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A STUDY OF SUPERSONIC SURFACE SOURCES—
THE FFOWCS WILLIAMS-HAWKINGS EQUATION AND THE
KIRCHHOFF FORMULA #

F. Farassatand Kenneth S. Brentrier M.H. Dunr¥
NASA Langley Research Center, Old Dominion University,
Hampton, Virginia Norfolk, Virginia
Abstract delta function. The method of solution of these two

In this paper we address the mathematical problerﬁquatlons are, thus, identical.

of noise generation from high speed moving surfaces. Obtaining various forms of the solution of these
The problem we are solving is the linear wave equatioequations for subsonic surfaces is fairly easy. These
with sources on a moving surface. The Ffowcs Will-solutions (Formulations 1 and 1A of Farassat) have been

lams-Hawkings (FW-H) equation as well as the governpypjished elsewhef@. We will not, therefore, address
Ing equation for deriving the Kirchhoff formula fOf the subsonic case here. We mention that the common
moving surfaces are both this type of partial differentiakorms of the solution for subsonic surfaces have a Dop-
equation. We give a new exact solution of this problenper singularity which make them unsuitable for super-
here in closed form which is valid for subsonic andsonica”y moving surfaces. To obtain new forms of
supersonic motion of the surface but it is particularlysolution of the FW-H and the K equations for supersonic
suitable for supersonically moving surfaces. This newsyrfaces, we must integrate the Green's function of the
solution is the simplest of all high speed formulations ofyave equation in a different way than the subsonic

Langley and is denoted formulation 4 following the tra- ., 4.3 T \yas fully recognized by Ffowcs Williams
dition of numbering of our major results for the predic-

tion of the noise of rotating blades. We show that for £"d Hawkings and they laid the foundation for the
smooth surface moving at supersonic speed, our sollf0rk we present here. The solution of the supersonic
tion has only removable singularities.Thus it can pderoblem is considerably more difficult than the subsonic
used for numerical work. case and it has .taken a lot longer to fully overcome the

many mathematical obstacles.
1. Introduction -

To understand the nature of the complexities
The problem of noise generation from moving bod-involved, one must recognize that the problem as treated

ies is very important in aeroacoustics. Two currenhere is four dimensional. We are interested in formula-

methods of attacking this problem are the acoustic anations which are suitable for efficient numerical noise

ogy and the Kirchhoff formula for moving surfaces. Theprediction from rotating machinery. This requirement

acoustic analogy method is based on different forms gjuts a restriction on what forms of the solution of the
the solution of the Ffowcs WiIIiams—HaWkings (FW-H) FW-H and the K equation are acceptab|e to us. In
equatior}. This is a linear wave equation with sourcespractice, it has been found that the common formula-
on a moving surface. The Kirchhoff formula is alsotions for subsonic surfaces are much more efficient than
derived from a linear wave equation with sources on ghe supersonic formulations even if the latter can also be
moving surfac& For simplicity, we refer to this wave ysed for subsonic surfaces. Thus, one is forced to use

equation here as the Kirchhoff (K) equation. Usingmore than one formulation in any noise prediction code
generalized function theory, both the FW-H and thepased on the FW-H and K equations.

K equations can be written with inhomogeneous source
terms involving the Dirac delta function with support on In noise calculation, a moving surface, such as a
the moving surfacé = 0 and the first derivatives of this plade, is divided into panels and the noise generated by
_ each panel is summed up to get the total noise from the
Senior Research Scientist, AIAA Associate Fellow surface. This means that the FW-H and K equation must
Research Scientist, AIAA Member be solved for an open surface, e.g., a panel on the
Associate Professor, AIAA Member moving surface. Thus we must solve these two equa-
# This paper is declared a work of the United States Government andi@NS With inhomogeneous source terms that have a
not subject to copyright protection in the United States. Heaviside function multiplying the Dirac delta functions
which describe the open surface. The mathematical
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treatment of these inhomogeneous source terms pro- We next find all the surface contributions of the last
duces an additional complexity in obtaining solutions ofterm of Eq. (1) by taking the space derivatives explicitly

these equations for the supersonic case. and using the rules of generalized differentigti®h

) We get
In the subsonic case, the Doppler factor appears as

the result of integration of the source time variable in the 5 P
Green’s function solution of the wave equation after a 0P’ = a{ [pu,— (P =PIVl (F)}
Lagrangian frame is introduced in which the surface is

time independent. This step makes the problem essen- d E[ 2 O

tially three dimensional. To get other forms of the solu- +WD PVaU; = (P—Pp)C ni]6(f)g

tion suitable for a supersonically moving surface, one ! 2

must use integration over the influence surface of the +0Tij 501) + 0 Tij ",

observer space-time variablés, t) which we call the axj ni o(f) axiaxj (f)

2 —surface This surface is more fundamental to the =Q,+Q,+Q+Q, @)

solution of the wave equation than the actual moving
surface over which the subsonic formulations aréNe will then consider an open surface described by
integrated. f=0, f>0 wheref = f =0 is the equation of the
edge of this open surfac® We define f such that
In the next section the governing equations of thellf = v wherev is the unit inward geodesic normal to
problem under consideration are presented. In Section #)e edgef = f = 026 To calculate the noise from
we will give a new solution of the FW-H and the K this open surface, we must multighff ) in Q1, Q, and
equations in closed form for supersonic surfaces. In Se€3 by the Heaviside functiot(f) . We will next use
tion 4 we will show that the singularities of the solutionthe concept of restriction of a variable to the surface

are integrable. The concluding remarks follow. 0 and then take the derivatives @f and Q, terms
explicitlye. We use a tilde under a symbol to signify
2. The Governing Equations restriction.
The Ffowcs Williams-Hawkings Equation and the Introducing the notations
Kirchhoff equation are quite well-known in :
aeroacoustics. We will need a special form of these E = pup—(P=Po)Vy (3a)
equations suitable for our work. The FW-H equation for )
a moving surfacd (x,t) = 0 wheré>0 outside the E = pvui—(p—po)cn;, (3b)
body is we have
2., _ 0 _ 9 =
07p = S{lpun = (P = Po) vyl (1)} Q = 5 [E H(f)3()]
3 L ~
% {[p(u,—Vvy)u, + pnld(f)} = E H(f)d(f)-E v, 8(f)d(f)
52 —Ev, H(F)d'(f) 4)
— 7 [T H(f
+axiaxj[ iH (D] (1) and
A 2 . . 9 ~
where p' is(p —pg)c” P is the density, angy andc Q, = ﬁ[Ei H(T)3(f)]
|

are the density and speed of sound of undisturbed
medium. The local normal fluid and body velocities are

denoted by, andv,, respectively. The Lighthill stress = Oz LB H(T)5(T) + E;v;5(1)0(T)

te_nsor is denoted;; and p is the surface.press.ure on —2H,En H(?)é(f)
f = 0. Note that we assume that the surfatedefined .
such thatJf = n where is the unit outward normal +E;n; H(f)o'(f) (5)

to this surface. The Heaviside function is dendtéf).

As proposed by Ffowcs Williams and Hawkihgthe
moving surfacd = 0 can be penetrable and we assume
so here.
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Here,v, is the local velocity of the edge along the geo- _

desic normab with components;, Et is the projection IQ(y) 5(f)dy = __[ QdsS (15)
vectorE; on the surface df= 0 andH; is the local mean

curvature of the surfade= ®*. The surface divergence whereH; is the mean curvature 6 (2. Introduce a

of Eris 0, (E % Using Egs. (4) and (5), we get new generalized function (distributiody(f) by the
~ . following relation:
Qi +Q,+Q5 =0y H(f)a(f) +q, H(f)d'(f)
~ 0Q
+0, 8(F)3(f) ) jQ(y)5 (f)dy = - I ds (16)

where we have defined the following symbols The subscripts in 8.(f) stands for “simple” which

aT.. _ emphasizes the similarity aig(f) to the one dimen-
q, = a_x””i +E+0[Er -2 H{E, (7) sionald’'(x) that behaves as follows:
j
) ) Jo(x) 8'(x) dx = —'(0) 7
d, = ¢ (P—pPp)(M,—1) (8) _ .
Now using the results of egs. (15) and (16) in Eq. (14),
O3 = P(VUy —UpVy) + (P — Pg)VpVy, (9)  we see that the following relation holds:
In Eq.Eq.Eq. (7)E, = En and M, = v,/c is the local 0'(f) = dg4(f) +2H; 3(f) (18)

Mach number orf = 0. Note thatg, in Eq. (6) is
restricted to the surfade= 0. Also note that in Eq. (5),
we have dropped the restriction on any variable tha

Equation (18) is next used in Eq. (10) which is writ-
en as

multiplies (f) if it is not differentiatedPhus we writgé 2 — = '

and notE . There is also no need to use restriction sign O7p" = q H{T) 3(T) + 92 H(T) o4(f)

on [y [E; sinceEr is already restricted b= 0. Itis + 0 5(?) 3(f) (19)
important to recognize th&  is the rate of change of

as measured by an observer on the surface. where now only the definition afj is changed as fol-

The FW-H equation for an open penetrable surfacéowsz
moving at supersonic speed is: oT;; i
) - ~ ql=W_‘ni+E+D2EET
O%p" = a; H(f)3(f) + g, H(f)d'(f) J
~ 2
+ q3 6(f)6(f) (10) + 2Hf[an(Vn— Un)—pOVn ] (FW'H eq)(zo)
A similar equation is also obtained for derivation of the@nd
Kirchhoff formulé? for an open surfade= 0, f>0 o = _op' —lM ap' 19 O (M)
where we have: ! on Not cot
op’ 1, 9p' 19 , : +2H My (Keaq) (21)
R e ORI "
In the following section, we give the full solution of

2 , Eqg. (19).
> = (My—1)p 12 FE¢-(9
Remark We will not address the solution of the
g3 = M M, p’ (13) FW-H equation with the pure quadrupole term alone:

We will go one further step here in preparation of 2

obtaining the new formulation. We note that for a sur- D2p' = Q4 = ox; ax H(f) (22)
facef = 0, |0Of| = 1, we have the following restfié

The solution using the collapsing sphere approach is
[ans(hdy = | [_‘;Lr?J, 2H QJ dS (14) singularity free and is given elsewhtfe
f=0
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3. Solution of Wave Equation With Sources on A be the determinant of the coefficients of the first funda-
Moving Open Surface mental form in the new variables. Let — g ,thenEq.

In this section, we give the solution to the following (28) becomes

three wave equations:

g,(y, 1)

3
~ 4mp,(x,t) = H(f)dL(u")
20, = ay(x, ) HHS(D) 23) ®beD = [T :
1,2,3
~ x 0(g) /g,,,du"du du dt
D2@, = g,(x, t) H(T)3Y(f) (24) %)
- _ 992 H(f)
D295 = ag(x, 1) 3(F)3() (25) S| T rsie |,
The source terms here are similar to those of Eq. (19). x5 (u3) duldiidr 29
The treatment of these equations are discussed in two S (29)
references by Farasé&t We will use the solutions to
egs. (23) and (25) given in these references but will giveNOte that we have used
here a new and particularly simple solution of Eq. (24). og _ 1 _. 6 30
The materials presented in these references are essential (;1 T sin (30)

in understanding what follows.

Let  F(yixt) = f(y, t=rfc) = [F(y, Dlrer,
and  F(y;xt) = [f(Y,T1)],e . where the sub-
scriptret stands for retarded time. The influence surfacd!as already been removed (see Eq. (18)) and added to

of the open surfacé = 0, >0 is called the 0. We inust me{ntiozn here that, in new variables
s —surface and is described b§ = 0, F >028 The %% 1) = Qply (u’,u",0,7), 7]

edge of this surface is the L-curve described by The conditong=0 in Eg. (29) implies that
F = F = 0. Below, we usex, t) and §, 1) as the ut = ul(u ,u”, T). We will use this result in the inte-
observer and the source space-time variables, respegration ofd; (u™) in Eq. (29). We get

tively. The solution of Eq. (23)4&:

andg(p) must be restricted o= 0 because we are 1deal-
ing with &5(u™) where the curvature term of(u”)

A%, T)
1
4ane (x,t) = — dx -
A= [ e 00 [%49%H( o
E>0 (26) =) 05~ rsing 0, dudr
Bu of=0 (31)
where We have the following results
2 2
AN =1+M -2 M_cosH (27) 1
n n ou_ = —cotd (32)
Here, M, is the local normal Mach number of the sur- au’® g=0
facef = 0 andcosb = n[f whera is the unit outward
normal tof = 0, = & — y)/r is the unit radiation vector 0sinB _ cotd
- 3 r
from the source to the observer ard x —y|. o 5= 0 (33)
We now consider Eq. (24). The formal solution of
this equation using the Green'’s function method is g9
2 - ! g,,, cotd
~ 2(2)
1 , ol Li v=( (34)
Ang(x, 1) = [, (v, 1) H(1)54()3(g) dydt (28)
OH(T) _ x
whereg =1 -t + r/c. We now introduce a new local oud = —cotdv [T 5(f) (35)

frame (1, U ud) whereu® =f andu® andu? are the
Gaussian coordinates dr= constant, extended from wheret; is the unit vector alonq the projectioniof on
f = 0 along local normal. We assume tirais the length  the local tangent plane anBly. (sum onis the
variable along the projection ¢f on the local tangentChristoffel symbol of second kind in the new coordinate
plane andi? is the length variable alorigx i . Lgp)  system. Note that we have a locally orthogonal frame
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which givesg,) = 1 at the origin but because we have aTherefore, Eq. (36) can be written as follows:

curved surface, we get Eq. (34). Therefore, in the rest of
the algebraic manipulations, we will gg$) =1 4ATQ,(X, t)
We can now write Eq. (31) in the following form _ COB | . g + COD d
[ ivati [ ud inte- .[ rsing 1 2% ik q2 o N
after taking the derivative with respectuoof the inte FLo sin“e
grand: F>0
amgy(x, 1) b 2B ar
FJ; rA\sin® M L9 ret
=cf [ cosh t; (o, + 2(:032 s }duzdr ﬁ>0
r sin°0 resin"0 cosdcosd
cosH | 2 * I .2 [q2]retd|‘
+cJ’ qzdu dt F=0rNgsin'e
rsin e F=0 (44)
v, cosh dt We have separated the integrals overZhesurface in

+cJ‘

where ¢ is the angle betweén
open surface described by= f = 0

r sin°6| cosy 2 (36)

and the edge of thE

In our previous work, we have usetl fituP
wheredll is the element of the curve of intersection of
f = 0 with the collapsing sphere= 0. We have shown

this equation to simplify the analysis of the singularities.

Finally, the solution of Eq. (25) was also given by
arass#t® as follows:

4mey(x, t) =

F
F

1
f et

(45)

also tha10

We have thus given the full solution of Eq. (19) which
we refer to asormulation 4 Only Eq. (44) in our analy-
sis is new. In the next section, we will discuss the
important question of the singularity of the solution of
Eqg. (19).

cdrdlr _ dz
sine A (37)
dt dL
= — 38
lcospl A (38)
F=F=0and
Ay = |OF x OF| = AAsine’ (39)
cosB’ = N[N’ (40)
~ = v—M,f
N= 28 =" v (41)
|OF| A
...2 2 ~
AN =1+M,-2M, cosH (42)
cosd = v [T = vy (43)

Supersonic Surfaces

We will now address the question of the singulari-
ties in the solution of the FW-H and K equations. There
has been a general belief among the researchers, the
authors of this paper included, that the solution of these
equations lead to nonintegrable singularities for some
observer space-time variables ). We will show here
that for a smooth surface, all the singularities of the new
solution are integrable. We assume thatO is not an
open surface and thus we only consider the integrals
over the Z —surface: F(y; x,t) =f(y,t —r/c) = 0. See
articles by Farassat, De Bernardis and Myers for the
analysis of the singularities of the line integhai¥
As will be seen below, the analysis of the singularities
of the surface integrals is very difficult.

American Institute of Aeronautics and Astronautics



There are two kinds of singularities in the surfacea constant. We next use the relatfon
integrals: i) sin@ = 0, i. e.,08 =0°0r180C but
A#0,andii)A = 0 . We will show below thak = 0 d> _ cdrd (50)
also impliesd = 0° or 180 . Condition i) means that at A sin®
some source time, the collapsing spfeere0 is tangent  yherer is the curve of intersection gf= 0 withf = 0.
to the surfacé= 0 at a point wher#!, # +1 . Condition Near the point A, abovedl = bdd, sin® = b/r
i) means that at some source tige 0 is tangent 10 \yhereb is the radius of which is a small circle, andl
f=0 at a point wherd1, = £1 . We will prove these s the azimuthal angle aroufid Thus, we have

assertions for appearance of singularity= 0 below.
We assume thdit= 0 is convex with no saddle points. dz_ crdodt 1)
Consider a rotating surface part of which moves at A
supersonic speed. We can wiité as follows: which means ifj(y, 1) is continuous, then
2 _ 2 2 .2 21
A" = (1-M,cosB)” + M sin 6. (46) I, = CI dTIo [q2]retd¢ (52)
T

Therefore, A = 0 ifsin@ = 0 andl—-M,cos8 =0 )
simultaneously. This means that we must hisye= 1 is integrable. Therefore, we have shown the integral

and 8 =0° or M, =-1 and6 =180° . The

geometrical interpretation of these conditions is obvi- I, = | m[qll retdZ
ous. Sincd = 0 is assumed to be moving supersonically F=0
on part of its surface, there is a cute  fon 0 on F>0 (53)

which M, = 1 orM, = -1 .If atany source timg, is integrable.
the collapsing spherg = T—t+r/c=0 is tangent to
f=0 at a point on¥ |, then the integrands of the surface For I, we use the fact thasiné = b/r  and
integrals of formulation 4 are singular for the time b = C./t| to write the integral in the form
ty = 1o+ r/c. Note that, in general, the curwé is

2 .
time dependent but it is not so for a hovering rotor oper- l, = J.cadr [ "ri (0], ., do (54)
ating at supersonic tip speed. This is the case we study TC«/H 0 L e
here.

- wherea = r(t = 0) . This integral is convergent.
We must study the two conditions of appearance of

singularities separately. The reason becomes apparent The study of convergence bfis very interesting.

below. Let us first write the kinds of integrals we have: |t appears that this integral is not convergent. We
manipulate the integrand as follows near the condition

_ 1 sin@ = 0:
I, = I ﬁ\[ql]retdz
F=0 _ cosh
F>0 (47) ~ rsin® ty o,
cosB _ i cosH a
I, = ——r ' [q,]. _.ds +————0,= —[bt; (11,0, +q,]
’ E‘£ orAsing 1 Zret r2sin’e b2t (55)
F>0 (48)
We note thatt, [(TJ = —0dg,/0db and
I = [cos;et T.q. + 00 } dz 1-2% K
3 [ rsing 1 2% rzsinze % ret 2
.= 0°q
2 2
F>0 (49) bt, M,q,+q, = b E (56)

We will show that all the singularities are integrable.

and, thus, near the point of tangency of0 andg = 0:
Condition i): sin6 = OA#0

2
0

" (57)
db

Near this point, the intersection@f 0 andf = 0 is
a circle of radius b. We can show that if this condition
appears at =0, thenag —~ 0 b = CJ/jt| whe@is

E=

=1Q
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The convergence df, therefore, depends on the value shows the envelope of the circles of Eq. (60). We reject
of the following integral whersin@ - 0 : the part of the envelope in the region M < 1 because it
would imply multiple emission from subsonic region
21 02012 which is impossible. This means that we have no inter-
lg=c aJ’ dt {—7} dé section ofg = 0 and T fort < 0. This figure clearly
T 0 Lo k=g (58)  shows that th& —surface looks like a cone near A.

We can easily show that

2n{62q2
0

, X » Observer
abz} dp = [0l = o
=0

(59)

The convergence ¢f is, thus, guaranteed. We conclude
that whensin® - 0 and\#0 , formulation 4 has only
removable singularities.

Condition ii): A = 0 (implies sin6 = 0)

As we have shown above, whgrF 0 is tangent to
f=0 at a point wher¢/, = +1 , we have= 0 and
from the tangency conditiosin® = 0 . The first thing
we study here is the structure of the-surface  near ¢ A |_,[
point whereA = 0 . We then study the problem of the
singularities of formulation 4.

We consider the conditio = 0° and, = 1
for a hovering rotor. Figure 1 shows the tangent plane T: Tangent
to a point onW looking edgewise at the moment of tan Pl ane
gency of the collapsing sphere with 0 at the point A.
Note that. M,n =n =7 atthis moment so that theFig. 1. The geometric condition for the appearance of
observer is in the plane shown at the center of the cok —00=0°M. =1 ieM =F=n
lapsing spherg = 0. We assumeé; = 0 and= a at ' N N '
the moment of tangency. Sinéé,, = 1 at A, we have
sinp = M wherep is the angle that T makes with
Mach number vectok shown in Fig. 1. We now con- . 7
sider the plane T in motion fdr| <e¢ whete> 0 is a B =9n |_1 = 1/|\/|
small number. In the frame fixed to T with origin at A as Yy =cos

shown in Fig. 2, the curve of intersectiongof 0 with X-axis out
T, which is a circle is given by the relation Of the pl ane
2 2 2,22 T
(XBV,T)" +(y+yVRT)™ = VBT (60)

WhereV, = aw ,Vz = Rw andg andy are defined
in fig. 2. We useR for the distance from A to the axis of
rotation. The center of the circle is at the point
(x,y) = (BV,1,—~yVRT) and its radius is V BIt|

It is clear that agt| - 0 , thE —surface looks like a y

vertex of a cone and has no tangent at the vertex coin- . .

ciding with A. The condition ofA = 0 is thus E|g. 2. The co_ordlnate system used.t_o study the intersec-
equivalent to thes —surface becoming pointed and!ion 0fg =0 withf =0 near the condition = 0.

having no tangent plane at the point A.

Let us see what the intersectiongof 0 and T will For convergence dfj, the analysis of condition i)
appear to an observer on the tangent plane T. Figure@Pplies exactly so thaf has removable singularity. The

7
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_ Remark 1 The solutions of the FW-H and the K
y t_an a= (R tan U)/a equation here are valid for all range of the surface speed.

Sub . snu= 1/M But we do not recommend to use the present results for
Seple sin [ cos O subsonic surfaces since much more efficient solutions
forx<0 M for numerical method are availabR1?

A Remark 2 It can be shown that had we not added
X the surface terms from the quadrupole source term of
the FW-H equation to the thickness and loading source
1<0 terms, the resulting solution would be singular when the
condition A = 0 appears. The acoustic pressure signa-
ture will have a logarithmic singularity which will
appear as an infinite pulse. Our analysis shows that
when all the surface sources from thickness, loading and
quadrupole terms are included in the analysis, there is
no infinite singularities in the acoustic field.

5. Concluding Remarks

Z-axis out of the pl ane We have given the closed form solution of the
FW-H and the K equations for an open surface.

Fig. 3. The shaded area is the trace of the intersection dflthough these solutions are valid for all range of Mach
g = 0 in the xy-plane of figure 2 near the condition numbers, we recommend them for the supersonic
A = 0. It is assumed that= 0 forA = 0. motion of the surface because of their complexity. We
have shown that for a smooth surface, the singularities
of the solutions of both of these equations are integrable.
study of the convergence &f is different since from The nature of these singularities is explained in this

Eq. (60) we see that a& - 0 we hae= C.1 paper. It is very interesting to note that for the FW-H
! equation, the thickness and loading source terms alone

whereC, is a constant. However, we note that for bothy,5ye nonintegrable singularities in the solution. How-
the FW-H and K equationsg, is proportional to  ever, the addition of the surface source terms from the
quadrupole source term removes this singularity. This

M2_1. We can easily show that a®\ - 0 . S
n is, of course, expected on intuitive grounds.

Mﬁ—l = C,t whereC, is another constant. There- We hope that the present work gives further impe-
fore, the convergence ¢ is guaranteed because neartus to numerical applications of our results in high speed
rotating blade noise prediction. The closed form analytic
results of this paper open up two other areas of applica-
tion which could help aeroacousticians in their endeavor
I = ﬁg dt 2Tr[_| (o] . do 61) to reduce the noise of aeronautical machines. These
2 Cl.[ tE 1i *7 2ret areas are: i) qualitative analysis of noise generation
mechanisms by the analytic study of the appropriate
integrals in our solutions of the FW-H and K equations,
and ii) approximate analysis of the radiation field from
ducted fan inlet and exhaust and other openings that
Forls, the convergence study of condition i) appliesradiate sound to an infinite medium. The analysis is sim-
exactly for condition ii). Therefore formulation 4 has ilar to the use of the conventional Kirchhoff formula for
only removable singularities for condition ii) also. the study of diffraction by an aperture.

A = 0, we can writd, as

whereq', = q2/(Mﬁ—1) . As a matter of facly, is
better behaved for condition ii) than condition i)!

We conclude thdor a smooth surface, the solution Much work is ahead of us in the order of magnitude
of FW-H and the K equations as given here have onlgnalysis of the terms in the solution of the FW-H and the
integrable (removable) singularities for a supersonicK equation. Can a deformable botly 0 be used to
surface f = 0 The solution of the K equation is, of control noise radiation at high speed? Can we design a
course, known athe Kirchhoff formula for supersonic rigid body with desirable noise radiation property in a
surfaces given direction?

8
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Errata For AIAA 98-2375: A Study of
Supersonic Sources- The Ffowcs Williams-
Hawkings Equation and the Kirchhoff

Formula

F. Farassat, Kenneth S. Brentner and M. H. Dunn

There is an error in Eq. (30) of this paper presented at the 4th AIAA/CEAS
Aeroacoustics Conference in Toulouse, France resulting in a number of
changes in the solution of the wave Eq.(28). Equation (30) must be corrected
to

ail = %[sine + Kl(ulcose—u3sin6)] (30)
ou

wherek; is the normal curvature of the surféce 0 in the directiop of
which is the unit vector in the direction of the projection of the radiation vec-
tor f on the local tangent plane. This relation is valid to the first ordﬁlr in

and u3 . Equation (29) must be written as follows:

g (¥, 1)
amgy(x,1) = (2= H(F) 3(u%)3(g) g(z)dulduzdu3dT
F (29)
92,092 H(D) 5 (1) a2
= 1 S’(u ) du du dtT
r‘ag/au‘ g=0
Equation (31) becomes
H(f
ATy (X, 1) :_IE%{L)%@} g dda (31)
u’l rlagsaul Jg-de-o
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Initially we assume that the collapsing sphere is not tangent to the panel
f =0, f >0 as it crosses the panel. It can be shown that

09 1 0 _ cosd K1
U 3[ 1} B Y73 3" 3
Dulrlag/aul g = O _ r2(sinB)>  r(sind)

Then, using the above result and after some algebraic manipulations, Eq. (36)
becomes

_ 1| cosH Kq 2
4T[qh(x, t) = cf ; [Ttl D]Zqz— qu}du dt

sin 0 (36)

v Etlcote

¢ TTcosyl 92
Equation (44) becomes
1 d>
angy(x,t) = [ [cotdty [Lx0y—K4a] ret A
v [1,cotb (44)

r 0 ret

If, however, the collapsing sphere leaves the panel tangentially, another line
integral similar to that in eq.(44) around the edge of a hole enclosing the
point of tangency must be added. The limit of this line integral, as the maxi-
mum diameter of the hole goes to zero, adds the following term to Eq.(44)
which is not in the paper:

| = —4q2 T[/ZSIQ[k(q))]dq)
=™ lo T —k@®) ™ |

Here we have defined = 1/r sig(.) is the signum function ank{¢) is

the normal curvature of the surfate= 0 at the point of tangEasya
function of the azimuthal angle. The sign convention for the curvature is
based on assuming; = 74, i.e.,k(¢) >0 if the center of curvature is on
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the same side that; points into We assume that the surfate= 0 has

nonnegative Gaussian curvature everywhere. This is not a severe restriction
on the surfacd = 0 since, in general, one avoids a surface with saddle
points. Note that at the point of tangentyve haveM = M, . Sinceq,

has a factor oMﬁ— 1, the above equation is not singular even when the col-
lapsing equation leaves the panel at a point where there is a Doppler singular-

ity. Using Euler’s formulk () = Rl(cosq))2+ Rz(sincl))2 , where; and

f(z are the principal curvatures at the point of tangency, the above integral
can be integrated in closed form with respedito . Under some conditions,
e.g., wherD <k, <k_<kK; , this integral must be interpreted as the principal

value integral. The limit for a flat point or a cylindrical point can also be
obtained. The above integral appears in geometrical acoustics and geometric
diffraction theory. The full discussion of this point as well as the verification

of the final results will be published sdofn The conclusions of the paper are
correct. Specifically, we claim that we have presented the simplest possible
formula (designated Formulation 4) for prediction of the noise from high
speed (transonic and supersonic) moving surfaces . The discussion of singu-
larities in the paper must be changed in light of the above results. However,
the corrections given here improve the behavior of the integrals in Formula-
tion 4 at the singularities which are all removable.

We take this opportunity to bring to the attention of the readers the following
misprints in this paper:

1. Equation (29), p 4, replatavith f

2. Page 4, second colurﬁl‘(ul) aﬁg(ul) must be replaced everywhere

by &'(u®) andd’(u®) |, respectively
3. Equation (31), p 4, replacg?z) QYZ)

4. The left sides of Egs. (34) and (35) are evaluatgd=atO
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5. Equation (38), p 5, replace  withlt
6. Equation (40), p 5, replad® with
7. Equation (43), p 5, replacelt;  with’t,sin

8. First paragraph of Sec. 4, p 5, third line, ‘brief’ must be replaced by
‘belief’

The authors thank Professor Mark Farris of Midwestern State University,
Wichita Falls, Texas who pointed out the error in EQ.(30) and independently
verified our results in detail. He was the 1998 ASEE Summer Faculty Fellow
at NASA Langley Research Center working with F. Farassat.
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