXECUTIVE SUMMARY

This report documents the first known models for predicting radar reflectivity

with resolution smaller than aircraft wingspans in the wakes of aircraft flying in clear air

or in fog.  The work is part of a broader program within the Sensors Research Branch at

the NASA Langley Research Center to design a radar that can locate and quantify wake

vortices found in the wakes of commercial aircraft (Marshall, Davis and Caswell,  1997;

Marshall and Mudukutore, 1996; and Marshall, Scales and Myers, 1996).  A wide range

of remote sensing technologies are currently being considered for the NASA Aircraft

Vortex Spacing System (AVOSS) to dynamically allocate separation distances for

landing aircraft based on the wind and thermodynamic characteristics of the ambient

atmosphere and the resulting predictions of wake vortex decay and transport;  the remote

sensors will verify the predicted vortex behavior and allow for spacing adjustments, as

required (Hinton, 1995).  In order to define a radar to both locate and quantify individual

vortices, a model that quantitatively describes the Doppler radar backscattering

characteristics of wake vortices with a grid spacing of less than 10 meters is required.

The radar backscattering characteristics of wake vortices are dependent on the

wind, water vapor, liquid water, temperature and pressure of the atmosphere within the

wake.  These properties are predicted by the NASA Terminal Area Simulation System

(TASS) with a resolution of 2 meters or less (Proctor, 1987).  These TASS output

variables serve as inputs to the wake vortex radar reflectivity models, which predict the

radar backscattering properties at each TASS grid point.

In clear air, the wake vortex radar reflectivity model assumes that the radar

backscattering mechanism is Bragg Scatter.  An ensemble of half radar wavelength wind

eddies produced by turbulence within the wake generates half-radar wavelength

discontinuities in the refractive index field and provides an efficient backscattering

mechanism for radar detection at that wavelength.  The TASS output provides the mean

refractive index field on a grid of approximately 1 meter; however, turbulence-induced

discontinuities in refractive index at the half-radar wavelength are on the order of one

centimeter.  These discontinuities in refractive index can be quantified using a first-order,

turbulence closure technique—eddy diffusivity—which relates the turbulent refractive

index characteristics to the gradients of the mean refractive index field obtained from
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TASS.  The resulting model for radar reflectivity in the wake of an aircraft predicts a

coherent structure in the radar reflectivity field.  The boundary of the descending volume

of air containing the two vortices is marked by a water vapor front, in which radar volume

reflectivity is on the order of -100 dB m-1.  In the individual vortices, radar volume

reflectivity is between -120 and -180 dB m-1.

The turbulence theory used to predict radar reflectivity in clear air assumes that

there exists a continuous range of turbulent eddy sizes in which turbulent kinetic energy

(TKE) is passed from larger to smaller eddies without energy dissipation in the high

Reynolds number wake vortex flow.  TKE dissipation occurs at the smaller eddy sizes

just outside this non-dissipative, inertial subrange of the TKE eddy wave number

spectrum.  Radars with half-wavelengths that are equal in diameter to eddies that are in

the dissipative range of the TKE eddy wave number spectrum are impractical to develop

because they require large antenna gain-transmitter power products to detect the low radar

reflectivity from eddies associated with TKE dissipation.  The maximum radar frequency

appropriate for detection of the wake vortex at each TASS grid point for a practical radar

can be predicted by defining the smallest half-radar wavelength turbulent eddies not

involved in TKE dissipation.  The results of this model indicate that radars between 10

and 30 GHz (λ ≡ 1 cm) may be practical for detecting individual wake vortices, but radars

below 10 GHz (λ ≡ 3 cm) are appropriate for detecting the highly reflective boundary of

the descending volume of air.

In fog or precipitation where the liquid water drops are small compared to the

radar wavelength, the Doppler radar backscattering mechanism is Rayleigh scattering,

which results from the electromagnetic interaction of the radar pulse with the liquid water

drops.  The radar reflectivity factor, Z, in the wakes of aircraft flying in fog is produced at

each TASS grid point by converting liquid water content in fog (TASS output) to Z using

an empirically-derived relationship.  Model results show values of Z vary between -20

and -32 dBZ for aircraft flying in a representative, dense fog layer.

The major conclusions of the report are:

• In clear air, the area of highest radar reflectivity is associated with the boundary of the

aircraft wake and not the individual vortices.
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• The smallest scales of turbulence are associated with the individual vortices resulting

in the potential of using millimeter wave radars to detect individual vortices.  These

conclusions need to be tested in a variety of clear atmospheres with varying amounts

of water vapor.

• A high resolution description of liquid water content facilitates a high resolution

prediction of radar reflectivity factor within the wakes of aircraft flying in dense fog.

• As the visibility in fog increases and the liquid water content decreases, a knowledge

of the liquid water content distribution by fog drop size may be required for accurate

predictions of radar reflectivity factor in the wakes of aircraft flying in fog.
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1.0  INTRODUCTION

An objective of the NASA Aircraft Vortex Separation System (AVOSS) is to

increase the terminal area productivity of airports by reducing the wake vortex separation

distance imposed on landing aircraft (Hinton, 1995).  The purpose of AVOSS is to

dynamically adjust the separation distance between aircraft by predicting the transport

and decay characteristics of wake vortices that are generated by the landing aircraft.  The

transport and decay of wake vortices is primarily dependent on the dynamics and stability

of the atmosphere in which they are generated, and AVOSS will provide the dynamic

spacing criteria based on real-time meteorological data.  In order to validate the

predictions made by AVOSS, a remote sensing system that has the ability to locate and

quantify wake vortices will provide a “cross-check” of the wake vortex behavior in clear

air as well as low visibility atmospheres.

Two remote sensors—Light Detection and Ranging (Lidar) and conventional

radar—are being considered as sources of the empirical data with which to validate the

analytical model in AVOSS.  This report presents the first radar reflectivity models for

the wakes of aircraft flying in clear air and fog.  These models have been used to assess

the performance of a radar design under consideration for use by AVOSS (Marshall and

Mudukutore, 1996; and Marshall, et. al, 1996).

The development of wake vortex radar reflectivity models in clear air and fog in

this report is dependent on output from a NASA two dimensional (2D) large eddy

simulation wake vortex model referred to as the Terminal Area Simulation System

(TASS) (Proctor, 1987).  A vertical profile of winds and thermodynamic variables, as

well as aircraft data such as weight, speed, wingspan, and initial vortex circulation are

input to TASS.  The wake vortex radar reflectivity models in clear air and fog use the

TASS outputs to predict radar reflectivity, typically on a one-meter grid, within the wakes

of the generating aircraft.  TASS 2D output and consequently 2D wake vortex reflectivity

models are available every 10 seconds after formation.  Section 2 of this report describes

the TASS outputs for clear air and fog.

In clear air, the scattering mechanism primarily results from small

inhomogeneities in refractive index due to a water vapor gradient in turbulent eddies in

the atmosphere.  When wakes are generated in fog, liquid water that is arranged in an
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ensemble of spherical drop sizes provides Rayleigh scattering.  The principal radar design

equation for distributed targets is the single pulse, signal-to-noise ratio equation.

Assuming adequate beam and range resolution, a radar design that predicts a single pulse,

signal-to-noise ratio of 1.0 (0 dB) should be capable of locating and quantifying the

intensities of the wakes of aircraft.

Equations (1.1) and (1.2) are the single pulse, signal-to-noise ratio equations for

clear air and fog, respectively.  The second term on the right in equation (1.1) describes

the performance specifications of the radar system components and the distance from the

radar to the target.  The last term on the right is radar volume reflectivity, η, which

quantifies the backscattering characteristics of the target in units of m-1.  (Radar volume

reflectivity is actually a radar cross section density in units of m2 m-3.)  Radar volume

reflectivity is normally referred to in the logarithmic form—10 log [η]—as dB m-1.

Section 3 of this report describes a technique for predicting η on a high resolution grid

within the wakes of aircraft flying in clear air.

S
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In equation (1.2), the third term on the right is a numerical value for the dielectric

properties of the fog drops; K 2  equals approximately 0.93 for liquid water in the

microwave and millimeter wave portion of the electromagnetic spectrum.  The last term,

Z, describes the backscattering characteristics of the ensemble of fog drops and is called

the radar reflectivity factor.  The units of Z are mm6 m-3.  Radar reflectivity factor is also

normally referred to in its logarithmic form—10 log [Z]—as dBZ.  A model which

predicts Z on a high resolution grid within the wakes of aircraft flying in fog is presented

in Section 4 of this report.

Specification of radar wavelength, transmitter, antenna, receiver, and range for a

wake vortex radar is ultimately dependent on an evaluation of the performance

specification terms in equations (1.1) and (1.2).  Such an evaluation is only possible when
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the target characteristics (η or Z) are quantified.  This report focuses on the development

of wake vortex models for these target terms.
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2.0  TERMINAL AREA SIMULATION SYSTEM (TASS) MODEL OUTPUT FOR
CLEAR AIR AND FOG

The TASS simulation of an aircraft wake, including both counter-rotating vortices

that are contained in a descending volume of air, is generated on a 2D grid.  The grid

resolution typically varies between 0.75 and 2.0 meters.  The TASS output provides mean

thermodynamic and wind variables, as well as an estimate of the dissipation of turbulent

kinetic energy; these data can be used to predict the radar reflectivity within the aircraft

wake.

In the clear air case, TASS provides mean outputs of pressure (mb), temperature

(°K), absolute humidity (gm m-3), turbulent kinetic energy (TKE) dissipation rate (watt

kg-1), and horizontal and vertical winds (m sec-1) within the wake of the generating

aircraft.   The TASS mean outputs in fog include pressure (mb), temperature (°K), bulk

liquid water content (kg kg-1), TKE dissipation rate (watt kg-1), and horizontal and

vertical winds (m sec-1).

The wake of a C-130 observed 30 seconds after wake rollup is used throughout

this report.  Thirty seconds prior to the time of this example, the C-130 wake was formed

at 110 meters above the surface.  Thirty seconds later, the wake has descended to

approximately 50 meters above the surface.  The TASS grid resolution is 0.75 meters.

2.1  TASS Output for Clear Air

In clear air, TASS mean output includes: pressure (mb), temperature (°K),

absolute humidity (gm m-3), turbulent kinetic energy (TKE) dissipation rate (watt kg-1),

and horizontal and vertical winds (m sec-1) within the wake of the generating aircraft.

2.1.1  Pressure

Figure 2–1 shows the pressure output (in millibar) for the example C-130 wake at

30 seconds after wake vortex rollup.  The pressure of the ambient atmosphere decreases

with height and the individual vortices are well marked by the two pressure troughs.

Refractive index increases with increasing pressure.   This relationship is important

because small scale inhomogeneities in refractive index produce radar volume

reflectivity.  Therefore, the pressure gradient within the wake of the C-130 is directly
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related to the reflectivity that can be observed by a radar.  Note that the history of the

wake descent is not obvious in Figure 2–1.
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Figure 2–1.  Pressure (mb) predicted by TASS in the wake of a C-130 at 30 seconds after
rollup.  (clear air)

2.1.2  Temperature

Figure 2–2 shows the TASS temperature output for the C-130 wake with the wind

vectors overlaid.  The left and right vortex cores are located at 62 and 86 meters,

respectively, in the horizontal.  Lapse rate is a term that delineates the absolute value of

the vertical gradient of decreasing temperature; the lapse rate of the ambient atmosphere

in which the wake is generated is 7 °K km-1.  Notice that the cores can be located by the

small areas of 287.8 °K atmosphere.  Previous anecdotal references of 5 to 10 degree

temperature gradients across individual vortex cores has suggested the use of radiometry

as a wake vortex sensing technique; however, this concept is not supported by the

modeled temperature data displayed in Figure 2–2.  Notice that the history of the wake

descent is indicated in the ambient atmosphere above the wake.  Refractive index, which
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is directly related to the radar volume reflectivity observed by a radar, decreases with

increasing temperature.
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Figure 2–2.  Temperature (°K) predicted by TASS in the wake of a C-130 at 30 seconds
after rollup.  (clear air)

2.1.3  Absolute Humidity

Figure 2–3 shows absolute humidity for the C-130; absolute humidity is a

measure of the amount of water vapor in the atmosphere.  The water vapor is conserved

throughout the ambient atmosphere at approximately 12 gm m-3.  Figure 2–3 shows how

the descending volume of air surrounding the two vortices produces a strong water vapor

front that typically descends at 1 m sec-1 for a C-130 aircraft.  Absolute humidity is

highest in the lower portions of the individual vortices.  The history of the wake’s descent

indicates inflow at the top of the descending volume of air.  Refractive index, which is

directly related to the radar volume reflectivity observed by a radar, increases with

increasing humidity.
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Figure 2–3.  Absolute humidity (gm m-3) predicted by TASS in the wake of a C-130 at 30
seconds after rollup.  (clear air)

2.1.4  Turbulent Kinetic Energy (TKE) Dissipation Rate

TKE dissipation rate is a fundamental parameter in turbulence theory.  In the

development of a wake vortex clear air radar reflectivity model, TKE dissipation rate is

used to analyze the size of the smallest scales of turbulence and to predict radar

reflectivity.  Smaller scales of turbulence are associated with higher values of TKE

dissipation rate, and higher values of TKE dissipation rate are associated with stronger

turbulence.  Representative values of TKE dissipation rate are given in Table 2–1 (Trout

and Panofsky, 1969).

Table 2–1.  TKE dissipation rates associated with aircraft related levels of turbulence

Turbulence Level TKE dissipation rate (watt kg-1)
light 0.0030

moderate 0.0085
severe 0.0675
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Figure 2–4 shows the TKE dissipation rate in watts kg-1 for the C-130 at 30

seconds after rollup.  Notice that there is a band of severe turbulence around and

separating the two vortices.  Areas above and below the vortex cores contain TKE

dissipation rates four times that found in severe turbulence.
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Figure 2–4.  TKE dissipation rate (watt kg-1) predicted by TASS in the wake of a C-130
at 30 seconds after rollup.  (clear air)

2.2  TASS Output for Fog

The TASS mean outputs in fog include pressure (mb), temperature (°K), bulk

liquid water content (kg kg-1), TKE dissipation rate (watt kg-1), and horizontal and

vertical winds (m sec-1).  In order to produce these outputs, TASS requires vertical

soundings of pressure, temperature and liquid water content, M.  Figures 2–5 and 2–6

represent the vertical profiles of temperature and liquid water content in a dense

advection fog that was documented at Vandenberg Air Force Base (VAFB) in August of

1992 (Zak, 1994).  The data are averages at each 10 meters in the vertical over six

samples that were taken approximately 10 minutes apart.  The temperature inversion
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shown in figure 2–5 is typical for a fog layer.  In addition, liquid water content as high as

1 gm m-3 are observed in some advection fogs.  (See figure 2–6.)

Figure 2–5.  Temperature profile for the averaged VAFB fog layer.

Figure 2–6.  Liquid water content profile for the averaged VAFB fog layer.
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Of the TASS output variables for fog conditions, only bulk liquid water content is

used in deriving the reflectivity model.  Figure 2–7 shows TASS output of liquid water

content for the wake of a C-130 at 30 seconds after generation at the top of the fog layer

described in Figures 2–5 and 2–6.
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Figure 2–7.  Liquid water content in the wake of a C-130 generated in the averaged
VAFB fog layer.  (dense advection fog)

2.3  TASS Wind Variables

TASS provides the horizontal (U) and vertical (W) components of the mean 2D

wind field at each grid point in m sec-1.  Figure 2–8 depicts the mean horizontal wind

speed for the C-130.  Notice the areas of vertical and horizontal shear in the horizontal

wind.  Shear in the mean wind field is often a source of turbulence.

Figure 2–9 depicts vertical wind speed for the C-130.  As with Figure 2–8, there is

considerable shear in the mean vertical wind indicating potential sources of turbulence.
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Figure 2–8.  Horizontal wind speed in the wake of the C-130 at 30 sec after rollup.
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Figure 2–9.  Vertical wind speed in the wake of the C-130 at 30 sec after rollup.
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Figure 2–10 shows the resultant velocity vectors for the C-130.   The length of the

vector is proportional to the wind speed.  Wind speeds as high as 10 m sec-1 are found on

the inside edges of each vortex.
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Figure 2–10.  Vector plot of wind velocity in the C-130 wake at 30 sec after rollup.

In Figure 2–11, the vertical component of the wind field is plotted along a

horizontal line through the vortex cores.  The two “zero crossings” of vertical velocity

identify the locations of the vortex cores. The adjoining maximum and minimum in

vertical velocity define opposite sides of the individual vortex core walls.  These

maximum and minimum velocity locations indicate that the core diameters are

approximately 10 meters.  The data indicate a 25 meter separation between the two

counter-rotating vortices.  A trailing aircraft flying into the core of the left vortex would

experience upward velocity on the left wing and downward velocity on the right wing

resulting in an induced roll from which the aircraft may or may not be able to recover.
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Figure 2–11.  Vertical wind speed along a line through the core of the C-130 wake at 30
sec after rollup.
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3.0  RADAR REFLECTIVITY MODEL FOR CLEAR AIR

The wake vortex radar volume reflectivity model in clear air is based on

turbulence theory, in which there are always more unknowns than equations.  Turbulent

closure can only be accomplished with models and estimates based on intuition and

experience (Tennekes and Lumley, pp. xi and 5).  Closure concepts such as eddy viscosity

of the atmosphere and atmospheric turbulent mixing length imitate, in a heuristic way,

molecular viscosity and mean free path from the kinetic theory of ideal gases.  These

crude closure techniques are applied to the unique flow geometry of the wake vortex in an

intuitive manner in order to infer the millimeter scale characteristics of the refractive

index field from the given meter scale characteristics of mean flow and mean water vapor

fields.  A radar volume reflectivity model based on the turbulent production of small scale

refractive index inhomogeneities must provide two products:  the amplitude of η, and an

estimate of the smallest scales of turbulence where TKE is not being dissipated through

viscosity as heat.

3.1  Derived Thermodynamic Variables

Potential temperature and water vapor mixing ratio can be derived from the TASS

output in Section 2.1 for clear air.  These derived thermodynamic variables—on the same

grid structure as the TASS output—are useful in the development of the radar reflectivity

model for clear air.

3.1.1  Potential Temperature

The potential temperature, θ, of a parcel of air is defined as the temperature that

the parcel of air would have if it were expanded or compressed adiabatically from its

existing pressure and temperature to a standard pressure of 1000 mb (Wallace and Hobbs,

1977).  In an adiabatic or neutral atmosphere, the temperature lapse rate is 9.8 °K km-1

and potential temperature is conserved.  Potential temperature can be calculated from the

expression in equation (3.1).

θ =






T

p

p

Rd cp
0 (3.1)
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where T ≡ temperature  (°K); p0 ≡ reference pressure = 1000 mb; p ≡ pressure (mb); Rd ≡

dry air gas constant = 287 J deg-1 kg-1; and cp ≡ specific heat at constant pressure = 1004 J

deg-1 kg-1.

Figure 3–1 shows the potential temperature of the C-130 wake calculated from

equation (3.1).  The slight increase in potential temperature with height of the ambient

atmosphere indicates that the layer is near neutral.  Notice that there are areas of

buoyancy in the wake indicated by negative vertical gradients of potential temperature.

The stratification effects result from the stratification of temperature and pressure in the

wake (see figures 2–1 and 2–2).
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Figure 3–1.  Potential temperature (°K) in the wake of a C-130 at 30 seconds after rollup.

3.1.2  Water Vapor Mixing Ratio

Water vapor mixing ratio (w in kg kg-1) is the ratio of the mass of water vapor to

the mass of the dry air containing the water vapor (Hess, 1979) as given in equation (3.2).

Typical atmospheric values vary between 1 and 30 gm kg-1.
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w v

d

=
ρ
ρ (3.2)

where ρv ≡ absolute humidity (kg m-3); and ρd ≡ density of dry air (kg m-3).

The density of dry air may be calculated from temperature, pressure, and the ideal

gas law (Wallace and Hobbs, 1977) as given in equation (3.3).  Figure 3–2 shows the dry

air density for the C-130 wake.

ρd
d

p

R T
= (3.3)

where p ≡ pressure (Pa); Rd ≡ dry air gas constant = 287 J deg-1 kg-1; and T ≡ temperature

(° K).
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Figure 3–2.  Dry air density (kg m-3) in the wake of a C-130 at 30 seconds after rollup.

Water vapor mixing ratio is then given by equation (3.4).

w
R T

p
d v=

ρ
(3.4)
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In the near neutral ambient atmosphere, vertical gradients of water vapor mixing

ratio are very small.  In Figure 3–3, notice how the descending volume of air associated

with the wake has created large gradients in the mean water vapor mixing ratio field.

These gradients in the humidity field translate into significant gradients in refractive

index.  The radar volume reflectivity along this humidity front is higher than that

immediately outside the wake vortex core wall.
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Figure 3–3.  Water vapor mixing ratio (kg kg-1) in the wake of a C-130 at 30 seconds after
rollup.

3.2  Refractive Index of the Clear Atmosphere

The refractivity, N, of the clear atmosphere is a function of atmospheric pressure,

temperature, and an appropriate humidity variable, such as partial pressure due to water

vapor, e (Doviak and Zrnic, 1984).  Refractivity can be calculated from equation (3.5).

N
T

p
e

T
= 



 +





77.6 4810
(3.5)
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where N ≡ (n-1) X 106; n ≡ refractive index of the atmosphere = (εr )
1/2; εr ≡ relative

permittivity of the atmosphere; T ≡ Temperature  (°K); p ≡ pressure  (mb); and e ≡ partial

pressure due to water vapor  (mb).

The partial pressure due to water vapor is related to water vapor mixing ratio and

total pressure by equation (3.6) (Wallace and Hobbs, 1977).

e
w

w
p=

+ 0 622. (3.6)

where w ≡ water vapor mixing ratio (kg kg-1); and p ≡ pressure (mb).

Equations (3.5) and (3.6) can be combined to describe refractivity in terms of

atmospheric temperature, pressure, and water vapor mixing ratio.  Figure 3–4 shows the

refractivity calculated from equation (3.7) for the C-130.

[ ]N
p

T

w

T w
= +

+






77.6
10

4810

0 622
.

.
(3.7)

where T ≡ Temperature  (°K); p ≡ pressure  (mb); and w ≡ water vapor mixing ratio  (kg

kg-1).
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Figure 3–4.  Refractivity in the wake of a C-130 at 30 sec after rollup.

As parcels of air are displaced vertically in the atmosphere, the pressure within the

parcel is continually equalized with the surrounding air.  This results in changes in the

temperature and water vapor pressure of the parcel of air.  Since a property is considered

to be conserved if it’s characteristics do not change when the parcel of air is moved

within the atmosphere, temperature, water vapor pressure and, hence, refractivity are not

conserved properties.  The necessity for a conserved property led to the definition of

potential refractive index, Φ, as given in equation (3.8).

Φ = + 



 +





−1 10
77 6 48106

0
0.

θ θ
p

e
(3.8)

where θ = T p p( / ) .
0

0 286≡ potential temperature at the reference pressure, p0; p0 = 1000

mb; and e0 ≡ potential water vapor pressure (mb) at the reference pressure, p0.  Potential

refractive index is a conserved property because θ and p0 are conserved properties of the

parcel of air (Doviak and Zrnic, 1984).
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Potential water vapor pressure can be obtained from equation (3.9).

e e
p0

1000
≡







 (3.9)

where e ≡ water vapor pressure  (mb).

Equations (3.6), (3.8), and (3.9) can be combined to form equation (3.10), which

describes potential refractive index in terms of potential temperature and water vapor

mixing ratio.  Figure 3–5 shows the potential refractive index in the wake of the C-130, as

calculated from equation (3.10).

[ ]Φ = +
×

+
+















−1 10
77 6 10

1
4810

0 622
6

3.

.θ θ
w

w
(3.10)
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Figure 3–5.  Potential refractive index in the wake of a C-130 at 30 sec after rollup.

3.3  Scales of Turbulence in the Clear Atmosphere

Prediction of radar volume reflectivity in clear air assumes that the primary

contributors to backscattering are turbulent eddies that are one-half the radar wavelength
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in diameter.  These turbulent eddies produce small scale discontinuities of refractive

index, which contribute to the radar volume reflectivity.  A continuum of turbulent eddy

sizes are continually being produced and destroyed by the turbulence.  Figure 3–7 is a

simplistic representation of such a turbulent wind eddy.

The eddy in figure 3–7 contains an atmosphere with a refractive index different

than the surroundings.  As shown in the previous section, atmospheric refractive index is

a function of temperature, pressure, and water vapor mixing ratio.  Therefore, an

electromagnetic wave incident on the eddy from the left will experience partial reflection.

The portion of the energy that continues through the eddy will experience a similar

reflection upon exiting and will experience a 360 degree phase shift from the point of

initial reflection.

Turbulent kinetic energy (TKE) is dissipated by the smallest eddies through

viscosity as heat.  If half-radar wavelength eddies are dissipating TKE, then the radar

wavelength will be too small to detect the turbulence.  Therefore, a scales of turbulence

analysis technique was developed to determine the maximum radar frequency that could

be used for the detection of wake vortices in clear air.

Turbulent
Eddy

n1

λ/2

n2 n2

n2

n2

Figure 3–7.  Schematic representation of a turbulent eddy that is one-half the radar
wavelength in diameter.  (n1 ≡ refractive index inside the eddy; n2 ≡ refractive index

surrounding the eddy)
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In 1926, Richardson hypothesized that the larger scale turbulent eddies break

down into smaller and smaller eddies in a “cascading”  effect until the TKE of the flow is

viscously dissipated as heat at very small eddy sizes (Sorbjan, 1989).  In 1941,

Kolmogorov introduced the inertial subrange hypothesis that predicted the existence of an

inertial subrange of turbulent eddy sizes, in which the energy is transferred from eddy to

smaller eddy without dissipation in large Reynolds number flows (Sorbjan, 1989).

Figure 3–8 represents the distribution of TKE by eddy diameter (d).  The Integral

scale, or outer scale as it is referred to in Russian literature, represents the largest

turbulent eddy size in the flow.  For the entire wake of an aircraft, this size eddy would be

on the order of a wingspan.  For individual vortices, the integral scale is related to the

vortex core diameter.  The inertial subrange extends from the integral scale to the Taylor

microscale.

  

ln TKE

ln (2π/d) 

Inertial Subrange

5

3

d = λI d = λT d = λK

Integral scale 
 or 

Outer scale

Taylor  
Microscale

Kolmogorov Microscale 
or 

Inner Scale

Figure 3–8.  Turbulent Kinetic Energy Spectrum as a function of turbulent eddy
wavenumber.  (d = λ/2)



23

The volume reflectivity model for clear air assumes that turbulent eddies with

diameters equal to one-half the radar wavelength are in the inertial subrange of

turbulence.  Radar wavelengths that are smaller than twice the Taylor microscale will not

meet this modeling assumption.  As radar wavelengths decrease past twice the Taylor

microscale towards twice the Kolmogorov microscale, viscous dissipation dominates the

turbulence and reduces the production of refractive index inhomogeneities responsible for

radar volume reflectivity.  The reduction in volume reflectivity at higher radar frequencies

translates into a need for radars with impractical transmitter power-antenna gain products

(Cohn, 1991, 1994). Detection of half-radar wavelength diameter turbulent wind eddies

that are the same size as or smaller than the Kolmogorov microscale requires a

prohibitively expensive radar with a large antenna and a megawatt-level transmitter.

The Taylor microscale represents the smallest turbulent eddy size where viscous

effects are not important and where TKE is not being dissipated.  The Taylor microscale

is then one-half the shortest wavelength of a practical radar that could be used to detect

the wake.  The Kolmogorov microscale, referred to as the inner scale in Russian

literature, is calculable from TASS output at each TASS gridpoint.  Thus, the Taylor

microscale can be estimated by calculating the Kolmogorov microscale.

The Kolmogorov microscale (λK) can be calculated from equation (3.11) and

defines the turbulent wind eddy dimension below which viscous dissipation as heat

begins to annihilate the turbulence (Pasquill and Smith, 1983).

λ
ν
εK =









3
1
4

  (meter) (3.11)

where ε ≡ TKE dissipation rate (watt kg-1); and ν ≡ kinematic viscosity of the atmosphere

( m2 sec-1).

Kinematic viscosity, ν, is equal to 10-5 at 288 °K and 1013.25 mb.  It may be

calculated at any other temperature and pressure by using equation (3.12).

ν = 











−10

288

1013255

3
2T

p

.
(3.12)

Figure 3–9 displays the kinematic viscosity field for the C-130.  The resulting

Kolmogorov microscale is calculated from equation (3.11)  and shown in figure 3–10.
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Figure 3–9.  Kinematic viscosity in the wake of a C-130 at 30 seconds after rollup.
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Figure 3–10.  Kolmogorov microscale in the wake of a C-130 at 30 seconds after rollup.
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Recall that the Taylor microscale is one-half the shortest wavelength that could be

used to detect the wake using a practical radar.  In order to describe an upper radar

frequency for detection of clear air turbulence in the free atmosphere, 5π has been used as

the ratio of the Taylor microscale to the Kolmogorov microscale (Doviak and Zrnic,

1984).  This leads to an equation for the maximum radar frequency given in equation

(3.13), which is evaluated for the C-130 in Figure 3–11.

f
c

dmax =
2

f
c

T
max =

2λ

f
c

K
max =

10πλ

(3.13)

where c ≡ speed of light = 3.0 X 108 m sec-1; d ≡ diameter of turbulent eddy; λT ≡ Taylor

microscale; and λK ≡ Kolmogorov microscale.
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Figure 3–11.   The maximum radar frequency based on 5π times the Kolmogorov
microscale in the C-130 wake.
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The 5π ratio between the Taylor and Kolmogorov microscales used in equation

(3.13) is based on a convective model (Hill, 1978).  However, figure 2–4 gives no

indication of strong, buoyancy-driven turbulence; and, hence, the ratio 5π may not be

appropriate for the wind shear production of turbulence in an aircraft wake.

The ratio of the Taylor microscale to the Kolmogorov microscale in locally

isotropic turbulence is given by equation (3.14) (Tennekes and Lumley, 1987).

λ
λ ν

T

K

ul
= 





1
4

(3.14)

where u ≡ turbulent velocity scale; l ≡ turbulent mixing length; and ν ≡ kinematic

viscosity.

The turbulent mixing length is the average distance an eddy travels before giving

up its momentum to the surroundings (Brown, 1991).  For the C-130, the average

distance from the core wall to a point where the momentum is reduced by e-1 is 3.5

meters.  In equation (3.15), the turbulent velocity scale, u, is approximated by the product

of the turbulent mixing length and the average shear in the mean wind field at the core

wall (Sorbjan, 1989).

u l
du

dz
≈ (3.15)

For the C-130 wake, u is equal to 3.9 m sec-1.  Assuming that the minimum radar

half wavelength is equal to the Taylor microscale in equation (3.14), equation (3.16)

predicts the maximum radar frequency based on the turbulent velocity and mixing length.

Figure 3–12 shows an evaluation of equation (3.16) for l = 3.5 m and u = 3.9 m sec-1.

f
c

ul
K

max =




2

1
4

ν
λ

(3.16)
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Figure 3–12.  The maximum radar frequency based on the turbulent velocity and mixing
length in the C-130 wake. (u = 3.9 m sec-1; l = 3.5 m)

3.4  Volume Reflectivity in the Clear Atmosphere

The following development of the first clear air radar reflectivity model for the

wakes of aircraft is dependent on the assumption that the reflectivity is due to the

turbulent production of refractive index discontinuities with spatial dimensions near

one-half the radar wavelength.  It is further assumed that these one-half radar wavelength

turbulent wind eddies are in the inertial subrange of the turbulent eddy wave number

spectrum.  With these assumptions, we can use equation (3.17), which relates volume

radar reflectivity to refractive index structure constant and radar wavelength (Tatarski,

1959).

η λ= − −0 38 2 1
3. Cn          (m )1 (3.17)

where Cn
2 ≡ refractive index structure constant  (m-2/3); and λ ≡ radar wavelength  (meter).

As radar frequency increases and half radar wavelength turbulent eddies move

from the Taylor microscale to the Kolmogorov microscale, equation (3.17) overestimates
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radar volume reflectivity.  Radar volume reflectivity for distributed targets is a radar cross

section density in m2 m-3.  The corresponding radar sample volume is bounded by the

antenna beam dimensions and the radar range resolution.

Refractive index structure constant is a wavelength-independent measure of the

strength of the refractive index fluctuations; Cn
2  has units of m-2/3.  The development

strategy for the radar reflectivity model is to evaluate the refractive index structure

constant from the thermodynamic and wind fields derived from TASS output at each grid

point, and then to evaluate equation (3.17) at each grid point.  The scales of turbulence

analysis and subsequent maximum radar frequency prediction at each grid point must be

considered when equation (3.17) is calculated at each grid point.

A relationship for refractive index structure constant is given in equation (3.18)

(Tatarski, 1961).

C an N
2 2 1

3= −ε ε (3.18)

where a2 = constant ≈ 3.6; ε ≡ TKE eddy dissipation rate  (watt kg-1); and εN ≡ rate of

reduction of inhomogeneity in the refractive index field.

The Reynolds convention (Nieuwstadt and van Dop, 1982) is used to describe the

instantaneous variables in terms of a mean plus a fluctuating or turbulent component:

φ = Φ + φ (potential refractive index)

The uppercase, or average, components are the TASS output variables.  The lower

case, or turbulent, components produce the small scale refractive index discontinuities

that provide the clear air scattering mechanism.  This model relates the fluctuating, or

turbulent, component to the mean value available from TASS by a first-order turbulence

closure technique called eddy diffusivity closure.

Potential refractive index, derived from the TASS output, can be used with the

equation for the local rate of change of the variance of potential refractive index

(Tennekes and Lumley, 1987) to obtain εN, the rate of reduction of inhomogeneity in the

refractive index field; εN is required to evaluate equation (3.18) (Ottersten, 1969).
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where φ ≡ instantaneous potential refractive index; Φ ≡ mean potential refractive index;

U ≡ mean horizontal component of the wind; u ≡ instantaneous horizontal component of

the wind; and εN ≡ rate of reduction of inhomogeneity in the refractive index field.

The first term on the right side of equation (3.19) is an advection term that

includes the average wind and the turbulent component of potential refractive index.  The

second term is a production term that contains the average potential refractive index and

the covariance of the fluctuating components of wind and potential refractive index, and

the third term is a turbulent transport term containing all turbulent components.

Assuming steady state, two dimensional flow and that production equals dissipation

reduces equation (3.19) to equation (3.20).

ε φ
∂
∂

φ
∂
∂N u

x
w

z
= − −

Φ Φ (3.20)

where w is the instantaneous vertical component of the wind.

The covariances in equation (3.20) can be related to the mean variables scalar

eddy diffusivity closure (Nieuwstadt and van Dop, 1982).  This technique was first used

by Boussinesq in 1877 (Brown, 1991) to relate eddy stress to the mean wind shear and an

exchange coefficient, Kφ, as in equations (3.21) and (3.22).

u K
x

φ
∂
∂φ= −
Φ

(3.21)

w K
z

φ
∂
∂φ= −
Φ

(3.22)

The exchange coefficient (Kφ) for a passive additive is called eddy diffusivity and

can be estimated by the product of a turbulent length (l) and velocity (u) scale.  Thus,

combining equations (3.20), (3.21), and (3.22) yields equation (3.23).

ε
∂
∂

∂
∂n u l

x z
= • 



 + 













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Φ Φ2 2
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Equation (3.23) provides a means of calculating the rate of reduction of

inhomogeneity in the refractive index field using the gradients of the potential refractive

index field derived from TASS output.  For the C-130, the core radius (6 m) is chosen as

the scale length (l), and the average velocity at the core wall (8 m sec-1) is chosen as the
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velocity scale (u).  Equations (3.18) and (3.23) can now be combined to form equation

(3.24), which predicts refractive index structure constant for wakes of aircraft based on

TASS output.

C a u l
x zn

2 2
2 2

1
3≈ • 
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
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
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






−ε
∂
∂

∂
∂

Φ Φ
(3.24)

Figure 3–13 shows the refractive index structure constant field for the C-130 as

computed from equation (3.24).  The scaling velocity is 3.9 m sec-1, and the scaling

length is 3.5 meters, as described in equation (3.15).  With Cn
2  determined, equation

(3.17) can be evaluated for the radar volume reflectivity, η.  Since η is weakly dependent

on the radar wavelength, the radar volume reflectivity is almost numerically the same as

Cn
2  in dB.
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Figure 3–13.  Refractive index structure constant for the C-130 at 30 sec after rollup.
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4.0  RADAR REFLECTIVITY MODEL FOR FOG

TASS generates the aircraft wake in a fog layer defined by a vertical distribution

of bulk, or total liquid water.  This leads to an assumption in the wake vortex radar

reflectivity factor model, as described in the following discussion.

Liquid water in fog is distributed according to a fog drop size distribution, N[D].

Equation (4.1) is the definition for radar reflectivity factor in terms of the fog drop size

distribution and the drop diameter.

[ ]Z N D D dD
D

D

= ∫ 6

min

max

(4.1)

where N[D] ≡ Fog drop size distribution; and D ≡ Fog drop diameter.

The ideal method for predicting radar reflectivity factor, Z, on an output grid in

fog would use a vertical sounding of drop size distribution as input and would provide

output of drop size distribution at each grid point.  However, TASS does not currently

include the cloud physics necessary to determine quantitatively if collision and

coalescence in the flow of the wake are altering the initial atmospheric drop size

distribution.  TASS modelers speculate that the time scales required for the growth of

drops is large compared to the life of the wake (Proctor, 1996), since cloud drop size to

raindrop size growth by collision and coalescence occurs over time scales as small as 20

minutes in the atmosphere (Rogers, 1989).  Lifetimes of wake vortices are an order of

magnitude smaller than 20 minutes; yet, the effect of turbulence on coalescence of

smaller drops into larger drops is not well understood (Rogers, 1989).  If collision and

coalescence are producing larger drops, then equation (4.1) indicates that predictions of

radar reflectivity factor from TASS liquid water content data will underestimate actual

values.

The radar reflectivity factor can be calculated by empirical relationships between

Z and bulk liquid water as shown in equation (4.2).

Z M≈ a b (4.2)

where M ≡ bulk liquid water content  (gm m-3) and where a and b are empirical constants.



32

Initially, the only available values for a and b in equation (4.2) resulted from cloud

observations (Atlas, 1954).  Efforts have been made in the development of the fog model

to find values of a and b that describe the fog layer which was provided as TASS input.

4.1  Atlas Radar Reflectivity Factor Model

The liquid water content field in Figure 2–6 from Section 2 can be converted to

radar reflectivity factor by the empirical relationship in equation (4.3) (Atlas, 1954).

Z M= 0 048 2. (4.3)

where Z ≡ radar reflectivity factor  (mm6 m-3); and M ≡ liquid water content  (gm m-3).

Figure 4–1 is a plot of equation (4.3) evaluated using the liquid water content

from Figure 2–6.  The data indicates that radar reflectivity factors as high as -20 dBZ

exists at 100 meters above the surface in the averaged VAFB fog layer.

Figure 4–1.  Radar reflectivity factor as calculated from the relationship by Atlas.
(Z = 0.048 M 2)

Figure 4–2 applies equation (4.3) to the TASS liquid water content field in Figure

2–9.  Again, the wake is released in the VAFB fog layer described in Section 2.
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Figure 4–2.  Radar reflectivity factor in the wake of a C-130, 30 seconds after rollup in
the VAFB fog layer using the Atlas empirical relationship.

4.2  de Wolf Radar Reflectivity Factor Model

An empirical relationship—equation (4.4)—that is specific to the VAFB fog layer

was developed by David de Wolf (de Wolf, 1997):

Z M= 0 0243 1 494. .
(4.4)

where Z ≡ radar reflectivity factor  (mm6 m-3); and M ≡ liquid water content  (gm m-3).

Figure 4–3 depicts radar reflectivity factor in the wake of a C-130 at 30 seconds

after rollup in the VAFB fog layer using the TASS output of Figure 2–9 and the de Wolf

relationship in equation (4.4).
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Figure 4–3.  Radar reflectivity in the wake of a C-130 at 30 seconds after rollup in the
VAFB fog layer using the de Wolf empirical relationship between Z and M.

4.3  Comparison of Models and Assumptions

Figure 4–4 (Marshall, de Wolf, and Kontogeorgakis, 1996) compares equation

(4.3) (empirical) to equation (4.1) (analytical) for predicting radar reflectivity factor from

TASS output in the VAFB fog at each 10 meters in the vertical in the VAFB fog layer.
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Figure 4–4.  Comparison between the Atlas empirical relationship and the analytical
relationship for radar reflectivity factor in the VAFB fog layer.

Figure 4–4 indicates that the Atlas empirical relationship underestimates radar

reflectivity factor in areas of the VAFB fog layer where the liquid water content is lowest.

At 10 meters above the surface, the empirical relationship underestimates the radar

reflectivity factor by 5 dB.

Figure 4–5 provides a comparison of radar reflectivity factors calculated from the

Atlas and de Wolf relationships.  The figure shows that in the VAFB fog layer where

liquid water content is less than 0.05 g m-3, radar reflectivity factor will be at least 3 dB

higher than predicted by the Atlas relationships.  A radar design evaluated using the Atlas

relationship would have a higher signal-to-noise ratio than predicted analytically in

environments with low liquid water content.
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Figure 4–5.  Comparison between the de Wolf and Atlas empirical relationship between
liquid water content and radar reflectivity factor.

A comparison of Figures 4–2 and 4–3 is shown in Figure 4–6 where the difference

in dB between the two wake targets is displayed with the Atlas relationship as the

reference.  Figure 4–6 indicates that in this dense fog and at this time (30 sec after rollup)

there is less than a 1.0 dB increase in Z associated with the individual vortices when

applying the empirical relationship between Z and M that is specific to the fog layer.  As

the wake descends into areas with lower liquid water content, this difference should

increase.
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Figure 4–6.  Figure 4–2 minus Figure 4–3 in dB.

4.4  Volume Reflectivity in Fog

If the fog drops are small compared to the radar wavelength, equation (4.5)

describes the relationship between radar volume reflectivity and radar reflectivity factor

(Battan, 1973).  Fog drops rarely exceed 50 microns in radius and are small compared to

millimeter wavelengths.

η
π

λ
=

5 2

4

K
Z (4.5)

Figure 4–7 shows equation (4.5) for a 35 GHz radar operating in the VAFB fog

and using the de Wolf relationship for Z.
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Figure 4–7.  Radar volume reflectivity calculated from equation (4.5) and the radar
reflectivity factor, Z, from the de Wolf empirical relationship.
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5.0  CONCLUSIONS

This report documents  the development of radar reflectivity models for the wakes

of aircraft flying in clear air and fog.  Radar volume reflectivity in clear air is assumed to

be due to half radar wavelength inhomogeneities in the temperature, pressure and

humidity fields produced by turbulence.  Radar reflectivity factor in fog is assumed to be

produced by backscattering from small spherical fog drops.  Both the clear air and fog

reflectivity models require as input the mean wind and thermodynamic variables from a

2D large eddy simulation wake vortex model.

The results of the clear air radar reflectivity model indicate that the small scale

inhomogeneities in potential refractive index are more dependent on humidity gradients

than perturbations in the temperature and pressure fields.  The largest gradients in the

potential refractive index field are associated with the boundary of the descending volume

of air containing the two vortices, which has the highest values of refractive index

structure constant and radar volume reflectivity.  For the wake of the C-130 used as an

example in this report, this highly reflective semicircle contains values of refractive index

structure constant between -90 and -110 dB m-2/3 and is only 5 meters wide.  Doppler

velocities in this ring of high reflectivity are more associated with the descent rate of the

vortices than the hazardous higher tangential winds near the vortex core walls.  Values of

refractive index structure constant adjacent to the individual vortex core walls vary

between -120 and -180 dB m-2/3.  The atmosphere this wake is generated in is relatively

humid and reflectivity values may vary in other atmospheres with more or less water

vapor.

Modeling of clear air reflectivity in wake vortices also assumes that the half radar

wavelength turbulent eddies are in the inertial subrange of the turbulent kinetic energy

wave number spectrum.  Although equations relating radar volume reflectivity to

refractive index structure constant may be found in the literature for the dissipation range,

the resulting reflectivity is too low to be detected by a commercially practical radar.  The

predictions of maximum radar frequency based on the requirement that the half radar

wavelength turbulent eddies be in the inertial subrange of turbulence indicate that the

maximum radar frequency is higher in the individual vortices where the smaller scales of

turbulence exist.  For the wake of the C-130, a 10 GHz radar should be able to detect the
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highly reflective ring as well as the individual vortices.  A 20 GHz radar should not be

effective in measuring the Doppler velocities in the highly reflective ring; however, a 20

GHz radar should be able to detect the areas immediately adjacent to the individual

vortex core walls.

Modeling of radar reflectivity factor in the wakes of aircraft flying in fog requires

a high resolution description of the distribution of liquid water content in the wake and

the choice of an appropriate relationship between radar reflectivity factor, Z, and liquid

water content, M.  Comparisons between Z values calculated from a 40 year old Z/M

relationship and a Z/M relationship calculated from a knowledge of the drop size

distribution in the VAFB fog indicate small differences in predicted Z that have minor

impact upon the design of a pulsed radar, except at the lower values of M.  As future

models for Z are calculated for wakes released in thick, moderate, and light fog, it will be

important to develop specific Z/M relationships for each fog layer based on a the fog drop

size distribution.
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GLOSSARY

2D ≡  two dimensional

AVOSS  ≡  Aircraft Vortex Separation System

a2   ≈ 3.6

B  ≡  noise bandwidth

c  ≡  speed of light = 3 X 108 m sec-1

Cn
2  ≡ refractive index structure constant

cp  ≡ specific heat at constant pressure = 1004 J deg-1 kg-1

D  ≡ diameter of fog drops

d  ≡ diameter of turbulent eddy

dB  ≡  decibel

dBZ  ≡ 10 log (Z)

e  ≡ partial pressure due to water vapor

ε  ≡ turbulent kinetic energy dissipation rate

εN ≡  rate of reduction of inhomogeneity in the refractive index field

eo ≡  potential water vapor pressure

εr  ≡ relative pemittivity of the atmosphere

es  ≡ saturation vapor pressure

φ  ≡ instantaneous potential refractive index

φ ≡  fluctuating potential refractive index

Φ ≡  mean potential refractive index

G  ≡ antenna gain

GHz  ≡  109 Hz

gm  ≡ gram

η  ≡  radar volume reflectivity

I  ≡ size of the largest energy-containing eddy

k ≡ Boltzman’s constant = 1.38 X 10-23 J °K-1

|K|2 ≡ dielectric factor of hydrometeors
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°K  ≡ degrees Kelvin

Kφ  ≡ eddy diffusivity

kg ≡  kilogram

Kh  ≡ exchange coefficient for heat

Km ≡ eddy viscosity

λ  ≡  wavelength

λK  ≡ Kolmogorov microscale

Ls ≡   radar system loss

λT  ≡ Taylor microscale

M ≡  bulk liquid water

m ≡  meter

mb ≡ millibar

ν  ≡ kinematic viscosity of the atmosphere

N  ≡ radio refractivity

n  ≡ refractive index of the atmosphere

N[D] ≡ drop size distribution

p  ≡ total atmospheric pressure

Pa ≡  Pascals

Po  ≡  reference pressure =1000 mb

Pt  ≡  peak transmitter power

θ  ≡  3 dB antenna beamwidth

θ  ≡ potential temperature

R  ≡  radar range

ρd  ≡ density of dry air

Rd  ≡ dry air gas constant = 287 J deg-1 kg-1

RλT ≡ microscale Reynolds number

ρv  ≡ absolute humidity

S/N  ≡  signal-to-noise ratio

τ  ≡  transmitter pulse width
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T ≡  atmospheric temperature

TASS  ≡ Terminal Area Simulation System

TKE  ≡ turbulent kinetic energy

Ts  ≡  radar system noise temperature

u  ≡ instantaneous horizontal component of the wind

U  ≡ mean horizontal component of the wind

u ≡  fluctuating horizontal component of the wind

u ≡  velocity of largest energy containing eddy

u* ≡ friction velocity

VAFB  ≡ Vandenberg, AFB, CA

w  ≡ fluctuating vertical component of the wind

w  ≡ instantaneous vertical component of the wind

W  ≡ mean vertical component of the wind

w  ≡ water vapor mixing ratio

ws  ≡ saturation water vapor mixing ratio

Z  ≡  radar reflectivity factor
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