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   Abstract - 7KLV� SDSHU� H[DPLQHV� YDULRXV� VRXUFHV� RI� HUURU� LQ�0,7·V� LPSURYHG� WRS� RLO� WHPSHUDWXUH� ULVH� RYHU� DPELHQW
WHPSHUDWXUH� PRGHO� DQG� HVWLPDWLRQ� SURFHVV�� � 7KH� VRXUFHV� RI� HUURU� DUH� WKH� FXUUHQW� SDUDPHWHU� HVWLPDWLRQ� WHFKQLTXH�
TXDQWL]DWLRQ�QRLVH��DQG�SRVW�SURFHVVLQJ�RI�WKH�WUDQVIRUPHU�GDWD���5HVXOWV�IURP�WKLV�SDSHU�ZLOO�VKRZ�WKDW�DQ�RXWSXW�HUURU
SDUDPHWHU�HVWLPDWLRQ�WHFKQLTXH�VKRXOG�EH�VHOHFWHG�WR�UHSODFH�WKH�FXUUHQW�OHDVW�VTXDUHV�HVWLPDWLRQ�WHFKQLTXH���7KH�RXWSXW
HUURU� WHFKQLTXH� REWDLQHG� DFFXUDWH� SUHGLFWLRQV� RI� WUDQVIRUPHU� EHKDYLRU�� UHYHDOHG� WKH� EHVW� HUURU� FRYDULDQFH�� REWDLQHG
FRQVLVWHQW�SDUDPHWHU�HVWLPDWHV��DQG�SURYLGHG�IRU�YDOLG�DQG�VHQVLEOH�SDUDPHWHUV���7KLV�SDSHU�ZLOO�DOVR�VKRZ�WKDW�WKH�RXWSXW
HUURU� WHFKQLTXH� VKRXOG�EH�XVHG� WR�PLQLPL]H�HUURUV�DWWULEXWHG� WR�SRVW�SURFHVVLQJ� �GHFLPDWLRQ��RI� WKH� WUDQVIRUPHU�GDWD�
0RGHOV�XVHG�LQ�WKLV�SDSHU�DUH�YDOLGDWHG�XVLQJ�GDWD�IURP�D�ODUJH�WUDQVIRUPHU�LQ�VHUYLFH�

� ,QWURGXFWLRQ

7KH�IDLOXUH�RI�ODUJH�SRZHU�WUDQVIRUPHUV�LV�D�FRQVLGHUDEOH�FRQFHUQ�IRU�HOHFWULF�XWLOLW\�FRPSDQLHV���(QFDVHG�LQ�WDQNV�RI
IODPPDEOH�DQG�HQYLURQPHQWDOO\�KD]DUGRXV�IOXLGV��ODUJH�SRZHU�WUDQVIRUPHUV�WKDW�IDLO�SUHVHQW�FRQVLGHUDEOH�GDQJHU�WR�SHRSOH�
SURSHUW\�DQG�WKH�ORFDO�HQYLURQPHQW���/DUJH�SRZHU�WUDQVIRUPHUV�DUH�DOVR�FRVWO\�GHYLFHV���7KH�FDSLWDO�FRVWV�DORQH�DVVRFLDWHG
ZLWK�UHSDLULQJ�RU�UHSODFLQJ�D�ODUJH�SRZHU�WUDQVIRUPHU�WKDW�KDV�VXIIHUHG�FDWDVWURSKLF�IDLOXUH�DUH�DV�PXFK�DV��������������)RU
WKHVH�UHDVRQV��XWLOLW\�FRPSDQLHV�KDYH�FOHDU�LQFHQWLYHV�WR�LGHQWLI\�DQG�GLDJQRVH�LQFLSLHQW�IDLOXUHV�LQ�LQ�VHUYLFH�WUDQVIRUPHUV
EHIRUH�WKH�IDLOXUHV�EHFRPH�FDWDVWURSKLF�
7KH�0DVVDFKXVHWWV�,QVWLWXWH�RI�7HFKQRORJ\��0,7��KDV�GHYHORSHG�DQ�DGDSWLYH��LQWHOOLJHQW�V\VWHP�IRU�RQ�OLQH�PRQLWRULQJ

DQG�GLDJQRVLV�RI�ODUJH�SRZHU�WUDQVIRUPHUV���7KLV�V\VWHP�LV�FXUUHQWO\�LPSOHPHQWHG�RQ�D�QXPEHU�RI�SRZHU�WUDQVIRUPHUV�
RZQHG�DQG�RSHUDWHG�E\�VHYHUDO�XWLOLW\�FRPSDQLHV�LQ�WKH�8QLWHG�6WDWHV���0,7·V�DGDSWLYH��RQ�OLQH�V\VWHP�XVHV�D�PRGHO�EDVHG
PRQLWRULQJ� DSSURDFK� WKDW� JLYHV� LPPHGLDWH� LQGLFDWLRQ� RI� LQFLSLHQW� IDLOXUHV� LQ� RUGHU� WR� SUHYHQW� FDWDVWURSKLF� IDLOXUHV�
$GDSWLYH�PRGHOV�� OLNH�WKRVH�XVHG� LQ�0,7·V�V\VWHP��DUH�DGYDQWDJHRXV� LQ� WKDW� WKH\� WXQH� WKHPVHOYHV� WR�HDFK� WUDQVIRUPHU
XVLQJ�SDUDPHWHU�HVWLPDWLRQ���7KH�GLDJQRVWLF�SDUW�RI�WKH�V\VWHP�LV�D�KLHUDUFKLFDO�VFKHPH�ZKLFK�DOORZV�ERWK�QHDU�UHDO�WLPH
UHVSRQVHV� �WR� DYRLG� FDWDVWURSKLF� IDLOXUH� RI� WKH� WUDQVIRUPHU��� DV� ZHOO� DV� ORQJ�WHUP� WUHQGV�� ,Q� RSHUDWLRQ�� D� WUDQVIRUPHU
PRQLWRU�LQ�WKH�V\VWHP�WDNHV�GDWD�HYHU\�ILYH�PLQXWHV���(DFK�PRGXOH�LQ�WKH�V\VWHP�WKHQ�FRPSDUHV�LWV�GDWD�ZLWK�D�PRGHO
SUHGLFWLRQ�DQG�JHQHUDWHV�D�UHVLGXDO�HUURU�
0,7·V�WUDQVIRUPHU�PRQLWRULQJ�JURXS�LQLWLDOO\�XVHG�WKH�,(((�$16,�WRS�RLO�WHPSHUDWXUH�ULVH�RYHU�DPELHQW�WHPSHUDWXUH

�727��PRGHO�DV�D�UHDVRQDEOH�VWDUWLQJ�SRLQW�WR�PRGHO�WKH�WUDQVIRUPHU·V�WKHUPDO�EHKDYLRU��$IWHU�DQDO\]LQJ�GDWD�FROOHFWHG
IURP�ODUJH�WUDQVIRUPHUV�LQ�VHUYLFH��WKH�PRQLWRULQJ�JURXS�VXFFHVVIXOO\�DUJXHG�WKDW�WKH�,(((�$16,�VWDQGDUG�727�PRGHO
GRHV�QRW�DFFXUDWHO\�DFFRXQW�IRU�YDULDWLRQV�LQ�DPELHQW�WHPSHUDWXUH�>�@���$�VOLJKWO\�PRGLILHG�727�PRGHO�ZDV�IRXQG�WKDW
DGHTXDWHO\�LQFRUSRUDWHG�DPELHQW�WHPSHUDWXUH�YDULDWLRQV���7KH�PRGLILHG�PRGHO�JDYH�DQ�LPSURYHG�SHUIRUPDQFH�RYHU�WKH
VWDQGDUG�PRGHO���7KH�PHDQ�DQG�YDULDQFH�RI�WKH�HUURU�LQ�SUHGLFWHG�RLO�WHPSHUDWXUH�ZHUH�VLJQLILFDQWO\�VPDOOHU��FRPSDUHG�WR
WKH�VWDQGDUG�PRGHO�
7KLV�SDSHU�SURYLGHV�D�QH[W�VWHS�LQ�WKH�DERYH�SURFHVV�E\�H[DPLQLQJ�YDULRXV�VRXUFHV�RI�HUURUV�LQ�WKH�LPSURYHG�PRGHO

DQG�HVWLPDWLRQ�SURFHVV�DQG�E\�SURSRVLQJ�PRGLILFDWLRQV�WR�WKH�RQ�OLQH�V\VWHP�WR�HIIHFWLYHO\�PLQLPL]H�HUURUV�LQWURGXFHG�E\
WKH�HVWLPDWLRQ�RI�SDUDPHWHUV���WKH�TXDQWL]DWLRQ�QRLVH�IRXQG�LQ�WKH�FROOHFWHG�GDWD��DQG�WKH�HIIHFWV�RI�SRVW�SURFHVVLQJ��GDWD
VDPSOLQJ�DQG�FRQVWDQW�ELDVHV���7KH�DSSURDFK�LQ�WKLV�SDSHU�LV�WR�
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• FKRRVH� WKH�EHVW�RYHUDOO� SDUDPHWHU� HVWLPDWLRQ� WHFKQLTXH� WR� FDOFXODWH�SDUDPHWHUV� LQ� WKH� WUDQVIRUPHU�PRGHO�ZKLOH
DQDO\]LQJ�ZKHWKHU� RU� QRW� WKH� DGGLWLRQ� RI� D� TXDQWL]DWLRQ� WHUP� WR� WKH� WUDQVIRUPHU�PRGHO� LPSURYHV� WKH�PRGHO·V
SUHGLFWLRQ��DQG

• H[DPLQH�WKH�HIIHFWV�RI�GHFLPDWLRQ��PLVVLQJ�GDWD��DQG�ELDV�RQ�WKH�SDUDPHWHU�HVWLPDWHV�

5HVXOWV�LQ�WKLV�SDSHU�ZLOO�IROORZ�D�V\VWHPDWLF�SURFHVV�DV�GHVFULEHG�LQ�WKH�DSSURDFK���7KH�V\VWHPDWLF�SURFHVV�EHJLQV�E\
ILUVW� GHWHUPLQLQJ�ZKLFK�SDUDPHWHU� HVWLPDWLRQ� WHFKQLTXH� SURGXFHV� EHWWHU� SDUDPHWHUV� IRU� WKH� LPSURYHG�PRGHO�ZLWK� QR
VSHFLILF�FRPSHQVDWLRQ�IRU�TXDQWL]DWLRQ�GLVWXUEDQFHV��WKDW�LV��WKH�QRLVH�LV�QRW�DVVXPHG�WR�FRPH�IURP�TXDQWL]DWLRQ�HIIHFWV�
6HFRQG��WKH�SURFHVV�ZLOO�HQGHDYRU�WR�ILQG�WKH�EHVW�SDUDPHWHU�HVWLPDWLRQ�WHFKQLTXH�WKDW�VLJQLILFDQWO\�UHGXFHV�WKH�HIIHFWV�RI
TXDQWL]DWLRQ�QRLVH���)LQDOO\��WKH�SURFHVV�ZLOO�FRQFOXGH�E\�GHWHUPLQLQJ�WKH�HIIHFWV�RI�GHFLPDWLRQ�DQG�ELDV�RI�WKH�WUDQVIRUPHU
GDWD�LQ�RUGHU�WR�UHGXFH�HUURUV�LQ�WKH�SDUDPHWHU�HVWLPDWHV�DWWULEXWHG�WR�SRVW�SURFHVVLQJ�
1XPHURXV�SDUDPHWHU�HVWLPDWLRQ�WHFKQLTXHV�DUH�DSSOLHG�WR�HVWLPDWH�WKH�SDUDPHWHUV�LQ�WKH�WUDQVIRUPHU�PRGHO�VRPH�ZLWK

DQG�ZLWKRXW�FRUUHFWLRQV�IRU�TXDQWL]DWLRQ�HUURU���7KH�WHFKQLTXHV�DUH��OHDVW�VTXDUHV��/6���SUHGLFWLRQ�HUURU��3(���RXWSXW�HUURU
�2(���RSWLPDO�LQVWUXPHQWDO�YDULDEOHV��,9����DQG�PD[LPXP�OLNHOLKRRG��0/��HVWLPDWLRQ�
$QDO\VLV� DQG� EDFNJURXQG� RI� WKH� RQ�OLQH� PRQLWRULQJ� V\VWHP�� WKH� RULJLQDO� PRGHO�� DQG� WKH� LPSURYHG� PRGHO� ZLOO� EH

GHVFULEHG� LQ� VHFWLRQ���� �5HVXOWV�RI� WKH�SURFHVV�ZLOO� EH�GHVFULEHG� LQ� VHFWLRQ����&RQFOXVLRQV� DQG� UHFRPPHQGDWLRQV�ZLOO
IROORZ�LQ�VHFWLRQ���

� 6\PEROV�DQG�$FURQ\PV

6\PEROV
θtop WRS�RLO�WHPSHUDWXUH

θamb DPELHQW�WHPSHUDWXUH

θo � WRS�RLO�WHPSHUDWXUH�ULVH�RYHU�DPELHQW�WHPSHUDWXUH

θ fl IXOO�ORDG�WRS�RLO�WHPSHUDWXUH�ULVH�RYHU�DPELHQW�WHPSHUDWXUH

θi LQLWLDO�WRS�RLO�WHPSHUDWXUH�ULVH�RYHU�DPELHQW�WHPSHUDWXUH

To � WKHUPDO�WLPH�FRQVWDQW�RI�WKH�WUDQVIRUPHU

∆t VDPSOLQJ�SHULRG
�W FRQWLQXRXV�WLPH
�N��τ GLVFUHWH�WLPH
�,��� ORDG�FXUUHQW
�,UDWHG� UDWHG�ORDG
5�� UDWLR�RI�ORDG�ORVV�DW�UDWHG�ORDG�WR�QR�ORDG�ORVV
Q�� FRROLQJ�VWDWH�RI�WKH�WUDQVIRUPHU
Φ � UHJUHVVRU�PDWUL[
(^` H[SHFWHG�YDOXH
( HUURU�YHFWRU
<� REVHUYDWLRQ�YHFWRU
�θ SDUDPHWHU�YHFWRU
. JHQHULF�HVWLPDWHG�SDUDPHWHU

e [k]q � GLVFUHWH�TXDQWL]DWLRQ�HUURU

q [k]n � GLVFUHWH�TXDQWL]DWLRQ�GLVWXUEDQFH

µ e UHVLGXDO�PHDQ

σ e
2

UHVLGXDO�YDULDQFH

�, �a b SDUDPHWHU�HVWLPDWHV



�

�y REVHUYDWLRQ�HVWLPDWH

�X LQSXW
�\ REVHUYDWLRQ
�φ ��� UHJUHVVRU�YHFWRU

�H�W� DGGLWLYH�HUURUV

$FURQ\PV
$16, $PHULFDQ�1DWLRQDO�6WDQGDUGV�,QVWLWXWH
,((( ,QVWLWXWH�RI�(OHFWULFDO�DQG�(OHFWURQLFV�(QJLQHHUV
,9� ,QVWUXPHQWDO�9DULDEOHV�WHFKQLTXH�DSSOLHG�WR�WKH�LPSURYHG�727�PRGHO
,9���TQ� ,QVWUXPHQWDO�9DULDEOHV�WHFKQLTXH�ZLWK�FRPSHQVDWLRQ�IRU�TXDQWL]DWLRQ�QRLVH
/6 /HDVW�6TXDUHV�WHFKQLTXH
0/ 0D[LPXP�/LNHOLKRRG�WHFKQLTXH
0,7 0DVVDFKXVHWWV�,QVWLWXWH�RI�7HFKQRORJ\
1$6$ 1DWLRQDO�$HURQDXWLFV�DQG�6SDFH�$GPLQLVWUDWLRQ
2( 2XWSXW�(UURU�WHFKQLTXH�DSSOLHG�WR�WKH�LPSURYHG�727�PRGHO
2(��TQ� 2XWSXW�(UURU�WHFKQLTXH�ZLWK�FRPSHQVDWLRQ�IRU�TXDQWL]DWLRQ�QRLVH
3( 3UHGLFWLRQ�(UURU�WHFKQLTXH
41 4XDQWL]DWLRQ�1RLVH
727 7RS�RLO�WHPSHUDWXUH�ULVH�RYHU�DPELHQW�WHPSHUDWXUH

� $QDO\VLV�DQG�%DFNJURXQG

������� $GDSWLYH��2Q�/LQH�0RQLWRULQJ�6\VWHP

7KH�RQ�OLQH�PRQLWRULQJ�V\VWHP�FRPSDUHV�HDFK�WUDQVIRUPHU·V�PHDVXUHPHQWV��REVHUYDWLRQV��ZLWK�SUHGLFWLRQV�REWDLQHG
IURP�VLPXODWLRQ�PRGHOV��$�UHVLGXDO�VLJQDO�UHVXOWV�E\�FRPSXWLQJ�WKH�GLIIHUHQFH�EHWZHHQ�WKH�RXWSXW�RI�WKH�WUDQVIRUPHU�DQG
WKH�RXWSXW�RI�WKH�VLPXODWLRQ�PRGHO��ILJXUH���D�����7UDQVIRUPHU�IDLOXUHV�FDQ�EH�GHWHFWHG�LQ�WZR�ZD\V��ILUVW��E\�FKHFNLQJ�IRU
ODUJH�GHYLDWLRQV�LQ�WKH�UHVLGXDO�VLJQDO�DQG�VHFRQG��E\�WUDFNLQJ�SDUDPHWHU�WUHQGV�>�@���5DSLGO\�GHYHORSLQJ�SDUDPHWHU�WUHQGV
PD\�LQGLFDWH�SUREOHPV�ZLWK�WKH�WUDQVIRUPHU���/RQJ�WHUP�WUHQGV�LQ�WKH�SDUDPHWHU�HVWLPDWHV�SURYLGH�LQIRUPDWLRQ�RQ�QDWXUDO
DJLQJ���7KH�DGDSWLYH�PRGHO�EDVHG�V\VWHP�ZDV�VXFFHVVIXOO\�LPSOHPHQWHG�LQ�WKH�0,7�SLORW�WUDQVIRUPHU�IDFLOLW\�>���@��7KH
DGDSWLYH�PRGHOV��ZKRVH�SDUDPHWHUV�DUH�REWDLQHG�XVLQJ�SDUDPHWHU�HVWLPDWLRQ��DUH�DGYDQWDJHRXV�LQ�WKDW�WKH\�KDYH�WKH�DELOLW\
WR�WXQH�WKHPVHOYHV�WR�HDFK�WUDQVIRUPHU���7KH�DGDSWDWLRQ�RI�SDUDPHWHUV�FDQ�RFFXU�LQ�VSHFLILHG�LQWHUYDOV��GDLO\��ZHHNO\��HWF���
7KH�SURFHVV�JHQHUDOO\�LQYROYHV�WKH�GHWHUPLQDWLRQ�RI�SDUDPHWHUV�WKDW�EHVW�GHVFULEH�SDVW�GDWD���7KHVH�SDUDPHWHUV��LQ�WXUQ�
DUH�XVHG�WR�SUHGLFW�WUDQVIRUPHU�EHKDYLRU�

������ ,(((�0RGHO

7KH�,(((�$16,�&�������WUDQVIRUPHU�WRS�RLO�WHPSHUDWXUH�ULVH�RYHU�DPELHQW�WHPSHUDWXUH�PRGHO�>�@�LV�EDVHG�RQ�WKH
WKHRU\�WKDW�DQ�LQFUHDVH�LQ�WKH�FXUUHQW�RI�D�WUDQVIRUPHU�UHVXOWV�LQ�ORVVHV�ZKLFK�LQ�HIIHFW�LQFUHDVH�WKH�RYHUDOO�WHPSHUDWXUH�RI
WKH�GHYLFH�� �7KH�,(((�PRGHO� UHSUHVHQWV�D� ILUVW�RUGHU�H[SRQHQWLDO� UHVSRQVH�IURP�DQ� LQLWLDO� WHPSHUDWXUH�VWDWH� WR�D� ILQDO
WHPSHUDWXUH�VWDWH�
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������� 0,7·V�,PSURYHG�0RGHO
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$�WKRURXJK�GHWDLO�RI�WKH�UHVXOWV��LQFOXGLQJ�SORWV�DQG�WDEOHV��IRU�WKH�LPSURYHG�PRGHO�DUH�IRXQG�LQ�>�@�

������� 6RXUFHV�RI�(UURU

7KHUH�DUH�SRVVLEOH�VRXUFHV�RI�HUURU� LQ� WKH� WUDQVIRUPHU�PRGHO��DV�GHVFULEHG� LQ� >�@�� �7KRXJK�WKH�IRFXV�RI� >�@�ZDV�RQ
PRGHOLQJ�� WKH�VDPH�VRXUFHV�RI�HUURU�H[LVW� LQ� WKH� LPSURYHG�PRGHO�� �7KH� ILUVW� VRXUFH�RI�HUURU�PD\�EH� WKH� OHDVW�VTXDUHV
SDUDPHWHU� HVWLPDWLRQ� WHFKQLTXH�� 7KH� VHFRQG� VRXUFH� RI� HUURU� PD\� EH� WKH� TXDQWL]DWLRQ� QRLVH� LQWURGXFHG� E\� D� �R&
PHDVXUHPHQW�UHVROXWLRQ�LQ�WKH�WLPH�YDU\LQJ��WHPSHUDWXUH�GDWD���7KH�WKLUG�VRXUFH�PD\�EH�WKH�ILYH�PLQXWH�VDPSOLQJ�SHULRG
RULJLQDOO\�VHOHFWHG�WR�HQDEOH�WKH�FRQVLVWHQW�HVWLPDWLRQ�RI�SDUDPHWHUV���7KH�GHVFULEHG�VRXUFHV�RI�HUURU�ZLOO�EH�DGGUHVVHG�LQ
WKH�QH[W�VHFWLRQ�

� 5HVXOWV

7KLV� VHFWLRQ� ZLOO� GHVFULEH� ERWK� WKH� SDUDPHWHU� HVWLPDWLRQ� WHFKQLTXHV� XVHG� DQG� WKH� FULWHULD� XVHG� WR� VHOHFW� WKH� EHVW
HVWLPDWLRQ� WHFKQLTXH��$V� VHHQ� LQ� ILJXUHV� ��E�� DQG� ��F��� WKH� LQSXWV� RI� WKH� RQ�OLQH�PRQLWRULQJ� V\VWHP� DUH� FRUUXSWHG� E\
TXDQWL]DWLRQ�QRLVH�GXH�WR�D��R&�PHDVXUHPHQW�UHVROXWLRQ���7KH�RXWSXW��QRW�VKRZQ��LV�DOVR�FRUUXSWHG���7KLV�PD\�RU�PD\�QRW
EH�D�SUREOHP�IRU�WKH�HVWLPDWLRQ�RI�SDUDPHWHUV���7R�GHWHUPLQH�LI�WKH��R&�PHDVXUHPHQW�UHVROXWLRQ�LQWURGXFHV�D�GHOHWHULRXV
HIIHFW� LQWR� WKH� SDUDPHWHU� HVWLPDWHV�� WZR� VHSDUDWH� DQDO\VHV�ZLOO� EH� FRQGXFWHG�� � ,Q� WKH� ILUVW� DQDO\VLV�� WHFKQLTXHV�ZLOO� EH
FRPSDUHG�ZLWK� QR� DSSDUHQW� DWWHQWLRQ� WR� WKH� TXDQWL]DWLRQ� HIIHFWV�� WKDW� LV�� DOO� GLVWXUEDQFHV� DUH� DVVXPHG� WR� FRPH� IURP
*XDVVLDQ�ZKLWH�QRLVH�� �,Q�WKH�VHFRQG�DQDO\VLV�� WHFKQLTXH�FRPSDULVRQV�ZLOO�H[SOLFLWO\�DGGUHVV�WKH�HIIHFWV�RI�TXDQWL]DWLRQ
QRLVH�
7KH� LQYHVWLJDWLRQ� LQWR� YDULRXV� VRXUFHV� RI� HUURU� ZLOO� EH� DQDO\]HG� E\� ILUVW� GHWHUPLQLQJ� ZKLFK� SDUDPHWHU� HVWLPDWLRQ

WHFKQLTXH� SURGXFHV� EHWWHU� SDUDPHWHUV� IRU� WKH� LPSURYHG� PRGHO� ZLWK� QR� FRPSHQVDWLRQ� IRU� TXDQWL]DWLRQ� GLVWXUEDQFHV
�VHFWLRQ��������1H[W��WKH�SURFHVV�ZLOO�DGGUHVV�WKH�LVVXH�RI�ILQGLQJ�WKH�EHVW�SDUDPHWHU�HVWLPDWLRQ�WHFKQLTXH�WKDW�DGHTXDWHO\
FRPSHQVDWHV�IRU�WKH�HIIHFWV�RI�TXDQWL]DWLRQ�QRLVH��VHFWLRQ��������)LQDOO\��WKH�SURFHVV�ZLOO�H[DPLQH�WKH�HIIHFWV�RI�GHFLPDWLRQ
DQG�ELDV�RI�WKH�WUDQVIRUPHU�GDWD�LQ�RUGHU�WR�UHGXFH�HUURUV�LQ�WKH�SDUDPHWHU�HVWLPDWHV�DWWULEXWHG�WR�SRVW�SURFHVVLQJ��VHFWLRQ
�����

3DUDPHWHU�HVWLPDWLRQ�WHFKQLTXHV

7KH�YDULRXV�SDUDPHWHU�HVWLPDWLRQ�WHFKQLTXHV�XVHG�LQ�WKLV�LQYHVWLJDWLRQ�ZHUH�VHOHFWHG�IURP�D�UHDVRQDEO\�ZLGH�UDQJH�RI
DYDLODEOH�FDWHJRULHV�� �7KH� LQYHVWLJDWLRQ� LV�QRW�H[KDXVWLYH�GXH� WR� WKH� IDFW� WKDW�RQO\� ILYH� WHFKQLTXHV�ZHUH� VHOHFWHG�� OHDVW�
VTXDUHV��/6��HVWLPDWLRQ��SUHGLFWLRQ�HUURU��3(��HVWLPDWLRQ��RXWSXW�HUURU��2(��HVWLPDWLRQ��WKH�RSWLPDO�LQVWUXPHQWDO�YDULDEOHV
�,9��� WHFKQLTXH��DQG�PD[LPXP�OLNHOLKRRG��0/��HVWLPDWLRQ�� �7KHVH�ILYH� WHFKQLTXHV�DUH�UHSUHVHQWDWLYH��KRZHYHU��RI� WKH
IXQGDPHQWDO� EUHDGWK�RI� HVWLPDWLRQ� WHFKQLTXHV�� WKDW� LV�� DW� OHDVW� IRXU� FDWHJRULHV� RI� SDUDPHWHU� HVWLPDWLRQ� WHFKQLTXHV� DUH
FRYHUHG� LQ� WKLV� LQYHVWLJDWLRQ�� �/HDVW�VTXDUHV� �/6�� DQG�SUHGLFWLRQ� HUURU� �3(�� UHSUHVHQW� VWDQGDUG� OLQHDU� WHFKQLTXHV�ZKLOH
RXWSXW� HUURU� �2(�� HVWLPDWLRQ� UHSUHVHQWV� D� VWDQGDUG� QRQOLQHDU� WHFKQLTXH�� � 7KH� RSWLPDO� LQVWUXPHQWDO� YDULDEOH� �,9��
WHFKQLTXH�FDQ�EH�HLWKHU�D�OLQHDU�RU�QRQOLQHDU�DSSURDFK�GHSHQGLQJ�RQ�WKH�FKRLFH�RI�LQVWUXPHQWV���,W�ZDV�LQFOXGHG�EHFDXVH
RI� LWV� IOH[LELOLW\� LQ� VHOHFWLQJ� DSSURSULDWH� LQVWUXPHQWV�� � )LQDOO\�� WKH� PD[LPXP� OLNHOLKRRG� �0/�� WHFKQLTXH� ZDV� VHOHFWHG
EHFDXVH�RI�LWV�SXUHO\�VWRFKDVWLF�DSSURDFK�
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&ULWHULD�IRU�VHOHFWLQJ�WKH�EHVW�HVWLPDWLRQ�WHFKQLTXH

)LYH� FULWHULD�ZLOO� EH� XVHG� WR� VHOHFW� WKH� EHVW� SDUDPHWHU� HVWLPDWLRQ� WHFKQLTXH�� � 7KH� HVWLPDWLRQ� WHFKQLTXH�ZKLFK� EHVW
VDWLVILHV� WKH� PDMRULW\� RI� FULWHULD� LQ� LWV� LPSOHPHQWDWLRQ� ZLOO� EH� GHVLJQDWHG� WKH� EHVW� RYHUDOO� WHFKQLTXH� DPRQJ� VHOHFWHG
WHFKQLTXHV���([SODQDWLRQ�RI�HDFK�FULWHULD�ZLOO�IROORZ�

����'RHV�WKH�WHFKQLTXH�SURYLGH�DQ�DGHTXDWH�SUHGLFWLRQ"

,Q� RUGHU� IRU� WKH� RQ�OLQH� PRQLWRULQJ� V\VWHP� WR� GHWHFW� IDLOXUHV� LQ� WKH� WUDQVIRUPHU�� WKH� PRGHO� PXVW� DFFXUDWHO\� SUHGLFW
WUDQVIRUPHU�EHKDYLRU���)RU�REYLRXV�UHDVRQV��WKLV�FULWHULRQ�LV�WKH�PRVW�LPSRUWDQW�

����,V�WKH�WHFKQLTXH�VXLWDEOH�IRU�WKH�GHWHFWLRQ�RI�IDLOXUHV�LQ�WKH�RQ�OLQH�PRQLWRULQJ�V\VWHP"

$�SDUDPHWHU�HVWLPDWLRQ�WHFKQLTXH�ZLOO�EH�FRQVLGHUHG�XQVXLWDEOH�LI�LW�UHQGHUV�UHVLGXDO�HUURUV�IURP�WKH�RQ�OLQH�PRQLWRULQJ
V\VWHP�XVHOHVV���6LJQLILFDQW�GHYLDWLRQV�SURYLGH�LQIRUPDWLRQ�RQ�SRVVLEOH�WUDQVIRUPHU�IDLOXUHV���,I�DQ�HVWLPDWLRQ�WHFKQLTXH
UHQGHUV�WKLV�UHVLGXDO�LQIRUPDWLRQ�XVHOHVV��WKH�PRQLWRULQJ�V\VWHP�ZLOO�QRW�GHWHFW�WUDQVIRUPHU�IDLOXUHV�

����'RHV�WKH�WHFKQLTXH�UHDOL]H�VHQVLEOH�SK\VLFDO�SDUDPHWHUV"

7KLV�FULWHULRQ�LV�H[WUHPHO\�LPSRUWDQW�LQ�WKDW�LW�JLYHV�SK\VLFDO�LQVLJKW�LQWR�WKH�WUDQVIRUPHU·V�EHKDYLRU���3K\VLFDO�SDUDPHWHUV
WKDW� DUH� RXW� RI� UDQJH� JLYH� D� JRRG� LQGLFDWLRQ� RI� DQ� XQVXLWDEOH� SDUDPHWHU� HVWLPDWLRQ� WHFKQLTXH�� � $FFHSWDEOH� SK\VLFDO
SDUDPHWHUV�PXVW�IDOO�LQ�WKH�IROORZLQJ�UDQJHV�

���������������To ����������������PLQXWHV

����������������θ fl �����������������
R&�����������������������������������������������������������������������������������

� ���������������5��������������������GLPHQVLRQOHVV��

����'RHV�WKH�WHFKQLTXH�SURYLGH�IRU�WKH�FRQVLVWHQW�HVWLPDWLRQ�RI�SDUDPHWHUV"

6HYHUDO�VHWV�RI�FRQVHFXWLYH�GDWD�ZLOO�EH�XVHG�WR�HYDOXDWH�WKH�HVWLPDWLRQ�WHFKQLTXHV���)RU�H[DPSOH��HLJKW�GD\V�RI�WUDQVIRUPHU
GDWD�ZLOO�EH�GLYLGHG�WR�\LHOG�IRXU�VHWV�RI�WZR�GD\�OHQJWK�GDWD���,I�WKH�SK\VLFDO�SDUDPHWHUV�IURP�DQ�HVWLPDWLRQ�WHFKQLTXH�YDU\
ZLGHO\�IURP�RQH�GDWD�VHW�WR�WKH�QH[W�FRQVHFXWLYH�GDWD�VHW��WKH�SDUDPHWHU�HVWLPDWLRQ�WHFKQLTXH�ZLOO�EH�GHHPHG�LQFRQVLVWHQW�

����'RHV�WKH�WHFKQLTXH�SURGXFH�D�FRQVLVWHQWO\�PLQLPDO�HUURU�FRYDULDQFH"

7KH�HUURU�FRYDULDQFH�XVHG�WR�YDOLGDWH�HVWLPDWHG�SDUDPHWHUV�LQ�WKH�SLORW�SURJUDP�>�@�ZDV�DOVR�XVHG�LQ�WKLV� LQYHVWLJDWLRQ�
7KH�YDOLG�PHDVXUH

θ̂ - Y = E     Φ �����������������������������������������������������������������������������������������

( )( ) 
m-1+k

EE
 = C 

1−
ΦΦ T

T

��������������������������������������������������������������������������

( ) C   trace= valid ���������������������������������������������������������������������������������

LV�FRQFLVH�LQ�WKDW�LW�UHIOHFWV�WKH�DFFXUDF\�RI�DOO�WKH�SDUDPHWHUV���,Q������Φ �LV�WKH�UHJUHVVRU�PDWUL[�ZLWK�(�DQG�<�UHSUHVHQWLQJ
WKH�HUURU�DQG�REVHUYDWLRQ�YHFWRUV��UHVSHFWLYHO\���7KH�WHUP�¶N�������P�·�LV�VLPSO\�WKH�OHQJWK�RI�WKH�HUURU�YHFWRU���)RU�JRRG
SDUDPHWHU�HVWLPDWHV��WKH�HUURU�FRYDULDQFH�VKRXOG�EH�VPDOO�



�

��� 7HFKQLTXH�&RPSDULVRQV�ZLWK�1R�&RPSHQVDWLRQ�IRU�4XDQWL]DWLRQ�(IIHFWV

7KLV�VHFWLRQ�GHWHUPLQHV�ZKLFK�SDUDPHWHU�HVWLPDWLRQ� WHFKQLTXH�SURGXFHV�EHWWHU�SDUDPHWHUV� IRU� WKH� LPSURYHG�PRGHO
ZLWK�QR�FRPSHQVDWLRQ�IRU�TXDQWL]DWLRQ�GLVWXUEDQFHV��WKDW�LV��WKH�QRLVH�LV�QRW�DVVXPHG�WR�FRPH�IURP�TXDQWL]DWLRQ�QRLVH�
6HYHUDO�ZHHNV�RI�WUDQVIRUPHU�GDWD�IURP�D�ODUJH�WUDQVIRUPHU�LQ�VHUYLFH�ZHUH�XWLOL]HG�LQ�WKLV�SDSHU��KRZHYHU��RQO\�WZR�GD\
OHQJWK� FRQVHFXWLYH�GDWD� VHWV�ZHUH�XVHG� LQ� WKLV� ILUVW� DQDO\VLV�� �7KH� VHOHFWLRQ�RI� WZR�GD\� OHQJWK� GDWD� VHWV�ZDV� DUELWUDULO\
HVWDEOLVKHG���$OO�ILYH�SDUDPHWHU�HVWLPDWLRQ�WHFKQLTXHV�DUH�FRPSDUHG�LQ�WKLV�DQDO\VLV�� �7KH�JRDO�ZLOO�EH�WR�GHWHUPLQH�WKH
WHFKQLTXH�WKDW�EHVW�PHHWV�WKH�ILYH�VHOHFWLRQ�FULWHULD���$QDO\VLV�RI�HDFK�WHFKQLTXH�IROORZV�

/HDVW�6TXDUHV��/6��(VWLPDWHG�0RGHO

8VLQJ�WKH�IRUP�RI�WKH�OLQHDU�UHJUHVVLRQ�PRGHO�������D�OLQHDU�OHDVW�VTXDUHV��/6��PRGHO�ZDV�IRXQG�WR�SURGXFH�HIIHFWLYHO\
]HUR�PHDQ�UHVLGXDOV�ZLWK�D�����DYHUDJH�UHVLGXDO�YDULDQFH�XVLQJ�YDULRXV�VHWV�RI�WUDQVIRUPHU�GDWD��(TXDWLRQ������FRUUHVSRQGV

WR�HTXDWLRQ�����E\�DOORZLQJ�\�WR�EH� oθ DQG�E\�DOORZLQJ�θ �WR�EH�WKH�YHFWRU�RI�XQNQRZQ�SDUDPHWHUV��K , K , K1 2 3 ��� �7R

FRPSOHWH� WKH� UHPDLQGHU� RI� WKH� VXEVWLWXWLRQ�� WKH� UHJUHVVRU� YHFWRU�� φ �� FRUUHVSRQGV� WR� D� UHJUHVVRU�PDWUL[� KDYLQJ� WKUHH
FROXPQV�ZKHUH�WKH�ILUVW�FROXPQ�LV�DVVLJQHG�WKH�YDOXHV�REWDLQHG�IURP� [k]-] -[k ambtop θθ 1 ��WKH�VHFRQG�FROXPQ�KDV�WKH

YDOXHV�RI� [k]I 2 ��DQG�WKH�WKLUG�FROXPQ�LV�D�YHFWRU�RI�RQHV���6LPLODU�VXEVWLWXWLRQV�ZHUH�SHUIRUPHG�IRU�DOO�WKH�SDUDPHWHU

HVWLPDWLRQ�WHFKQLTXHV�DQDO\]HG�LQ�WKLV�SDSHU�

)t(e)t()t(y T += θφ ������������������������������������������������������������������������������

7KH�/6�ORVV�IXQFWLRQ������LV�WKH�VWDQGDUG�/��QRUP�PHDVXUH�RI�HUURU�XVHG�WR�EHVW�ILW�WKH�PRGHO�RXWSXWV�WR�WKH�REVHUYHG
RXWSXWV�� � $Q� HUURU� FRYDULDQFH� RI� ���� [� ����� ZDV� REWDLQHG� IRU� WKH� /6� DSSUR[LPDWLRQ� DQG�ZLOO� VHUYH� DV� D� EDVHOLQH� IRU
FRPSDULVRQ�VLQFH�LW�ZDV�XVHG�LQ�WKH�SUHYLRXV�VWXG\�>�@���$OO�/6�SDUDPHWHUV�ZHUH�HVWLPDWHG�XVLQJ�WKH�/6�SURFHGXUH�LQ������
)LJXUH���D��VKRZV�WKH�FDOFXODWHG�DQG�PHDVXUHG�WRS�RLO�WHPSHUDWXUH�RXWSXWV�

2T
iiymin∑ − θφ

θ
�������������������������������������������������������������������������������

( ) YTT ΦΦΦ
1ˆ −

=θ �������������������������������������������������������������������������������

:KHQ�XVHG�WR�SUHGLFW�WKH�IXWXUH�EHKDYLRU�RI�WKH�WUDQVIRUPHU��WKH�/6�HVWLPDWHV�SURGXFHG�VLJQLILFDQW�HUURU�LQ�ERWK�WKH
PHDQ�DQG�YDULDQFH�RI�WKH�UHVLGXDOV��ILJXUH���E�����7KH�/6�WHFKQLTXH�DOVR�GLG�QRW�SURGXFH�RYHUDOO�FRQVLVWHQF\�RI�SK\VLFDO

SDUDPHWHUV��HVSHFLDOO\�ZLWK�UHVSHFW�WR�θ fl �VHH�WDEOH����

3UHGLFWLRQ�(UURU��3(��(VWLPDWHG�0RGHO

6LQFH�SUHGLFWLRQ�HUURU��3(��LV�D�/6�WHFKQLTXH��PRVW�/6�UHVXOWV�GHVFULEHG�HDUOLHU�DSSO\���7KH�GLIIHUHQFH�EHWZHHQ�WKH�WZR
UHVWV�LQ�LPSOHPHQWDWLRQ���$�3(�PRGHO�RI�WKH�IRUP

11  ˆ ˆˆ −− += kkk ubyay ����������������������������������������������������������������������������

KDV�WKH�DGYDQWDJH�RI�DGMXVWLQJ�D�PRGHO�WR�REWDLQ�D�EHWWHU�ILW�>�@���7KH�DGMXVWPHQW�LV�FDXVHG�E\�WKH�3(�ORVV�IXQFWLRQ
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2))(ˆ(min ��������������������������������������������������������������������
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ZKLFK�REWDLQV�D�SUHGLFWLRQ�EDVHG�RQ�SUHVHQW�GDWD�LQ�RUGHU�WR�PLQLPL]H�WKH�YDULDQFH�RI�WKH�SUHGLFWLRQ�τ �VWHSV�DKHDG�RI�WKH
RXWSXW���7KLV��LQ�HVVHQFH��UHVXOWV�LQ�VLJQLILFDQWO\�PLQLPL]HG�UHVLGXDOV���7KLV�DGYDQWDJH��KRZHYHU��LV�LQ�HIIHFW�D�GLVDGYDQWDJH
WR� WKH� SXUSRVH� RI� WKH� RQ�OLQH�PRQLWRULQJ� V\VWHP�� � 6LQFH� WKH� RQ�OLQH�PRQLWRULQJ� V\VWHP� GHWHFWV� SRVVLEOH� WUDQVIRUPHU
IDLOXUHV�E\�ZD\�RI�UHVLGXDO�DQG�SDUDPHWHU�WUHQGV��WKH�3(�WHFKQLTXH�IDLOV�LQ�LPSOHPHQWDWLRQ�E\�GUDVWLFDOO\�UHGXFLQJ�UHVLGXDOV
WR�VXFK�D�SRLQW�DV�WR�UHQGHU�LQIRUPDWLRQ�IURP�D�UHVLGXDO�VHTXHQFH�XVHOHVV��)LJXUHV���D��DQG���E��VKRZ�WKH�FDOFXODWHG�DQG
PHDVXUHG�WRS�RLO�WHPSHUDWXUH�RXWSXWV�XVLQJ�WKH�3(�WHFKQLTXH���1XPHULFDO�YDOXHV�IURP�WKLV�HVWLPDWLRQ�WHFKQLTXH�PD\�EH
IRXQG�LQ�WDEOH���

2XWSXW�(UURU��2(��(VWLPDWHG�0RGHO

$Q�RXWSXW�HUURU��2(��HVWLPDWHG�PRGHO�RI�WKH�IRUP�LQ������ZDV�IRXQG�ZKLFK�SURGXFHG�FRQVLVWHQW�SDUDPHWHUV�DPRQJ
PDQ\�GDWD�VHWV���7KH�2(�HVWLPDWHG�PRGHO�SURGXFHG�]HUR�PHDQ�UHVLGXDOV�ZLWK�D�UHVLGXDO�YDULDQFH�RI�����RQ�DYHUDJH�

11  ˆˆ ˆˆ −− += kkk ubyay ����������������������������������������������������������������������������

�7KLV�UHSUHVHQWV�DSSUR[LPDWHO\�D�����LPSURYHPHQW�RYHU�WKH�/6�UHVLGXDO�YDULDQFH���7KH�2(�ORVV�IXQFWLRQ�KDV�WKH�IRUP
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ZKLFK�H[HUWV�LWV�HIIRUWV�RQ�LGHQWLI\LQJ�WKH�SDUDPHWHUV�RI�WKH�SRO\QRPLDOV�)�DQG�%���7KLV�SRO\QRPLDO�QRWDWLRQ�LV�DGRSWHG
IURP�WKH�VWDQGDUG�%R[�-HQNLQV�WUDQVIHU�IXQFWLRQ�PRGHO�ZKHUH�)�DQG�%�DUH�SRO\QRPLDOV�LQ�]���>�@���7KH�HUURU�FRYDULDQFH�RI
WKH�2(�DSSUR[LPDWLRQ�ZDV�IRXQG�WR�EH�����[������ZKLFK�LV�D�WZR�RUGHU�RI�PDJQLWXGH�LPSURYHPHQW�RYHU�WKH�/6�VWDWLVWLF�
:LWK�WKH�DGYDQWDJH�RI�ILOWHULQJ�WKH�LQSXW�RXWSXW�GDWD�ZLWK�D�ZKLWHQLQJ�ILOWHU��WKH�2(�WHFKQLTXH�UHDOL]HG�VHQVLEOH�SK\VLFDO
SDUDPHWHUV�RYHU� VHYHUDO�GDWD� VHWV�� �)LJXUH���D��GLVSOD\V� WKH�2(�SUHGLFWHG�YHUVXV� WKH� WUDQVIRUPHU·V�PHDVXUHG� UHVSRQVH�
)LJXUH���E��VKRZV�DQ�2(�LPSURYHPHQW�RYHU�WKH�/6�HVWLPDWHV�ZKHQ�SUHGLFWLQJ�WKH�WUDQVIRUPHU·V�PHDVXUHG�UHVSRQVH�WZR
GD\V�DKHDG��5HVXOWV�IURP�WKH�2(�WHFKQLTXH�PD\�EH�YLHZHG�LQ�WDEOH���

2SWLPDO�,QVWUXPHQWDO�9DULDEOHV��,9���(VWLPDWHG�0RGHO

6LQFH� /6� VROXWLRQV� RIWHQ� FRQWDLQ� ELDV� GXH� WR� WKH� FRUUHODWLRQ� EHWZHHQ� WKH� UHJUHVVRUV� DQG� WKH� SUHGLFWLRQ� HUURU�
LQVWUXPHQWDO�YDULDEOH�PHWKRGV��,9���DUH�VRPHWLPHV�XVHG���7KHVH�PHWKRGV�JHQHUDOO\�UHSODFH�WKH�UHJUHVVRU�Φ �XVHG�LQ�WKH
OLQHDU�UHJUHVVLRQ�HTXDWLRQ�����ZLWK�VRPH�RWKHU�YDULDEOH�=�FDOOHG�WKH�LQVWUXPHQWDO�YDULDEOH���7KUHH�FRQGLWLRQV�SODFHG�RQ�=

DUH�����=�VKRXOG�EH�XQFRUUHODWHG�ZLWK�WKH�GLVWXUEDQFHV�����WKH�PDWUL[� ΦTZ �VKRXOG�EH�LQYHUWLEOH��DQG���� ΦTZ �VKRXOG�EH
ODUJH�LQ�RUGHU�WR�SURYLGH�IRU�DQ�HIILFLHQW�SDUDPHWHU�HVWLPDWH��:LWK�WKH�FRQGLWLRQV�PHW��WKH�HVWLPDWH�WDNHV�WKH�IROORZLQJ
IRUP�

( ) YZZ TT 1ˆ −Φ=θ �������������������������������������������������������������������������������

7KH�,9��ORVV�IXQFWLRQ�LV�FRPSXWHG�DV�WKH�/6�ORVV�IXQFWLRQ������H[FHSW�IRU�WKH�XVH�RI�=�LQ�SODFH�RI�Φ ���7KH�LQVWUXPHQWV
VHOHFWHG� LQ� WKLV� DQDO\VLV�ZHUH� GHYHORSHG�XVLQJ� D� IRXU�VWHS� LWHUDWLYH� VFKHPH�� � 7KH� ILUVW� VWHS� LQYROYHG� REWDLQLQJ� WKH� /6
HVWLPDWH��������7KH�VHFRQG�VWHS�LQYROYHG�WKH�IRUPDWLRQ�RI�WKH�LQVWUXPHQWV�VWDUWLQJ�ZLWK�����DQG�FRPSXWLQJ�WKH�SDUDPHWHU
HVWLPDWHV�XVLQJ��������7KH�WKLUG�VWHS�LQYROYHG�REWDLQLQJ�WKH�HUURU�EHWZHHQ�WKH�PRGHO�DQG�WKH�DFWXDO�WUDQVIRUPHU�GDWD�DQG
XVLQJ�WKH�HUURU�WR�HVWLPDWH�D�ILUVW�RUGHU�QRLVH�PRGHO���)LQDOO\��WKH�ODVW�VWHS�LQYROYHG�FDOFXODWLQJ�QHZ�LQVWUXPHQWV�XVLQJ�WKH
SDUDPHWHUV� REWDLQHG� IURP� VWHS� �� DQG� WKH� QRLVH� ILOWHU� REWDLQHG� IURP� VWHS� WKUHH�� � 8VLQJ� ��&�]���� DV� D� ILOWHU�� WKH� QHZ
LQVWUXPHQWV�LQ�VWHS���ZHUH�FDOFXODWHG�E\�ILOWHULQJ�WKH�LQVWUXPHQWV�REWDLQHG�LQ�VWHS���DV�IROORZV�



�

][
)(

1
][

1
kZ

zC
kZ F
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1RWH�WKDW�DOO�WKH�YDULDEOHV�LQ������ZHUH�ILOWHUHG�LQ�OLNH�PDQQHU���7KH�ILQDO�,9��SDUDPHWHU�HVWLPDWHV�ZHUH�FRPSXWHG�XVLQJ
ILOWHUHG�YDULDWLRQV�RI�WKH�YDULDEOHV�XVHG�LQ������DV�IROORZV�

( ) FTFFTF
Z YZZ

1
ˆ

−
Φ=θ �������������������������������������������������������������������������

8VLQJ� WKH� IRXU�VWHS� SURFHGXUH�� DQ� ,9�� HVWLPDWHG�PRGHO�ZDV� IRXQG�ZKLFK� SURGXFHG� FRQVLVWHQW� SDUDPHWHUV� DPRQJ
VHYHUDO�GDWD�VHWV���7KH�,9��HVWLPDWHG�PRGHO�SURGXFHG�]HUR�PHDQ�UHVLGXDOV�ZLWK�D�UHVLGXDO�YDULDQFH�RI�����RQ�DYHUDJH��7KH
HUURU� FRYDULDQFH� RI� WKH� ,9�� DSSUR[LPDWLRQ�ZDV� IRXQG� WR� EH� ���� [� �����ZKLFK� LV� FRPSDUDEOH� WR� WKH� /6� EDVHOLQH�ZLWK
QHJOLJLEOH�LPSURYHPHQW��7KH�SUHGLFWHG�DQG�PHDVXUHG�WRS�RLO�WHPSHUDWXUH�RXWSXWV�XVLQJ�WKH�,9��WHFKQLTXH��VHH�ILJXUHV���D�
DQG���E���ZDV�YHU\�VLPLODU�WR�WKH�/6�RXWSXWV���5HVXOWV�IURP�WKH�,9��WHFKQLTXH�PD\�EH�YLHZHG�LQ�WDEOH���

0D[LPXP�/LNHOLKRRG��0/��(VWLPDWHG�0RGHO

)LQDOO\��PD[LPXP�OLNHOLKRRG��0/��HVWLPDWLRQ�ZDV�HPSOR\HG�WR�HVWLPDWH�SDUDPHWHUV�IRU�WKH�WUDQVIRUPHU�PRGHO���8VLQJ

WKH� DVVXPSWLRQ� WKDW� DOO� GLVWXUEDQFHV� ZHUH� QRUPDOO\� GLVWULEXWHG� ]HUR�PHDQ�� 2σ YDULDQFH� UHVLGXDOV�� WKH� 0/� WHFKQLTXH
REWDLQHG�SDUDPHWHU�HVWLPDWHV�E\�VWDUWLQJ�ZLWK�����WR�IRUP�WKH�OLNHOLKRRG�IXQFWLRQ��L�H��

( ) ( )






 Φ−Φ−−







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σπσ
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n
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1
exp
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1
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1H[W��WKH�ORJ�OLNHOLKRRG�ZDV�REWDLQHG�E\�WDNLQJ�WKH�ORJDULWKP�RI������\LHOGLQJ

( ) ( )ΦΦ+Φ−−= θθθ
σ

πσθθ TTTT YYYYLY 2
2

1
2ln

2

n
- = );(log);l(     2

2 �������������������

%\�WDNLQJ�WKH�GHULYDWLYH�RI�WKH�ORJ�OLNHOLKRRG�HTXDWLRQ������ZLWK�UHVSHFW�WR�WKH�SDUDPHWHU�θ ��ZH�DFKLHYH�WKH�0/�HVWLPDWH

( ) YTT ΦΦΦ
1ˆ −=θ �������������������������������������������������������������������������������

ZKLFK�LV�SUHFLVHO\�WKH�VDPH�DV�WKH�/6�HVWLPDWH�IRXQG�LQ������
�)RU�WKLV�UHDVRQ��WKH�0/�SDUDPHWHU�HVWLPDWHV�DQG�UHVXOWV�ZHUH�YHU\�FORVH�WR�WKRVH�REWDLQHG�XVLQJ�WKH�/6�WHFKQLTXH�

6LPLODUO\��WKH�SUHGLFWHG�DQG�PHDVXUHG�WRS�RLO�WHPSHUDWXUH�RXWSXWV�XVLQJ�WKH�0/�WHFKQLTXH��VHH�ILJXUHV���E��DQG���F���ZHUH
YHU\�VLPLODU�WR�WKH�/6�RXWSXWV�GLVSOD\HG�LQ�)LJXUH����WKDW�LV��VLJQLILFDQW�HUURU�PD\�EH�VHHQ�LQ�ERWK�WKH�PHDQ�DQG�YDULDQFH�RI
WKH�UHVLGXDOV���7KH�0/�WHFKQLTXH�DOVR�GLG�QRW�SURGXFH�RYHUDOO�FRQVLVWHQF\�RI�SK\VLFDO�SDUDPHWHUV��HVSHFLDOO\�ZLWK�UHVSHFW

WR�θ fl ���5HVXOWV�IURP�WKH�0/�WHFKQLTXH�DUH�GLVSOD\HG�LQ�WDEOH���

5HVXOWV

2I�WKH�ILYH�SDUDPHWHU�HVWLPDWLRQ�WHFKQLTXHV�HPSOR\HG�LQ�WKLV�DQDO\VLV��/6��3(��2(��,9���DQG�0/���WKH�2(�WHFKQLTXH

H[KLELWHG�EHWWHU�UHVXOWV�ZKHQ�WKH�QRLVH�LV�DVVXPHG�WR�EH�QRUPDOO\�GLVWULEXWHG�]HUR�PHDQ�� 2σ YDULDQFH�UHVLGXDOV��7KH�2(
WHFKQLTXH� DFKLHYHG� WKLV�E\�REWDLQLQJ�EHWWHU�SUHGLFWLRQV�RI� WUDQVIRUPHU� EHKDYLRU�� E\� UHYHDOLQJ� D�PXFK� LPSURYHG� HUURU
FRYDULDQFH��E\�DFKLHYLQJ�FRQVLVWHQW�SDUDPHWHU�HVWLPDWHV��DQG�E\�SURYLGLQJ�IRU�YDOLG�DQG�VHQVLEOH�SK\VLFDO�SDUDPHWHUV����7KH
VHFRQG�EHVW�HVWLPDWH�ZDV�REWDLQHG�XVLQJ�WKH�,9��WHFKQLTXH�GXH�WR�LWV�VOLJKWO\�LPSURYHG�HUURU�FRYDULDQFH��DV�FRPSDUHG�WR



��

WKH�/6�EDVHOLQH��DQG�LWV�SURGXFWLRQ�RI�FRQVLVWHQW�SDUDPHWHU�HVWLPDWHV���7KH�/6�DQG�0/�WHFKQLTXHV�WLHG�IRU�WKLUG�SODFH
ZKLOH�WKH�3(�WHFKQLTXH�ZDV�FRQVLGHUHG�ODVW�LQ�WKLV�DQDO\VLV�GXH�WR�LWV�LPSOHPHQWDWLRQ�

���� 7HFKQLTXH�&RPSDULVRQV�ZLWK�&RPSHQVDWLRQ�IRU�4XDQWL]DWLRQ�1RLVH

$V�GHVFULEHG� HDUOLHU�� WKH� LQSXWV� DQG� RXWSXWV� RI� WKH� RQ�OLQH�PRQLWRULQJ� V\VWHP� DUH� FRUUXSWHG� E\� TXDQWL]DWLRQ� QRLVH
�ILJXUH���D����7KLV�FRUUXSWLRQ�FRUUHVSRQGV�WR�D��R&�PHDVXUHPHQW�UHVROXWLRQ�ZKLFK�LQWURGXFHV����������HUURU�LQ�WKH����
��R&�ZHHNO\�WHPSHUDWXUH�YDULDWLRQ���,W�KDV�QRW�EHHQ�GHWHUPLQHG�ZKHWKHU�RU�QRW�WKLV�TXDQWL]DWLRQ�GLVWXUEDQFH�VLJQLILFDQWO\
DIIHFWV�WKH�HVWLPDWLRQ�RI�SDUDPHWHUV��7R�GHWHUPLQH�LI�WKH��R&�PHDVXUHPHQW�UHVROXWLRQ�LQWURGXFHV�D�GHOHWHULRXV�HIIHFW�WR
WKH�HVWLPDWLRQ�SURFHVV��WKLV�VHFWLRQ�ZLOO�FRPSDUH�YDULRXV�SDUDPHWHU�HVWLPDWLRQ�WHFKQLTXHV�ZKLOH�DQDO\]LQJ�ZKHWKHU�RU�QRW
WKH�DGGLWLRQ�RI�D�TXDQWL]DWLRQ�WHUP�WR�WKH�WUDQVIRUPHU�PRGHO�LPSURYHV�WKH�PRGHO·V�SUHGLFWLRQ��,W�VKRXOG�EH�QRWHG�WKDW�DQ
H[KDXVWLYH�TXDQWL]DWLRQ�HUURU�DQDO\VLV�ZLOO�QRW�EH�SHUIRUPHG���7KLV�VHFWLRQ�ZLOO�RQO\�IRFXV�RQ�RQH�DSSURDFK�WR�FRPSHQVDWH
IRU�WKH�HIIHFWV�RI�WKH�TXDQWL]DWLRQ�GLVWXUEDQFH���7KH�XVH�RI�RWKHU�WHFKQLTXHV�WR�XQGR�WKH�HIIHFWV�RI�TXDQWL]DWLRQ�UHPDLQV�D
VXEMHFW�RI�IXWXUH�UHVHDUFK���$V�GHVFULEHG�HDUOLHU��VHYHUDO�ZHHNV�RI�WUDQVIRUPHU�GDWD�IURP�D�ODUJH�WUDQVIRUPHU�LQ�VHUYLFH�ZHUH
XWLOL]HG�LQ�WKLV�SDSHU���2QH�ZHHN�OHQJWK�FRQVHFXWLYH�GDWD�VHWV�ZHUH�XVHG�LQ�WKLV�DQDO\VLV�DV�RSSRVHG�WR�WKH�WZR�GD\�OHQJWK
GDWD� VHWV� XVHG� LQ� VHFWLRQ� ����� � 7KLV� ODUJHU� RQH�ZHHN� OHQJWK� GDWD�ZDV� XWLOL]HG� LQ� RUGHU� WR� LQYRNH� UHDVRQDEOH� VWDWLVWLFDO
LQIHUHQFHV�DERXW�WKH�TXDQWL]DWLRQ�QRLVH�UHTXLUHG�E\�DV\PSWRWLF�WKHRU\�
'HVFULSWLRQ�DQG�DQDO\VLV�RI�WKH�DGGLWLRQDO�TXDQWL]DWLRQ�QRLVH�WHUP��WKH�SDUDPHWHU�HVWLPDWLRQ�WHFKQLTXHV�VHOHFWHG��DQG

WKH�UHVXOWV�IURP�FRPSDULQJ�WKH�VHOHFWHG�WHFKQLTXHV�IROORZ���7KH�JRDO�RI�WKLV�VHFWLRQ�LV�LGHQWLFDO�WR�WKDW�RI�WKH�SUHYLRXV
VHFWLRQ��WKDW�LV��ZKLFK�VHOHFWHG�HVWLPDWLRQ�WHFKQLTXH�EHVW�PHHWV�WKH�ILYH�VHOHFWLRQ�FULWHULD�GHVFULEHG�SUHYLRXVO\�

4XDQWL]DWLRQ�1RLVH��41��&RPSHQVDWLRQ�7HUP

$V�GLVFXVVHG� LQ� >�@�� WKH�GDWD� IURP� HDFK� WUDQVIRUPHU�ZDV� VDPSOHG� DW� ILYH�PLQXWH� LQWHUYDOV�ZLWK� D� �R&� LQWHJHU� YDOXH
UHVROXWLRQ��7KLV�PHDVXUHPHQW�UHVROXWLRQ�LQWURGXFHV����������HUURU�LQ�WKH�������R&�ZHHNO\�WHPSHUDWXUH�YDULDWLRQ���7KLV�PD\
LQWURGXFH�VLJQLILFDQW�HUURUV�LQ�WKH�HVWLPDWLRQ�RI�SDUDPHWHUV��)RU�WKLV�UHDVRQ��D�VWDWLVWLFDO�DSSURDFK�ZLOO�EH�XVHG�WR�TXDQWLI\
WKH�TXDQWL]DWLRQ�HIIHFWV�GXH�WR�WKH�QRQOLQHDU�QDWXUH�RI�WKH�TXDQWL]HU�RQ�WKH�LQSXW�VLJQDOV�
4XDQWL]DWLRQ�LV�D�QRQOLQHDU�DQG�QRQLQYHUWLEOH�SURFHVV�E\�ZKLFK��LQ�WKH�FDVH�RI�WKH�RQ�OLQH�PRQLWRULQJ�V\VWHP��WKH�LQSXW

DQG�RXWSXW�VLJQDOV�RI�WKH�WUDQVIRUPHU�KDYH�EHHQ�GLVFUHWL]HG�LQWR�D�ILQLWH�QXPEHU�RI�GLJLWV��WKHUHE\�SURGXFLQJ�WKH�VDPSOHG
GDWD� VLJQDOV� XVHG� LQ� WKLV� SDSHU�� )RU� URXQGLQJ� TXDQWL]HUV�� HDFK� VDPSOH� LV� URXQGHG� DQG� DVVLJQHG� WR� WKH� QHDUHVW� OHYHO�
4XDQWL]DWLRQ�HUURU�LV�RIWHQ�GHILQHG�WR�EH�WKH�GLIIHUHQFH�EHWZHHQ�WKH�RULJLQDO�VDPSOHG�LQSXWV�DQG�WKH�URXQGHG�LQSXWV���,W�LV
UHDVRQDEOH�WR�DVVXPH�WKDW�WKH�SUREDELOLW\�GLVWULEXWLRQ�RI�WKH�HUURU�SURFHVV�LV�XQLIRUP�RYHU�WKH�UDQJH�RI�WKH�TXDQWL]DWLRQ
HUURU�>�@��WKDW�LV��WKH�DPSOLWXGH�RI�WKH�TXDQWL]DWLRQ�QRLVH� LV� LQ�WKH�UDQJH�IURP����R&�WR���R&�JLYHQ�D��R&�LQWHJHU�YDOXH
UHVROXWLRQ��ILJXUH���D�����,Q�WKLV�SDSHU��ZH�DVVXPH�WKDW�WKH�VXFFHVVLYH�QRLVH�VDPSOHV�DUH�XQFRUUHODWHG�ZLWK�HDFK�RWKHU�DQG
WKDW�WKH�TXDQWL]DWLRQ�QRLVH�LV�XQFRUUHODWHG�ZLWK�WKH�LQSXW�VLJQDOV��WKXV�WKH�TXDQWL]DWLRQ�QRLVH�LV�DVVXPHG�WR�EH�D�XQLIRUPO\
GLVWULEXWHG�ZKLWH�QRLVH�VHTXHQFH�ZLWK�D�PHDQ�YDOXH�RI���DQG�D�YDULDQFH�RI������
)RU�WKH�GHYHORSPHQW�RI�WKH�TXDQWL]DWLRQ�WHUP��ZH�ZLOO�FRPPHQFH�IURP�WKH�DFWXDO�WUDQVIRUPHU�VLJQDOV�WR�WKH�VDPSOHG

GDWD�DQG�HYHQWXDOO\�WR�LWV�DGGLWLYH�HIIHFW�LQ�WKH�LPSURYHG�PRGHO��6LQFH�WKH�VDPSOHG�GDWD�ZLOO�EH�GLIIHUHQW�WKDQ�WKH�RULJLQDO
WUDQVIRUPHU�GDWD��OHW�XV�GHQRWH�WKH�TXDQWL]DWLRQ�HUURU�WR�EH�WKH�GLIIHUHQFH�EHWZHHQ�WKH�TXDQWL]HG�VDPSOH�GDWD��GHQRWHG

θamb�� I ��DQG�θtop ���DQG�WKH�WUXH�GDWD��GHQRWHG�
TRUE
ambθ ��

TRUEI ��DQG�
TRUE
topθ ����WKDW�LV�

  -[k]e amb
TRUE
ambq θθ= �����������������������������������������������������������������������������������

���������������������������������������������������������RU

 I -I[k]e TRUE
q = ��������������������������������������������������������������������������������������

�������������������������������������������������������������RU

  -[k]e top
TRUE
topq θθ= �����������������������������������������������������������������������������������



��

6WDUWLQJ�ZLWK�WKH�LPSURYHG�PRGHO������ZH�ZLOO�WUDFH�WKH�GHYHORSPHQW�RI�D�TXDQWL]DWLRQ�GLVWXUEDQFH�WHUP�� q [k]n ��E\

UHSODFLQJ�WKH�VDPSOHG�GDWD�ZLWK�WKH�WUXH�GDWD�DV�IROORZV�

3
2

2amb1top1top K + I[k]K +[k]  )K-(1 +1] -[kK[k] θθθ = ���������������������������������������������������������������������

3
2

q
TRUE

2q
TRUE
amb1q

TRUE
top1q

TRUE
top K+)[k]e-[k]I(K+)[k]e-[k])(K-(1+1])-[ke-1]-[k(K[k] e-[k] θθθ = �����������

[k]q +K + [k]IK +[k]  )K-(1 +1] -[kK[k]   n3
2TRUE

2
TRUE
amb1

TRUE
top1

TRUE
top θθθ = ����������������������������������������������

��������������ZKHUH

 [k]eK +[k][k]eI2K -  )1]-[ke-[k]e(K[k]q 2
q2q

TRUE
2qq1n = ����������������������������������������������������������

�:LWK� WKH� DGGLWLRQ�RI� TXDQWL]DWLRQ�QRLVH� VHTXHQFHV� WR� WKH� FROOHFWHG� GDWD�� QDPHO\� θamb�� I �� DQG� θtop �� WKH� LPSURYHG

PRGHO�PD\�QRZ�EH�ZULWWHQ�LQ�D�IRUP�WKDW�GHVFULEHV�ERWK�WKH�WUXH�GDWD�IURP�WKH�WUDQVIRUPHU�DQG�WKH�DGGLWLYH�HIIHFWV�RI�D
TXDQWL]DWLRQ�GLVWXUEDQFH�WHUP���7KLV��LQ�HIIHFW��LV�HTXLYDOHQW�WR�PRGHOLQJ�WKH�WUDQVIRUPHU�DQG�WKH�VHQVRUV�XVHG�WR�DFTXLUH

WKH�WLPH�YDU\LQJ�GDWD��7KH�WHUP� e [k]q �LQ�HTXDWLRQV������������DQG������UHSUHVHQWV�WKH�TXDQWL]DWLRQ�HUURUV�FDXVHG�E\�WKH

URXQGLQJ�RI�WKH�FROOHFWHG�GDWD���7KH�GLVWXUEDQFH�WHUP�q [k]n �LV�WKH�LQFRUSRUDWLRQ�RI�DOO�TXDQWL]DWLRQ�HUURUV�RI�WKH�PRGHO�

$V�VHHQ�LQ������� q [k]n � LV�D�QRQOLQHDU�IXQFWLRQ�RI�WKH�TXDQWL]DWLRQ�HUURUV� e [k]q �DQG�WKH�WUXH�ORDG�FXUUHQW� ]k[I TRUE �

6LQFH� WKH� WUXH� GDWD�� � TRUE
ambθ ��

TRUEI �� DQG�
TRUE
topθ � ��� DUH� LUUHWULHYDEOH�� DQ� H[DFW� IRUPXODWLRQ� RI� WKH� WUDQVIRUPHU�PRGHO� LV

LPSRVVLEOH���7KLV�DOVR�LPSOLHV�WKDW�VRPH�HUURUV�ZLOO�H[LVW�ZKHQ�HVWLPDWLQJ�SDUDPHWHUV�EDVHG�RQ�WKH�LPSURYHG�PRGHO�DQG
WKH�JLYHQ�FRUUXSWHG�GDWD���*LYHQ�WKH�QDWXUH�RI�TXDQWL]DWLRQ�QRLVH��LW� LV�UHDVRQDEOH�WR�REWDLQ�UHVXOWV�XVLQJ�WKH�VWRFKDVWLF
DSSURDFK�RI�DVVXPLQJ�D�UDQGRP�QRLVH�VHTXHQFH�IRU�WKH�TXDQWL]DWLRQ�GLVWXUEDQFH�WHUP�

3DUDPHWHU�(VWLPDWLRQ�7HFKQLTXHV�6HOHFWHG

7KH�SDUDPHWHU�HVWLPDWLRQ�WHFKQLTXHV�VHOHFWHG�IRU�WKLV�DQDO\VLV�GLIIHUV�VOLJKWO\�IURP�WKH�RQHV�VHOHFWHG�LQ�VHFWLRQ������7KH
/6�WHFKQLTXH�ZDV�QRW�LQFOXGHG�H[SOLFLWO\�GXH�WR�WKH�IDFW�WKDW�WKH�UHVXOWV�ZHUH�YHU\�FORVH�WR�WKRVH�XVLQJ�WKH�0/�WHFKQLTXH
�DV�GLVFXVVHG�LQ�VHFWLRQ��������7KH�3(�WHFKQLTXH�ZDV�QRW�XWLOL]HG�EHFDXVH�LW�IDLOHG�LQ�LWV�LPSOHPHQWDWLRQ��WKDW�LV��LW�GUDVWLFDOO\
UHGXFHG�UHVLGXDOV�WR�VXFK�D�SRLQW�DV�WR�UHQGHU�LQIRUPDWLRQ�IURP�WKH�UHVLGXDO�VHTXHQFH�XVHOHVV���7KLV�SRLQW�ZDV�H[SODLQHG�LQ
VHFWLRQ�������7ZR�2(�WHFKQLTXHV�ZHUH�HPSOR\HG���7KH�ILUVW�2(�WHFKQLTXH�XVHV�WKH�LPSURYHG�PRGHO�ZLWK�QR�DGGLWLRQDO
TXDQWL]DWLRQ� GLVWXUEDQFH� WHUP�� � 7KH� VHFRQG� 2(� WHFKQLTXH�� 2(� �TQ��� WHFKQLTXH� XVHV� WKH� LPSURYHG� PRGHO� ZLWK� WKH
DGGLWLRQDO�TXDQWL]DWLRQ�GLVWXUEDQFH�VHTXHQFH���$QG�LQ�OLNH�PDQQHU��WZR�,9��WHFKQLTXHV�ZHUH�HPSOR\HG�� �7KH�ILUVW�,9�
WHFKQLTXH�XVHV�WKH�LPSURYHG�PRGHO�ZLWK�QR�DGGLWLRQDO�TXDQWL]DWLRQ�WHUP�ZKLOH�WKH�VHFRQG�WHFKQLTXH��,9���TQ���XVHV�WKH
LPSURYHG�PRGHO�ZLWK�WKH�DGGLWLRQDO�TXDQWL]DWLRQ�GLVWXUEDQFH�VHTXHQFH���)LQDOO\��WKH�0/�WHFKQLTXH�ZLOO�EH�XWLOL]HG�LQ�WKH
VDPH�PDQQHU�DV�EHIRUH��7KH�OLVW�RI�VHOHFWHG�SDUDPHWHU�HVWLPDWLRQ�WHFKQLTXHV�DQDO\]HG�LQ�WKLV�VHFWLRQ�IROORZV�

• �� 2(

• �� 2(��TQ�

• �� ,9�

• �� ,9���TQ�

• �� 0/

)RU�QRWDWLRQDO�SXUSRVHV��WKH�WZR�SDUDPHWHU�HVWLPDWLRQ�WHFKQLTXHV�ZLWK�WKH�QRWDWLRQ��TQ��UHSUHVHQW�WHFKQLTXHV�DSSOLHG
ZLWK�WKH�TXDQWL]DWLRQ�GLVWXUEDQFH�WHUP�DGGHG�WR�WKH�LPSURYHG�PRGHO�
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2XWSXW�(UURU��2(��(VWLPDWHG�0RGHO

$Q�RXWSXW�HUURU��2(��WHFKQLTXH�ZDV�DSSOLHG�WR�0,7·V�LPSURYHG�PRGHO�WR�HVWLPDWH�WKH�YDULRXV�SDUDPHWHUV�LQ�������7KH
2(�HVWLPDWHG�PRGHO�SURGXFHG�]HUR�PHDQ�UHVLGXDOV�ZLWK�D�����UHVLGXDO�YDULDQFH�RQ�DYHUDJH���7KH�HUURU�FRYDULDQFH�RI�WKH
2(�DSSUR[LPDWLRQ�ZDV�����[������IRU�RQH�ZHHN�RI�GDWD�ZLWK�VLPLODU�UHVXOWV�IRU�UHPDLQLQJ�ZHHNV��&RQVLVWHQW�DQG�VHQVLEOH
SK\VLFDO�SDUDPHWHUV�ZHUH�UHDOL]HG�ZLWK�WKLV�WHFKQLTXH���)LJXUH���F��GLVSOD\V�WKH�2(�SUHGLFWHG�YHUVXV�PHDVXUHG�UHVSRQVH
IRU�ZHHN���LQ�WKH�WUDQVIRUPHU�GDWD�VHW���7KLV�WHFKQLTXH�DOVR�SURYLGHG�JRRG�RQH��DQG�WZR�ZHHN�SUHGLFWLRQV�RI�WUDQVIRUPHU
EHKDYLRU��DV�VHHQ�LQ�ILJXUHV���G��DQG���H���UHVSHFWLYHO\���5HVXOWV�IURP�WKH�2(�WHFKQLTXH�LQFOXGLQJ�SUHGLFWLRQ�VWDWLVWLFV�DUH
GLVSOD\HG�LQ�WDEOH���

2XWSXW�(UURU��2(��(VWLPDWHG�0RGHO�ZLWK�DGGLWLRQDO��TQ��WHUP

7KH�2(� �TQ�� WHFKQLTXH� SURGXFHG� UHVXOWV� WKDW�ZHUH� YLUWXDOO\� LGHQWLFDO� WR� WKRVH� XVLQJ� WKH�2(� WHFKQLTXH�� 7KH� HUURU

FRYDULDQFH� ZDV� LGHQWLFDO� DQG� WKH� SK\VLFDO� SDUDPHWHUV� �To �θ fl �5�� ZHUH� FRPSDUDEOH� DQG� VHQVLEOH�� � 7KH� ILW� DQG� ZHHNO\

SUHGLFWLRQV�RI�WKH�2(��TQ��HVWLPDWHG�PRGHO��ILJXUHV���D����F���ZHUH�SUDFWLFDOO\�LGHQWLFDO�WR�WKH�2(�UHVSRQVHV���5HVXOWV�DUH
VKRZQ�LQ�WDEOH���

2SWLPDO�,QVWUXPHQWDO�9DULDEOHV��,9���(VWLPDWHG�0RGHO

$Q�RSWLPDO�LQVWUXPHQWDO�YDULDEOHV��,9���WHFKQLTXH�ZDV�DSSOLHG�WR�WKH�LPSURYHG�PRGHO���5HVXOWV�IURP�WKLV�WHFKQLTXH
UHYHDOHG�]HUR�PHDQ�UHVLGXDOV�ZLWK�D�UHVLGXDO�YDULDQFH�RI�����RQ�DYHUDJH���$OO�HVWLPDWHG�SK\VLFDO�SDUDPHWHUV�ZHUH�IRXQG�WR
EH�FRQVLVWHQW�DQG�VHQVLEOH�DPRQJ�VHYHUDO�ZHHNV�RI� WUDQVIRUPHU�GDWD�� �7KH� ,9��HVWLPDWHG�PRGHO�GLIIHUV� IURP� WKH�2(
HVWLPDWHG�PRGHO�ZLWK�UHVSHFW�WR�LWV�HUURU�FRYDULDQFH���7KH�,9��HUURU�FRYDULDQFH�ZDV�QRW�YHU\�JRRG�DW�����[������ZKLFK�LV�D
WZR�RUGHU�RI�PDJQLWXGH�GHFUHDVH�LQ�SDUDPHWHU�UHOLDELOLW\���7KH�,9��ILW�LV�VKRZQ�LQ�ILJXUH���F����7KH�RQH��DQG�WZR�ZHHN
SUHGLFWLRQV��ILJXUHV���G��DQG���H���ZHUH�FRPSDUDEOH�WR�WKRVH�REWDLQHG�XVLQJ�WKH�2(�WHFKQLTXH�

2SWLPDO�,QVWUXPHQWDO�9DULDEOHV��,9���(VWLPDWHG�0RGHO�ZLWK�DGGLWLRQDO��TQ��WHUP

7KH�,9���TQ��WHFKQLTXH�QHDUO\�SURGXFHG�]HUR�PHDQ�UHVLGXDOV�ZLWK�D�����UHVLGXDO�YDULDQFH�RQ�DYHUDJH���7KH�,9���TQ�
PHWKRG�SURGXFHG�WKH�ZRUVW�UHVXOWV�RI�DOO�FRPSDUHG�WHFKQLTXHV� LQ�WKLV�VHFWLRQ��)LUVW�� WKH�HVWLPDWHG�SK\VLFDO�SDUDPHWHUV

ZHUH� QRW� VHQVLEOH� SDUWLFXODUO\� ZLWK� UHVSHFW� WR� θ fl � DQG�5�� � 6HFRQG�� WKH� HVWLPDWHG� SDUDPHWHUV� ZHUH� QRW� IRXQG� WR� EH

FRQVLVWHQW���7KHUH�ZHUH�ODUJH�IOXFWXDWLRQV�LQ�WKH�YDOXHV�IRU�θ fl �VHH�WDEOH������7KLUG��WKH�HVWLPDWHG�SDUDPHWHUV�ZHUH�QRW�IRXQG

WR�EH�DV�YDOLG�DV�WKRVH�RI�WKH�2(�WHFKQLTXH���7KH�����[������HUURU�FRYDULDQFH�ZDV�DW�OHDVW�WKUHH�RUGHUV�RI�PDJQLWXGH�EHORZ
WKDW�RI�WKH�2(�WHFKQLTXH���7KH�,9���TQ��ILW�GLIIHUHG�VOLJKWO\�IURP�WKH�,9��HVWLPDWHG�PRGHO��ILJXUH���D�����8QDFFHSWDEOH
RQH��DQG�WZR�ZHHN�SUHGLFWLRQV�IRU�WKH�,9���TQ��WHFKQLTXH�DUH�VKRZQ�LQ�ILJXUHV���E��DQG���F���UHVSHFWLYHO\�

0D[LPXP�/LNHOLKRRG��0/��(VWLPDWHG�0RGHO

0D[LPXP�OLNHOLKRRG��0/��HVWLPDWLRQ�ZDV�DSSOLHG�WR�WKH�LPSURYHG�PRGHO��,Q�WKH�TXDQWL]DWLRQ�QRLVH�GLVFXVVLRQ��LW�ZDV
JHQHUDOO\�EHOLHYHG�WKDW�WKH�SUREDELOLW\�GLVWULEXWLRQ�RI�WKH�HUURU�SURFHVV�ZDV�XQLIRUP�RYHU�WKH�UDQJH�RI�WKH�TXDQWL]DWLRQ
HUURU���,W�LV�DVVXPHG�WKDW�WKH�VXFFHVVLYH�QRLVH�VDPSOHV�DUH�XQFRUUHODWHG�ZLWK�HDFK�RWKHU�DQG�WKDW�WKH�TXDQWL]DWLRQ�QRLVH�LV
XQFRUUHODWHG�ZLWK�WKH�LQSXW�VLJQDOV���*LYHQ�WKH�XVH�RI�ODUJH�VDPSOH�VL]HV��RQH�ZHHN�OHQJWK�GDWD�VHWV���WKH�0/�WHFKQLTXH
HPSOR\HG�WKH�XVH�RI�DQ�DSSUR[LPDWLQJ��JXDVVLDQ��GLVWULEXWLRQ�WR�FKDUDFWHUL]H�WKH�VWRFKDVWLF�EHKDYLRU�RI�WKH�TXDQWL]DWLRQ
QRLVH�VHTXHQFHV��7KLV�LPSOLFDWLRQ�LV�EDVHG�RQ�WKH�FHQWUDO�OLPLW�WKHRUHP�GXH�WR�WKH�IDFW�WKDW�WKH�VDPSOH�VL]H�LV�ODUJH�DQG
HDFK�TXDQWL]DWLRQ�VHTXHQFH�LQ������KDV�WKH�VDPH�XQLIRUP�GLVWULEXWLRQ�
7KH�0/�HVWLPDWHG�PRGHO�QHDUO\�SURGXFHG�]HUR�PHDQ�UHVLGXDOV�ZLWK�D�����UHVLGXDO�YDULDQFH�RQ�DYHUDJH��7KH�HVWLPDWHG

SK\VLFDO�SDUDPHWHUV�ZHUH�QRW�VHQVLEOH�SDUWLFXODUO\�ZLWK�UHVSHFW�WR�θ fl �DQG�5���:LWK�DQ�HUURU�FRYDULDQFH�RI�����[���
����WKH

HVWLPDWHG�SDUDPHWHUV�ZHUH�QRW�DV�UHOLDEOH�DV�WKH�2(�HVWLPDWHV��7KH�PRVW�SRVLWLYH�DVSHFW�RI�WKH�0/�HVWLPDWHG�PRGHO�ZDV
WKH� IDLUO\� FRQVLVWHQW�HVWLPDWLRQ�RI�SK\VLFDO�SDUDPHWHUV�� �7KH�0/�ILW� LV� VKRZQ� LQ� ILJXUH���G��� �7KH�RQH�� DQG� WZR�ZHHN



��

SUHGLFWLRQV� �ILJXUHV���H��DQG���I���ZHUH�QRW�DV� UHOLDEOH�DV� WKH�2(�SUHGLFWLRQV�EXW�ZHUH�PXFK�EHWWHU� WKDQ� WKH� ,9�� �TQ�
SUHGLFWLRQV�

2WKHU�0RGHOV

6HYHUDO�RWKHU�SDUDPHWHU�HVWLPDWLRQ�WHFKQLTXHV��DQG�PRGLILHG�YHUVLRQV�RI�WKH�WHFKQLTXHV�OLVWHG�DERYH��ZHUH�DQDO\]HG�LQ
WKLV� VHFWLRQ�RWKHU� WKDQ� WKH� RQHV� GHVFULEHG�� �$Q� LQGHSHQGHQW�2(� WHFKQLTXH� �L�H��� WKH� WHUPV�.�� DQG� ���.��� LQ� ����ZHUH
HVWLPDWHG� LQGHSHQGHQWO\��ZDV�HVWLPDWHG��EXW�WKH�UHVXOWV��QRW�VKRZQ��ZHUH�QRW�FRQVLVWHQW�� �$QRWKHU�RSWLPDO� LQVWUXPHQW
YDULDEOHV��,9���WHFKQLTXH�ZDV�HPSOR\HG�XVLQJ�D��QG�RUGHU�QRLVH�PRGHO���5HVXOWV�REWDLQHG�ZHUH�LGHQWLFDO�WR�WKH�,9��PHWKRG
GHVFULEHG�HDUOLHU�LQ�WKLV�VHFWLRQ���$�VWDWH�VSDFH�PRGHO�>�@�ZDV�LGHQWLILHG�EXW�ZDV�IRXQG�WR�EH�XQVXLWDEOH�IRU�WKH�RQ�OLQH
PRQLWRULQJ�V\VWHP�IRU�WKH�VDPH�UHDVRQLQJ�DV�IRU�WKH�SUHGLFWLRQ�HUURU��3(��WHFKQLTXH�GLVFXVVHG�LQ�VHFWLRQ�������)LQDOO\��D
/HVLHXWUH�DOJRULWKP��/$��ZDV�XVHG�WR�HVWLPDWH�SDUDPHWHUV�EXW�GLG�QRW�REWDLQ�JRRG�HVWLPDWHV���7KLV�ZDV�GXH�LQ�SDUW�WR�WKH
UDQN�GHILFLHQF\�IRXQG�LQ�WKH�YHU\�ODUJH��VRPHWLPHV�����[�����GLPHQVLRQ��UHJUHVVLRQ�PDWUL[�

5HVXOWV

7KH� DGGLWLRQDO� TXDQWL]DWLRQ� QRLVH� WHUP� GLG� QRW� LPSURYH� WKH� HVWLPDWLRQ� RI� SDUDPHWHUV� IRU� WKH� LPSURYHG� PRGHO
UHJDUGOHVV�RI�WKH�SDUDPHWHU�HVWLPDWLRQ�WHFKQLTXH�VHOHFWHG���,Q�WKH�FDVH�RI�WKH�,9��HVWLPDWHG�PRGHO��WKH�DGGLWLRQDO�WHUP�LQ
,9���TQ���GHFUHDVHG�WKH�UHOLDELOLW\�RI�WKH�SDUDPHWHU�HVWLPDWHV��7KLV�VDPH�VWDWHPHQW�FDQQRW�EH�VDLG�ZLWK�UHJDUG�WR�WKH�2(
�TQ��PRGHO�� �7KH�DGGLWLRQDO�TXDQWL]DWLRQ� WHUP�� WKRXJK�QRW�GHFUHDVLQJ� WKH�YDOLGLW\�RI� WKH�SDUDPHWHU� HVWLPDWHV�� GLG�QRW
LQFUHDVH�LW�HLWKHU�VLQFH�WKH�UHVXOWV�IURP�ERWK�2(�DQG�2(��TQ��WHFKQLTXHV�ZHUH�SUDFWLFDOO\� LGHQWLFDO�� �*LYHQ�WKH�VLPLODU
UHVXOWV��LW�LV�DGYLVDEOH�WR�XWLOL]H�WKH�VLPSOHVW�PRGHO��WKDW�LV��WKH�2(�HVWLPDWHG�PRGHO�
2I�WKH�ILYH�SDUDPHWHU�HVWLPDWLRQ�WHFKQLTXHV�HPSOR\HG�LQ�WKLV�DQDO\VLV��WKH�2(�WHFKQLTXH�VKRXOG�EH�XVHG�SULPDULO\�RQ

0,7·V�LPSURYHG�WUDQVIRUPHU�WRS�RLO�WHPSHUDWXUH�ULVH�RYHU�DPELHQW�WHPSHUDWXUH�PRGHO�ZKHQ�XVLQJ�ORQJ�GDWD�VHWV��D�ZHHN
RU�JUHDWHU���,PSOHPHQWDWLRQ�RI�WKH�2(�WHFKQLTXH�H[KLELWHG�EHWWHU�UHVXOWV�WKDQ�DOO�RI�WKH�GHVFULEHG�HVWLPDWLRQ�WHFKQLTXHV�LQ
WKH�SUHVHQFH�RI�TXDQWL]DWLRQ�QRLVH���7KH�2(�WHFKQLTXH�REWDLQHG�DFFXUDWH�RQH��DQG�WZR�ZHHN�SUHGLFWLRQV�RI�WUDQVIRUPHU
EHKDYLRU�� UHYHDOHG� WKH� EHVW� HUURU� FRYDULDQFH� IRXQG� DPRQJ� WKH� HVWLPDWLRQ� WHFKQLTXHV�� REWDLQHG� FRQVLVWHQW� SDUDPHWHU
HVWLPDWHV��DQG�SURYLGHG�IRU�YDOLG�DQG�VHQVLEOH�SK\VLFDO�SDUDPHWHUV��7KH�VHFRQG�EHVW�HVWLPDWH�ZDV�REWDLQHG�XVLQJ�WKH�2(
�TQ��WHFKQLTXH�GXH�WR�LWV�VLPLODU�2(�UHVXOWV���7KH�,9��WHFKQLTXH�ZDV�WKH�WKLUG�EHVW�ZKLOH�WKH�0/�WHFKQLTXH�FDPH�LQ�IRXUWK
SODFH���7KH�,9���TQ��WHFKQLTXH�ZDV�FRQVLGHUHG�ODVW�LQ�WKLV�DQDO\VLV�GXH�WR�LWV�LQDGHTXDWH�SUHGLFWLRQ�DQG�LWV�XQDFFHSWDEOH
HUURU�FRYDULDQFH�

���� 'HFLPDWLRQ�DQG�%LDV

7KLV�VHFWLRQ�ZLOO�H[DPLQH�WKH�HIIHFWV�RI�GHFLPDWLRQ��PLVVLQJ�GDWD��DQG�ELDV�RI�WKH�WUDQVIRUPHU�GDWD�LQ�RUGHU�WR�UHGXFH
HUURUV�LQ�WKH�SDUDPHWHU�HVWLPDWHV�DWWULEXWHG�WR�SRVW�SURFHVVLQJ���$V�GHVFULEHG�LQ�>�@��D�WKLUG�SRVVLEOH�VRXUFH�RI�HUURU�LQ�WKH
WUDQVIRUPHU�PRGHO�PD\� EH� WKH� ILYH�PLQXWH� VDPSOLQJ� SHULRG� RULJLQDOO\� VHOHFWHG� WR� HQDEOH� WKH� FRQVLVWHQW� HVWLPDWLRQ� RI
SDUDPHWHUV� LQ�0,7·V�SLORW� WUDQVIRUPHU� IDFLOLW\�� ,Q�RUGHU� WR� UHGXFH� HUURUV� LQ� WKH�SDUDPHWHU� HVWLPDWHV� DWWULEXWHG� WR� SRVW
SURFHVVLQJ�� WZR�DSSURDFKHV�ZLOO�EH�DQDO\]HG��7KH�ILUVW�ZLOO�H[DPLQH�WKH�HIIHFWV�RI�GRZQ�VDPSOLQJ� �GHFLPDWLRQ�� IRU� WKH
LPSURYHG�PRGHO�� �7KH� VHFRQG� DSSURDFK�ZLOO� DGGUHVV� DQ� XQDQVZHUHG� TXHVWLRQ�ZKLFK� VXUIDFHG�ZKHQ� GHDOLQJ�ZLWK� WKH
HIIHFWV�RI�TXDQWL]DWLRQ�QRLVH��WKDW�LV��ZLOO�ELDVLQJ�WKH�GDWD�DGHTXDWHO\�FRPSHQVDWH�IRU�WKH�TXDQWL]DWLRQ�QRLVH�

'HFLPDWLRQ

7KH�LPSOHPHQWDWLRQ�RI�WZR�HVWLPDWLRQ�WHFKQLTXHV��WKH�EHVW�WHFKQLTXH��2(��DQG�WKH�ZRUVW�WHFKQLTXH��3(��IURP�VHFWLRQ
�����ZHUH� FRPSDUHG�XVLQJ� WKH� VDPH� WUDQVIRUPHU� GDWD� �VHH� WDEOH� ���� �$W� OHDVW� IRXU� REVHUYDWLRQV�ZLOO� EH� GLVFXVVHG�ZLWK

UHVSHFW�WR�GRZQ�VDPSOLQJ�RI�WKH�GDWD���)LUVW��WKH�WKHUPDO�WLPH�FRQVWDQW��To ��ZDV�REVHUYHG�WR�EH�WKH�PRVW�VHQVLWLYH�SK\VLFDO

SDUDPHWHU�WR�GRZQ�VDPSOLQJ�DPRQJ�PDQ\�GDWD�VHWV�DQG�HVWLPDWLRQ�WHFKQLTXHV���6HFRQG��WKH�GHJUHH�RI�HUURU�LQWURGXFHG
LQWR� WKH� SDUDPHWHU� HVWLPDWHV� E\� GHFLPDWLRQ� LV� GLUHFWO\� SURSRUWLRQDO�� LQ� D� JHQHUDO� VHQVH�� WR� WKH� HVWLPDWLRQ� WHFKQLTXH
HPSOR\HG��7KH�2(�WHFKQLTXH�VKRZHG�OHVV�WKDQ����HUURU�LQ�WKH�WKHUPDO�WLPH�FRQVWDQW�DW�D�GHFLPDWLRQ�IDFWRU�RI������7KH



��

3(�WHFKQLTXH��RQ�WKH�RWKHU�KDQG��LQWURGXFHG������HUURU�LQWR�To DW�WKH�VDPH�GHFLPDWLRQ�IDFWRU���7KH�GDWD�VXJJHVWV�WKDW�DQ

2(�WHFKQLTXH�VKRXOG�EH�XVHG�LQ�RUGHU�WR�PLQLPL]H�WKH�HUURUV�LQ�WKH�HVWLPDWHG�SDUDPHWHUV�DWWULEXWHG�WR�GHFLPDWLRQ�
7KH�WKLUG�REVHUYDWLRQ� LQ�WKLV�DQDO\VLV�UHYHDOHG�WKDW�WKH�GHFLPDWLRQ�IDFWRU�KDG�QHJOLJLEOH�HIIHFW�RQ�UHVLGXDO�YDULDQFHV�

σ e
2
���7KLV�LV�D�SRVLWLYH�UHVXOW�IRU�WKH�RQ�OLQH�PRQLWRULQJ�V\VWHP�VLQFH�WUDQVIRUPHU�IDLOXUHV�DUH�GHWHFWHG�E\�FKHFNLQJ�IRU

GHYLDWLRQV� LQ� WKH� UHVLGXDO� VHTXHQFH�� � &RQVWDQW� UHVLGXDO� YDULDQFHV� �XQDOWHUHG� E\� WKH� GHFLPDWLRQ� IDFWRU�� FDQ� EH� XVHG� DV
VWDWLVWLFDO�ERXQGV�RQ�WKH�UHVLGXDO�HUURU���7KLV�DOORZV�WKH�RQ�OLQH�PRQLWRULQJ�V\VWHP�WR�KDYH�JUHDWHU�FRQILGHQFH�LQ�GHWHFWLQJ
WUDQVIRUPHU�IDLOXUHV�LQGHSHQGHQW�RI�WKH�GHFLPDWLRQ�IDFWRU�XVHG�GXULQJ�SRVW�SURFHVVLQJ�
7KH� ODVW�REVHUYDWLRQ�FRQFHUQV� WKH�HUURU�FRYDULDQFH��YDOLG��GHVFULEHG� LQ� ������3DUDPHWHU� UHOLDELOLW\� LV�PD[LPL]HG�ZKHQ

GHFLPDWLRQ�LV�QRW�LPSOHPHQWHG��VHH�WDEOH����� �7KLV�LV�DQ�REYLRXV�FRQFOXVLRQ�GXH�WR�WKH�IDFW�WKDW�DOO�RI�WKH� LQIRUPDWLRQ
FRQWDLQHG� LQ� WKH� GDWD� LV� XWLOL]HG� LQ� WKH� HVWLPDWLRQ� SURFHVV�� � :KDW� LV� FRPPRQO\� QRW� NQRZQ� LV� WKH� H[WHQW� WR� ZKLFK
GHFLPDWLRQ�LQWURGXFHV�HUURUV�LQ�WKH�SDUDPHWHU�HVWLPDWHV���5HJDUGOHVV�RI�WKH�SDUDPHWHU�HVWLPDWLRQ�WHFKQLTXH�XVHG��WKH�HUURU
FRYDULDQFH� LQFUHDVHG� DW�PRVW�E\� WZR�RUGHUV� RI�PDJQLWXGH� XVLQJ� DQ\� GHFLPDWLRQ� IDFWRU� JUHDWHU� RU� HTXDO� WR� ILYH�� �7KLV
VLJQLILHV�WKH�H[WHQW�WR�ZKLFK�GHFLPDWLRQ�OHVVHQV�SDUDPHWHU�UHOLDELOLW\�

%LDV

%LDVLQJ�WKH�GDWD�E\�GLVFUHWH�DQG�IORDWLQJ�SRLQW�YDOXHV�ZDV�WKRXJKW�WR�EH�DQ�DGHTXDWH�FRPSHQVDWLRQ�WR�FDQFHO�WKH�HIIHFWV
RI�TXDQWL]DWLRQ�QRLVH�� �7KLV��KRZHYHU��GLG�QRW� WXUQ�RXW� WR�EH� WKH�FDVH�� �%LDVLQJ� WKH�GDWD�EHIRUH� DSSO\LQJ� D�SDUDPHWHU
HVWLPDWLRQ�WHFKQLTXH�ZDV�IRXQG�WR�KDYH�QR�HIIHFW�RQ�WKH�SK\VLFDO�SDUDPHWHUV�RU�WKH�UHVLGXDO�VWDWLVWLFV�

� &RQFOXVLRQV�DQG�5HFRPPHQGDWLRQV

9DULRXV�VRXUFHV�RI�HUURUV�LQ�0,7·V�LPSURYHG�PRGHO�DQG�HVWLPDWLRQ�SURFHVV�KDYH�EHHQ�H[DPLQHG�LQ�WKLV�SDSHU���3RVVLEOH
VRXUFHV�RI�HUURUV�ZHUH�WKH�HVWLPDWLRQ�RI�SDUDPHWHUV���WKH�TXDQWL]DWLRQ�QRLVH�IRXQG�LQ�WKH�FROOHFWHG�GDWD��DQG�WKH�HIIHFWV�RI
SRVW�SURFHVVLQJ��GDWD�VDPSOLQJ�DQG�FRQVWDQW�ELDVHV���5HVXOWV�IURP�WKLV�SDSHU�VKRZ�WKDW�HUURUV�ZHUH�LQGHHG�SURGXFHG�E\�DOO
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7DEOH������7ZR�GD\�/HQJWK�3DUDPHWHU�(VWLPDWHV�DQG�3UHGLFWLRQ�6WDWLVWLFV

3DUDPHWHU
0RGHO�)LW�RYHU�7ZR�'D\�/HQJWK�'DWD 3UHGLFWLRQ�(UURU

6WDWLVWLFV

(VWLPDWLRQ 'DWD (VWLPDWHG�3DUDPHWHUV (UURUV�LQ�)LW 1H[W�7ZR�'D\V
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