
 

1 
American Institute of Aeronautics and Astronautics

 

THE NONLINEAR RESPONSE OF CRACKED ALUMINUM SHELLS SUBJECTED TO COMBINED 
LOADS 

 

Cheryl A. Rose,

 

*

 

 Richard D. Young,

 

*

 

 and James H. Starnes, Jr.

 

†

 

NASA Langley Research Center
Hampton, Virginia  23681-2199

 

*

 

Aerospace Engineer, Mechanics and Durability Branch.  Member, AIAA.

 

†

 

Chief Engineer, Structures and Materials Competency.  Fellow, AIAA.

Copyright © 2001 by the American Institute of Aeronautics and Astronautics, 
Inc.  No copyright is asserted in the United States under Title 17, U. S. Code.  The 
U. S. Government has a royalty-free license to exercise all rights under the copy-
right claimed herein for Governmental Purposes.  All other rights are reserved by 
the copyright owner.

 

AIAA-2001-1395

 

Abstract

The results of a numerical study of the nonlinear re-
sponse of thin unstiffened aluminum cylindrical shells
with a longitudinal crack are presented.  The shells are
analyzed with a nonlinear shell analysis code that accu-
rately accounts for global and structural response phe-
nomena.  The effects of initial crack length on the
prebuckling, buckling and postbuckling responses of a
typical shell subjected to axial compression loads, and
subjected to combined internal pressure and axial com-
pression loads are described.  Both elastic and elas-
tic-plastic analyses are conducted.  Numerical results for
a fixed initial crack length indicate that the buckling load
decreases as the crack length increases for a given pres-
sure load, and that the buckling load increases as the in-
ternal pressure load increases for a given crack length.
Furthermore, results indicate that predictions from an
elastic analysis for the initial buckling load of a cracked
shell subjected to combined axial compression and inter-
nal pressure loads can be unconservative.  In addition,
the effect of crack extension on the initial buckling load
is presented.

Introduction

The fail-safe design philosophy, when applied to
transport aircraft fuselage structure, requires that these
structures retain adequate structural integrity in the pres-
ence of discrete-source damage or fatigue cracks.   One
type of damage frequently associated with the structural
integrity of fuselage shell structures is a longitudinal
crack in the fuselage skin that is subjected to circumfer-
ential stresses resulting from the internal pressure loads,
and to axial stresses resulting from the vertical bending
and shearing of the fuselage that are induced by normal
flight loads.  The structural response of a transport fuse-
lage structure with a crack is influenced by the local
stress and displacement gradients near the crack and by
the internal load distribution in the shell.  Local fuselage
out-of-plane skin displacements near a crack can be large

compared to the fuselage skin thickness, and these dis-
placements can couple with the internal stress resultants
in the shell to amplify the magnitudes of the local stress-
es and displacements near the crack.  In addition, the
stiffness and internal load distributions in a shell with a
crack will change as the crack grows and when the skin
buckles, and these changes will affect the local stress and
displacement gradients near the crack.  Furthermore,
crack growth may influence shell buckling, and shell
buckling may influence crack growth.  This compound
nonlinear response and interaction must be understood
and predicted accurately in order to determine the struc-
tural integrity and residual strength of current fuselage
structures with damage, and to develop more efficient
damage tolerant designs for future aerospace structures.

Recent studies (e.g., Refs. 1-4) have shown that the
structural response and structural integrity of a shell with
a crack can be studied analytically with a nonlinear struc-
tural analysis procedure that can model crack growth in
the shell.  The magnitudes of the mechanical loads used
in these studies are representative of loads that do not
buckle the skin of the fuselage.  To maximize structural
efficiency, fuselage shells are usually designed to allow
the fuselage skin to buckle above a specified design load
that is less than the design limit load for the shell.  During
the design of the fuselage, it is assumed that the design
limit load can occur anytime during the service life of the
aircraft.  As a result, a long crack could exist in the fuse-
lage shell after a considerable amount of flight service,
and loading conditions could occur that cause the shell
with the long crack to buckle.  These cracks can act as ef-
fective geometric imperfections and significantly reduce
the load carrying capacity of the shell. 

Most nonlinear-response and residual-strength
analyses that have been conducted to date for fuselage
shells with long cracks have been limited to an unbuck-
led fuselage shell response.
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  Recently, nonlinear nu-
merical and experimental studies of the effects of
longitudinal cracks on the nonlinear response of thin, un-
stiffened laboratory-scale aluminum cylindrical shells
subjected to internal pressure loads and axial compres-
sion loads indicate that the behavior of a shell can be in-
fluenced significantly by the initial length of the
crack.
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  In particular, the effect of initial crack length
on the initiation of stable tearing and unstable crack
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growth in a typical shell subjected to internal pressure
loading was predicted using elastic-plastic finite-element
analyses.  The results of these analyses indicate that the
pressure required to initiate stable and unstable tearing in
a shell subjected to internal pressure decreases as the
crack length increases.  In addition, the effects of crack
length on the prebuckling, buckling, and postbuckling
responses of a typical shell subjected to axial compres-
sion were predicted using elastic finite-element analyses.
The results of these analyses indicate that a crack in a
shell structure subjected to axial compression loads can
cause a significant reduction in the buckling load of the
shell, and that the initial buckling loads decrease as the
crack length increases.  Furthermore, the initial local
postbuckling response near the crack is characterized by
large local deformations and stresses, which may cause
the material to yield locally, and is not accurately repre-
sented by an elastic analysis.
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  In addition, studies of the
elastic response of cylindrical shells with longitudinal
cracks and subjected to internal pressure and axial com-
pression loads, e.g., Ref. 5, indicate that the interaction
between the internal pressure and axial compression
loads can have a significant effect on the local response
of the shell.

The present paper extends the studies described
above by including the effect of nonlinear material be-
havior on the numerical buckling response predictions of
thin, unstiffened, laboratory scale, aluminum shells with
centrally located longitudinal cracks and subjected to in-
ternal pressure and axial compression loads.  The inter-
nal-pressure level is varied to determine the effects of
crack length and the magnitude of the internal pressure
load on the response of these shells.  In addition, the in-
teraction between crack extension and initial local buck-
ling is addressed; that is, the cracks are allowed to grow
along a predefined path during the stability analysis.
Geometric parameters varied in the study include the
shell wall thickness and the initial crack length.  Predict-
ed prebuckling, buckling, and postbuckling results of
material linear and material nonlinear analyses are pre-
sented and compared for cylindrical shells subjected to
axial compression loads and combined internal pressure
and axial compression loads.  The results presented dem-
onstrate the influence of the loading condition and initial
crack length on shell buckling instabilities.

Shell Geometry and Analysis Procedure

Shell Geometry

The geometry of the shells analyzed in this study is
defined in Fig. 1.  The shells have a 9.0-inch radius, 

 

R

 

, a
0.020- or 0.040-inch-thick wall, 

 

t

 

, and a 36.0-inch length,

 

L

 

.  A longitudinal crack is located at  and at
shell midlength.  The initial crack length, 

 

a

 

, ranges from
1.0 to 4.0 inches.  The shells are typical laboratory-scale

cylindrical shells and are made of 2024-T3 aluminum al-
loy with the sheet rolling direction oriented in the cir-
cumferential direction. A piecewise linear representation
was used for the uniaxial stress-strain curve for 2024-T3
aluminum (Fig. 2).
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  The Young’s modulus and Pois-
son’s ratio of the material are 10.35 msi, and 0.30, re-
spectively.  The loading conditions for the shells consists
of axial compression loads and combined internal pres-
sure and axial compression loads. 

Nonlinear Analysis Procedure

The shell responses were predicted numerically us-
ing the STAGS (STructural Analysis of General Shells)
nonlinear shell analysis code.
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  STAGS analysis capabil-
ities include stress, nonlinear response, stability, vibra-
tion and transient response analyses, with both material
and geometric nonlinearities represented.  The code uses
both the modified and full Newton methods for its non-
linear solution algorithms, and accounts for large rota-
tions in a shell by using a co-rotational algorithm at the
element level.  The Riks pseudo arc-length path follow-
ing method
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 is used to continue a solution past limit
points in a nonlinear response.  For situations where the
standard arc-length method fails to converge to solutions
beyond instability points, a nonlinear transient analysis
method can be used.
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  The transient analysis option in
STAGS uses proportional structural damping and an im-
plicit numerical time-integration method developed by
Park.
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STAGS can also perform crack-propagation analy-
ses, and can represent the effects of crack growth on non-
linear shell response.  A nodal release method and a
load-relaxation technique are used to extend a crack
while the shell is in a nonlinear equilibrium state.
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  The
condition for crack extension is based on a fracture crite-
rion.  When a crack is to be extended, the forces neces-
sary to hold the current crack-tip nodes together are
calculated.  The crack is extended by releasing the nodal
compatibility condition at the crack tip, applying the
equivalent crack-tip forces, and then releasing these forc-

θ 0°=

Figure 1.  Shell geometry.
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es to establish a new equilibrium state, which corre-
sponds to the longer crack.  The changes in the stiffness
matrix and the internal load distribution that occur during
crack growth are accounted for in the analysis, and the
nonlinear coupling between the internal forces and
in-plane and out-of-plane displacement gradients that
occurs in a shell are properly represented.  Output from
STAGS, associated with a crack, includes the strain-en-
ergy-release rate in an elastic analysis, and the
crack-tip-opening angle (CTOA) in a material nonlinear
analysis.
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  These quantities can then be used as part of
a fracture criterion in an elastic analysis or a material
nonlinear analysis to predict the stable crack growth be-
havior and residual strength of a damaged shell.

Typical finite element models used to simulate the
response of the cracked shells are shown in Fig. 3.  The
models shown in Fig. 3a were used for analyses of the
axial compression and combined axial compression and
internal pressure load cases, respectively, when the inter-
action between crack extension and local buckling was
not addressed; that is, the material was assumed to be in-
finitely tough and crack propagation during loading was
not considered.  The finite element model shown in
Fig. 3b was used for the combined load case to study the
interaction between crack extension and local buckling.
Cracks with initial lengths of 1.0 to 4.0 inches were de-
fined in the model along .  Straight cracks were
assumed, so that crack extension was self-similar.  Mesh
refinement was used to provide elements with side
lengths equal to 0.040 inches along the line of crack ex-
tension.  This mesh density was required to predict accu-
rately the yielding at the crack tip and crack extension
using the critical CTOA fracture criterion.
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The shells were modeled using STAGS standard

410 quadrilateral shell elements, and 510 and 710

mesh-transition elements, where needed.  The elements
are flat facet-type elements and are based on Kir-
choff-Love shell theory and the nonlinear Lagrangian
strain tensor.
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  Each of the shell element nodes has six
degrees of freedom, including three translational degrees
of freedom,

 

 u

 

, 

 

v

 

, and 

 

w

 

, and three rotational degrees of
freedom,  and  about the axes

 

 x

 

, 

 

y

 

, and 

 

z, 

 

re-
spectively (see Fig. 3).   Radial and circumferential
translational and rotational displacement constraints
were imposed on the ends of the shells during the load
application. 

The loading conditions on the shells included axial
compression and combined axial compression and inter-
nal pressure loads.  For the case of an axial compression
load only, the compression load was applied to the ends
of the shell by specifying a uniform end displacement.
For the combined internal pressure and axial compres-
sion load cases, a live internal pressure load was applied
to the shell first and then increased until the desired load
level was obtained.  After this load level was attained, an
increasing axial compression load was applied.  The in-
ternal pressure load was simulated by applying a uniform
lateral pressure to the shell wall and by applying an axial
tensile force to account for bulkhead pressure loads to
the ends of the shell.  Multi-point constraints were used
to enforce a uniform end displacement.  The axial com-
pression load for the combined load case was applied to
the ends of the shell by specifying an additional axial
force while retaining the multi-point constraints to en-
force a uniform end displacement. 

Both elastic and elastic-plastic analyses were con-
ducted.  For the elastic-plastic analyses the material non-
linearity was represented by the White-Besseling
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 or
mechanical sub-layer model, distortional-energy plastic-
ity theory available in STAGS.  The critical
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Figure 2.  Piecewise linear representation for the uniaxial stress-strain curve for 2024-T3 aluminum 
(L-T orientation).
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crack-tip-opening angle (CTOA) fracture criterion
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was used to simulate stable crack growth for the com-
bined load case analyses in which crack extension was
considered.  The critical CTOA criterion uses the crack
opening angle as the fracture parameter.  The CTOA,
evaluated at a fixed distance from the moving crack tip,
is defined as the angle made by the upper crack surface,
the crack tip, and the lower crack surface.  In the present
study, the CTOA was evaluated at a distance of 0.04
inches behind the crack tip.  Newman

 

15

 

 has shown this
distance to be adequate for analyzing stable crack growth
in a variety of materials.  The criterion assumes that
crack growth will occur when the angle reaches a critical
value, CTOA

 

cr

 

, and that the critical value will remain
constant as the crack extends.  The value of the critical
angle is dependent on the sheet material, the sheet thick-
ness, and the crack orientation relative to the rolling di-
rection.  The critical angle for a particular material and
thickness can be obtained by numerically simulating the
fracture behavior of a laboratory specimen, using an
elastic-plastic analysis, and determining the angle that
best describes the experimentally observed fracture be-
havior.  The critical angle of 5.36

 

o

 

 used in the present
study was determined by matching STAGS predictions,
for the fracture behavior of a shell with the geometry de-
scribed above and with a 4.0-inch-long longitudinal
crack, with the experimentally observed behavior of an
aluminum shell of the same geometry and subjected to
internal pressure loads.

The prebuckling, buckling, and postbuckling re-
sponses of the shells were determined using a combina-
tion of the quasi-static and transient analysis capabilities

available in STAGS.  The prebuckling responses and
some postbuckling responses were determined using the
standard arclength projection method available in
STAGS.   For cases where convergence difficulties were
encountered beyond instability points using the standard
arclength method, the transient analysis option of the
code was used.  The transient analysis was initiated at an
unstable equilibrium state just beyond the instability
point by applying an increment to the end-shortening dis-
placement.  The transient analysis was continued until
the kinetic energy in the system damped out to a negligi-
ble level.  A load relaxation procedure was then applied
to the system to establish a stable equilibrium state.  The
subsequent stable postbuckling response of the shell was
computed using a standard nonlinear, quasi-static analy-
sis.

Results and Discussion

The nonlinear analysis results for thin unstiffened
aluminum cylindrical shells with a longitudinal crack are
presented in this section.  Results have been generated
for two loading conditions:  axial compression load only,
and combined internal pressure and axial compression
loads.  Results for these loading conditions are presented
for shells with a longitudinal crack at shell midlength and
with initial crack lengths of 1.0, 2.0, 3.0 and 4.0 inches.
For the axial compression loading case, the axial com-
pression load was increased from zero to the maximum
axial load that the shell could support.  An initial outward
geometric imperfection, in the form of the lowest eigen-
mode, was used in all of the nonlinear analyses for axial
compression loads to initiate local deformations in the
vicinity of the crack.  For the combined internal pressure

 

Longitudinal 
crack (θ = 0o)

Figure 3.  Finite element models for axial compression and combined internal pressure and axial compression 
loading cases.
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(a)  Finite element model for axial compression
and combined internal pressure and axial
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(b)  Finite element model for combined internal
pressure and axial compression loads with crack
extension
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and axial compression loading cases, a live internal pres-
sure load was applied to the shell first and then increased
until the desired load level was obtained.  After this load
level was attained, an increasing axial compression load
was applied.  Results have been generated for internal
pressure load levels of 10.0, 30.0, and 50.0 psi.  Shells
with both 0.020- and 0.040-inch wall thicknesses were
considered for the axial compression load case, but only
shells with a 0.040-inch wall thickness were considered
for the combined internal pressure and axial compression
load case.  Typical results are presented to illustrate the
effects of crack length and internal pressure load level on
the prebuckling, buckling and postbuckling responses of
a shell subjected to axial compression loads, and com-
bined internal pressure and axial compression loads.  The
effect of material nonlinear behavior on the response pre-
dictions is also assessed.

Axial Compression Loads

Results for 0.020- and 0.040-inch-thick aluminum
shells with initial crack lengths of 1.0, 2.0, 3.0 and 4.0
inches are presented in Figs. 4-17 to identify typical re-
sponse characteristics of a compression loaded shell with
a longitudinal through crack.  Predicted load shortening
response curves and load-radial displacement response
curves for shells with 1.0-, 2.0-, 3.0-, and 4.0-inch-long
cracks are provided in Figs. 4a-7a, and Figs. 4b-7b, re-
spectively, to demonstrate the overall compression re-
sponse of the shells.  Results for the 0.040-inch-thick
shell are presented in Figs. 4 and 5 and results for the
0.020-inch-thick shell are presented in Figs. 6 and 7.  The
applied compression and end-shortening values are nor-
malized by the corresponding classical buckling values
for a shell without a crack, and the radial displacement at
the crack center is normalized by the shell wall
thickness, 

 

t

 

.   
The results in Figs. 4-7 indicate that the overall

compression response predicted from both the elastic
and elastic-plastic analyses is qualitatively the same for
the 0.020- and 0.040-inch-thick shells, and is dependent
on the initial crack length.  For the 0.020- and
0.040-inch-thick shells with a 1.0-inch-long crack, the
crack introduces an effective imperfection that causes
general instability to occur at the load indicated by the 

 

X

 

on the curves for a shell with a 1.0-inch-long crack in
Figs. 4a-7a.   These shells cannot support additional
compression load after buckling.  For a shell with a long-
er crack, local buckling near the crack precedes shell col-
lapse.  The open symbols in Figs. 4a-7a identify the loads
that correspond to initial local buckling near the crack for
the 0.040-inch-thick shell with the 2.0-, 3.0-, and
4.0-inch-long initial cracks, and for the 0.020-inch-thick
shell with the 2.0-, and 3.0-inch-long initial cracks.  The
local crack prebuckling and buckling responses are qual-

itatively similar to the response of plates loaded in com-
pression.  The predictions from an elastic and an
elastic-plastic analysis, respectively, for the normalized
radial displacement  at the center of the crack edges
for the 0.040-inch-thick shell are shown in Figs. 4b and
5b.  The corresponding predictions for the
0.020-inch-thick shell are shown in Figs. 6b and 7b.  Pri-
or to buckling the radial displacement at the center of
the crack edges is nearly equal to zero.  Once the critical
load is reached,  increases rapidly with increase in
load.  Initial local buckling is followed by a stable post-
buckling response, and the load can be further increased
after local buckling has occurred near the crack edges.

As the load is increased after initial local buckling
has occurred, the 0.040-inch-thick shell with the
2.0-inch-long crack, collapse, as indicated by the 

 

X

 

 on
the curve for a shell with a 2.0-inch-long crack in Figs.
4a and 5a.  The 0.040-inch-thick shells with the 3.0- and
4.0-inch-long cracks, and the 0.020-inch-thick shells
with the 2.0- and 3.0-inch-long cracks experience a
change in the local buckling mode.  The filled symbols
in Figs. 4-7 identify the loads that correspond to second-
ary buckling, or the change in the local buckling mode
near the crack.  The initial postbuckling response of the
shells is unstable after the mode change, and as a result,
the axial load decreases after buckling occurs.  The mag-
nitude of the load decrease, the postbuckling deforma-
tion pattern and the overall axial postbuckling stiffness
of the shell is dependent on the material behavior, as de-
scribed subsequently.  The unstable transition region in
the response predictions is indicated by the broken lines
in Figs. 4a-7a.  The unstable transition from the stable
initial buckled configuration to the stable postbuckling
configuration was determined by using the transient
analysis capability in STAGS.  The transient analysis
was continued until the kinetic energy in the system was
negligible.    Once a stable equilibrium state was deter-
mined from the transient analysis, the nonlinear static
analysis was resumed to compute the stable postbuckling
equilibrium response results shown in Figs 4a-7a.  The
stable postbuckling segments in the response curves are
accompanied by an increase in the magnitude of the local
deformations in the shell near the crack.  In addition, the
slope of the postbuckling stable equilibrium segment of
the response curve decreases as loading continues in the
postbuckling range, indicating a reduction in the effec-
tive axial compressive stiffness of the shell.  This reduc-
tion in stiffness is due to increasing deformations in the
vicinity of the crack as the compression load is increased,
which results in significant load redistribution in the
shell away from the crack.  The overall collapse of the
0.040-inch-thick shells with the 3.0- and 4.0-inch-long
cracks and the 0.020-inch-thick shells with the 2.0- and
3.0-inch-long cracks occurs at the 

 

X
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Figure 4.  Effect of longitudinal crack length on the linear-elastic response of 0.040-inch-thick cylindrical 
shells subjected to axial compression loads.
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Figure 5.  Effect of longitudinal crack length on the elastic-plastic response of 0.040-inch-thick cylindrical 
shells subjected to axial compression loads.
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Figure 6.  Effect of longitudinal crack length on the linear-elastic response of 0.020-inch-thick cylindrical 
shells subjected to axial compression loads.

(a)  Load-shortening response (b)  Load-normal displacement response
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Figure 7.  Effect of longitudinal crack length on the elastic-plastic response of 0.020-inch-thick cylindrical 
shells subjected to axial compression loads.
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curve.  The unstable collapse response is represented by
the dotted lines in the figures and is characterized by a
significant reduction in the axial compression load and
the development of the general instability mode in the
shell.   

The initial local buckling load, secondary buckling
load, and shell collapse load predictions obtained from
elastic and elastic-plastic analyses for the 0.040- and
0.020-inch-thick shells are summarized in Fig. 8, and in
Tables 1 and 2, respectively.   Buckling load predictions
for an undamaged shell are also provided in Fig. 8.
These results indicate that the magnitudes of the initial
buckling loads and secondary buckling loads decrease as
the initial crack length increases.  Furthermore, the initial
buckling load and secondary buckling load predictions
obtained from the elastic and the elastic-plastic analyses
are basically the same.  For the 0.040-inch-thick shells,
with 2.0-, 3.0-, and 4.0-inch-long cracks, local yielding
occurs at the crack center and at the crack tips after initial
buckling and as the radial displacements become large.
However, the yielding is extremely localized and does
not affect the secondary buckling load.  For the
0.020-inch-thick shells, yielding does not occur until af-
ter the change in the local buckling mode.  Consequently,
as shown in Fig. 9, the initial local buckling load results
and the secondary local buckling load results obtained
from an elastic and an elastic-plastic analysis for the
0.020- and 0.040-inch-thick shells are represented very

well by a characteristic curve that is based on the curva-
ture parameter 

The collapse load predictions, however, are not
represented by a characteristic curve that is based on the
curvature parameter  Collapse load predictions
obtained from both an elastic analysis and an elas-
tic-plastic analysis for the 0.020-inch-thick shell indicate
that, although the initial and secondary buckling loads
for the 0.020-inch-thick shell with a 2.0-inch-long crack
are larger than the corresponding buckling loads for the
shell with a 3.0-inch-long crack, the collapse load is
smaller.  This behavior is a consequence of the initial
postbuckling deformations in the 0.020-inch-thick shell
with a 2.0-inch-long crack extending circumferentially
over a larger portion of the shell than the initial postbuck-
ling deformations in the shell with a 3.0-inch-long crack.
The initial postbuckling deformations from an elas-
tic-plastic analysis of a 0.020-inch-thick shell with a
2.0-inch-long and a 3.0-inch-long crack are provided in
Fig. 10.   Predictions obtained from an elastic analysis
were basically the same.  The more extensive deforma-
tions in the shell with a 2.0-inch-long crack results in sig-
nificant stress redistribution away from the crack, and a
larger reduction in the effective postbuckling axial stiff-
ness of the shell with the 2.0-inch-long crack, as indicat-
ed by the reduction in the slope of the postbuckling
portion of the response curves shown in Figs. 6 and 7.  In
addition, comparison of the predictions from an elastic
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Figure 8.  Buckling load as a function of the total crack length, for shells with thicknesses equal to 0.040 in. 
and 0.020 in.
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Table  1.   Buckling load predictions for a 0.040-inch-thick shell

Initial Buckling

P/Pcr
a

Secondary Buckling

P/Pcr

Collapse

P/Pcr

Crack Length, 2a
(in.) Elastic

Elastic-Pl
astic Elastic

Elastic-Pl
astic Elastic

Elastic-Pl
astic

1.0 0.833 0.819 0.819 0.854 0.853 0.854 0.853

2.0 1.667 0.530 0.530 0.575 0.573 0.575 0.573

3.0 2.500 0.389 0.365 0.476 0.471 0.503 0.589

4.0 3.333 0.313 0.306 0.422 0.422 0.501 0.579

a Pcr = 63.86 kips

Table  2.   Buckling load predictions for a 0.020-inch-thick shell

Initial Buckling

P/Pcr
a

Secondary Buckling

P/Pcr

Collapse

P/Pcr

Crack Length, 2a
(in.) Elastic

Elastic-Pl
astic Elastic

Elastic-Pl
astic Elastic

Elastic-Pl
astic

1.0 1.178 0.731 0.731 0.735 0.735 0.735 0.735

2.0 2.357 0.407 0.407 0.484 0.484 0.419 0.438

3.0 3.535 0.301 0.301 0.406 0.406 0.532 0.566

a P/Pcr = 15.96 kips
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Figure 9.  Buckling load as a function of the shell parameter, , for shells with thicknesses equal to 
0.040 in. and 0.020 in.
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and an elastic-plastic analysis for the compression re-
sponse of the 0.020-inch-thick shells with 2.0- and
3.0-inch-long cracks, and the 0.040-inch-thick shells
with 3.0- and 4.0-inch-long cracks indicates that the col-
lapse loads predicted by an elastic-plastic analysis are
greater than those predicted by an elastic analysis.  Fur-
thermore, the results from the elastic-plastic analysis in-
dicate that for the 0.040-inch-thick shells with 3.0-, and
4.0-inch-long cracks the decrease in load associated with
the unstable local buckling event that occurs near the
crack is smaller than that obtained from the elastic anal-
ysis, and a larger postbuckling stiffness is predicted by
the elastic-plastic analysis.    

Typical results of the load-shortening predictions,
deformation pattern predictions, and stress resultant pre-
dictions obtained from a linear elastic and an elas-
tic-plastic analysis for the 0.040-inch-thick shell with a
3.0-inch-long crack are shown in Figs. 11-14 to illustrate
the differences in the material linear and material nonlin-
ear analysis predictions.  The load-shortening response
curves from an elastic and an elastic-plastic analysis are
given in Fig. 11a and provide an overall comparison of
the compression response predictions from the two anal-
yses.   The load-time history of the unstable local buck-
ling response is shown in Fig. 11b.   Initial yielding
occurs for an applied load corresponding to  =
0.43, which is approximately 90 percent of the buckling
load associated with the local mode change.    Deformed
shapes obtained from an elastic analysis and an elas-
tic-plastic analysis are provided in Figs. 12 and 13, re-
spectively, to show the development of the shell’s
postbuckling response.  The deformed shapes in Figs. 12

and 13 correspond to the points A, B, C, and D on the
load-shortening curves shown in Fig. 11.

The load-shortening predictions based on an elastic
analysis and an elastic-plastic analysis, and the deforma-
tion pattern prediction at point A, just prior to the local
mode change, indicate that the shell response prior to the
local mode change is adequately predicted by an elastic
analysis.   The initial buckling deformation pattern,
shown as deformation pattern A in Figs. 12 and 13, is
typical of the shape of the initial buckling deformation
pattern for the 0.040-inch-thick shell with the 2.0-, 3.0-
and 4.0-inch-long cracks, and for the 0.020-inch-thick
shell with the 2.0-, and 3.0-inch-long cracks.  The initial
buckling deformation is characterized by inward buckles
at the crack tips, and outward deformations along the
crack edges.  As the postbuckling response progresses
from point A to point B, the buckle pattern rotates around
the radial coordinate axis.    In the elastic case, the buckle
rotates 90 degrees around the radial coordinate axis, re-
sulting in a deformation pattern with high circumferen-
tial curvature, that apparently stiffens the skin
longitudinally near the crack enough to stabilize the shell
and to increase the amount of axial compression load that
can be supported by the shell after the local mode change
occurs.  The initial postbuckling pattern obtained from
the elastic-plastic analysis, however, is significantly dif-
ferent, as shown in Fig. 13 (deformation pattern B).  The
initial postbuckling deformation pattern predicted by the
elastic-plastic analysis is very similar to the deformation
pattern labeled A*  in Fig. 12 and predicted by the elastic,
transient analysis.  These results suggest that for the shell
studied, yielding of the aluminum prevents the postbuck-

Figure 10.  Comparison of initial postbuckling deformation patterns from an elastic-plastic analysis of a 
0.020-inch-thick shell with a 2.0-inch-long and a 3.0-inch-long longitudinal crack and subjected 
to axial compression loads.

(b)  3.0-inch-long longitudinal crack(a)  2.0-inch-long longitudinal crack

P Pcr⁄
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ling deformation pattern, B, predicted by the elastic anal-
ysis from developing.  This result is consistent with the
experimentally observed response.6

As shown in Fig. 11, the elastic-plastic analysis
predicts a less severe decrease in the load associated with
the unstable local buckling event that occurs near crack
than is predicted by the elastic analysis.  Furthermore,
the elastic-plastic analysis predicts greater axial post-
buckling stiffness than is predicted by the elastic analy-
sis.  This behavior is a result of the local yielding near the
crack, caused by large bending deformations, that effec-
tively constrains the initial buckling pattern from rotat-
ing as far around the radial coordinate as predicted by the
elastic analysis.  As a consequence, a smaller portion of
the shell is disturbed by the postbuckling deformations.
In addition, the magnitude of the collapse load predicted
by the elastic-plastic analysis is larger than the magni-
tude predicted by the elastic analysis.  This difference is
explained by comparing predictions from the elastic and
elastic-plastic analyses for the axial and circumferential
stress resultants just before shell collapse occurs.  Con-
tour plots of the axial and circumferential stress result-
ants corresponding to point C on the load shortening
curves in Fig. 11, are provided in Fig. 14.  Stress result-
ant distributions obtained from an elastic analysis and an
elastic-plastic analysis are shown in Figs. 14a and 14b,
respectively.  These results indicate that the local post-
buckling deformations have a significant influence on

the load distribution in the shell.  In addition, the results
indicate that regions of large destabilizing in-plane biax-
ial compression stress resultants develop near the crack,
particularly in the elastic case.  In the elastic case, the
shell deformations with large circumferential curvature
induce large circumferential compressive stresses, and
result in the formation of longitudinal ‘stiffener like’ re-
gions which support large amounts of axial compression
load.    In the elastic-plastic case, yielding in the vicinity
of the local postbuckling deformations causes load to be
redistributed to the opposite side of the shell, as shown in
Fig. 14c, and the biaxial compression state near the crack
is not as severe as for the elastic case.  Consequently, the
elastic-plastic shell can support more load before col-
lapsing.  However, as shown in Fig. 14c, the axial com-
pression and circumferential compression stresses near
the crack required to cause the shell to collapse are lower
for the elastic-plastic case than they are for the elastic
case, due to a ‘softening’ of the material behavior in the
plastic region near the crack.            

A similar comparison of the elastic and elas-
tic-plastic response predictions for the 0.020-inch-thick
shell with a 3.0-inch-long is provided in Figs. 15-17.
The load-shortening response curves from an elastic and
an elastic-plastic analysis are given in Fig. 15 as an over-
all comparison of the compression response predictions
from the two analyses.  An extensive postbuckling re-
sponse is indicated by several stable and unstable seg-
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0.2
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0.6

Figure 11.  Comparison of load-shortening response predictions and load-time history of unstable local mode 
change obtained from an elastic analysis and an elastic-plastic analysis for a 0.040-inch-thick shell 
with a 3.0-inch-long longitudinal crack.
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Figure 12.  Selected deformation pattern predictions from an elastic analysis of a 0.040-inch-thick shell with a 
3.0-inch-long longitudinal crack and subjected to axial compression loads (refer to Fig. 11 for 
selected points).
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ments in the load-shortening response curve.  Unstable
response segments are indicated by dotted lines.  These
results indicate that the shell response prior to the local
mode change, and the shell response throughout the ma-
jority of the postbuckling range, is adequately predicted
by an elastic analysis.  For these thin shells, yielding does
not start until after the local mode change and is very lo-
calized, developing only at the crack-tips and crack edg-
es, and at the nodes in the deformed shell where the axial
compression and circumferential stresses are large.   The
effect of plastic deformations on the overall response of
these shells is therefore not as significant as for the
0.040-inch-thick shells.

The initial postbuckling deformation pattern pre-
dicted at point B on the load-shortening response curves
by both an elastic and an elastic-plastic analysis is shown
in Fig. 10b.  As the load is increased further into the post-
buckling response range, the deformation pattern gradu-

ally moves around the circumference of the shell,
developing into patterns similar to those shown by points
C and D in Fig. 12 for the elastic 0.040-inch-thick shell.
For the 0.020-inch-thick shell, the circumferential
half-wave length is shorter than for the 0.040-inch-thick
shells.  The shell is able to support significant load after
initial postbuckling because the shell deformations with
large circumferential curvature and regions of large out-
ward radial deformations, introduce ‘stiffener like’ re-
gions in the shell that support large amounts of axial
compression load.  This response behavior is demon-
strated in Fig. 16 which shows the circumferential varia-
tion of the radial displacement and axial stress resultant
at the shell midlength at selected points in the elas-
tic-plastic response predictions.  Curves in Fig. 16 desig-
nated A, B, F, and J correspond to points on the
load-shortening curve in Fig. 15.  Large axial stresses de-
velop along the outward ridges in the deformed shell, and

Figure 13.  Selected deformation pattern predictions from an elastic-plastic analysis of a 0.040-inch-thick shell 
with a 3.0-inch-long longitudinal crack and subjected to axial compression loads (refer to Fig. 11 for 
selected points).
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increase as the applied axial compression load increases.
An indication of the effect of plasticity on the destabiliz-
ing biaxial in-plane compression resultants that develop
in the deformed shell is provided in Fig. 17.  Point I  cor-
responds to the response just before predicted collapse
by the elastic analysis, and Point J corresponds to the re-
sponse just before predicted collapse by the elastic-plas-
tic analysis.  For the elastic-plastic case, yielding in the
vicinity of the local postbuckling deformations causes

the destabilizing biaxial compression state to be less se-
vere than for the elastic case.  Consequently, the elas-
tic-plastic shell can support more load before collapsing
than can the elastic shell.  

Internal Pressure and Axial Compression Loads - No 
Crack Extension

A summary of the effects of combined internal
pressure and axial compression loads on the initial buck-
ling load and collapse load for a 0.040-inch-thick shell
with initial crack lengths of 2.0, 3.0 and 4.0 inches is
shown in Fig. 18a and Fig. 18b, respectively for 0, 10,
30, and 50 psi of internal pressure.  Predictions based on
both an elastic analysis and an elastic-plastic analysis are
provided.  The results in Fig. 18a indicate that the initial
buckling load of the shells increases as the internal pres-
sure increases for a given crack length.  The initial buck-
ling load increases because of the larger tensile
circumferential stress resultants near the crack for larger
magnitudes of internal pressure, which tend to stabilize
the shell.  Results of the elastic-plastic analysis, howev-
er, show a less significant increase in the buckling load
with increase in pressure, particularly at higher magni-
tudes of internal pressure and for shells with shorter
crack lengths, where higher axial stresses are required to
cause buckling of the shell to occur.  These results indi-
cate that the buckling load predictions from an elastic
analysis may be unconservative.  The results also indi-
cate that the buckling load decreases as the crack length
increases for a given value of internal pressure.  The re-
sults in Fig. 18b indicate that the collapse load of the
shells, in general, increases as the internal pressure in-
creases for a given crack length, and that the increase
predicted by an elastic analysis is larger than the increase
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Figure 15.  Comparison of load-shortening response 
predictions obtained from an elastic 
analysis and an elastic-plastic analysis of a 
0.020-inch-thick shell with a 3.0-inch-long 
longitudinal crack and subjected to axial 
compression loads.
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predicted by an elastic-plastic analysis.  In addition, the
elastic-plastic analysis predicts a lower collapse load for
30 psi of internal pressure than for 10 and 50 psi of inter-
nal pressure.

Results for a 0.040-inch-thick shell with a
3.0-inch-long crack are presented in Figs. 19 and 20 to
demonstrate typical response characteristics of a shell
with a crack and subjected to combined internal pressure
and axial compression loads.  The load-shortening re-
sponse curve in Fig. 19 provides an overall guide to the
response.   The results indicate that the magnitude of the

first local buckling load of the shells increases as the in-
ternal pressure level increases.  For the combined load
case, the first local buckling mode corresponds to a
change in the shell deformation from a symmetric local
pattern to an unsymmetric local pattern, and not to
growth of the symmetric local pattern as for the axial
compression load case.  In addition, the results indicate
that for low values of internal pressure, the initial post-
buckling response is unstable, and that the initial local
postbuckling response transitions to a stable postbuck-
ling response as the internal pressure level increases.  For
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Figure 17.  Comparison of axial stress resultants and circumferential stress resultants along x = 0.0 in., just prior 
to collapse, from an elastic analysis and an elastic-plastic analysis of a compression-loaded 
0.020-inch-thick shell with a 3.0-inch-long longitudinal crack (refer to Fig. 15 for selected points). 
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the results presented in Fig. 19, shells with an internal
pressure level equal to or greater than 30 psi exhibit a sta-
ble local postbuckling response.  The results also show
that the general instability load for the shells increases
with increases in internal pressure, and that the amount
of reduction in load associated with collapse decreases as
the internal pressure level increases.

Representative initial postbuckling and general in-
stability deformed shape plots are provided in Fig. 20 for
a shell with a 3.0-inch-long crack and subjected to 30 psi
of internal pressure.  The local crack prebuckling defor-
mation pattern is similar to that shown in Fig. 13 (point
A), for the axial compression case, but it has significant-
ly larger deformations.  Furthermore, for the cases con-
sidered here, the prebuckling deformation pattern is
always symmetrical with respect to the planes 
and .  Therefore, the crack behavior in the preb-
uckled state can be characterized by the Mode I crack-
opening fracture mode.  The stable postbuckling defor-
mation shape, after the local mode change, is shown in
Fig. 20a.  The deformation pattern in Fig. 20a indicates
that the shell deforms into an unsymmetric local pattern
with high circumferential curvature gradients at the
crack tips.  The crack behavior in the postbuckling state
therefore cannot be characterized by a simple Mode I
crack-opening response.  Consequently, only the interac-
tion between crack extension and initial local buckling is
addressed in the next section.  The general instability de-
formation pattern, shown in Fig. 20b, indicates that an
increase in internal pressure results in a deformation with
a shorter circumferential half-wave length than for the
unpressurized case.

Internal Pressure and Axial Compression Loads - Crack 
Extension

 Results are presented in Fig. 21 for a
0.040-inch-thick shell with a 3.0-inch-long initial crack
to provide a preliminary indication of the effect of crack
growth on the initial buckling load.  Crack growth was
simulated using the critical CTOA criterion, and a criti-
cal angle equal to .  The results shown in Fig. 21
were generated from an elastic-plastic analysis by first
applying a live internal pressure load  of the desired load
level to the shell.  After this load level was attained, an
increasing axial compression load was applied.  The ef-
fect of load sequence on the results was not investigated.
The bottom curve in the figure corresponds to the com-
bination of internal pressure and axial compression loads
required to initiate stable crack growth.  For this shell,
crack propagation initiates for internal pressure only, at
an internal pressure level of 30 psi.  The top curve indi-
cates the effect of internal pressure on the initial buckling
load for a shell with a fixed crack length.  The dashed
curve shows the effect of crack growth on the initial
buckling load.  These results show that for the shell con-
sidered, and for internal pressure load magnitudes less
than 30 psi, crack growth reduces the buckling load by
10% or less.  For larger magnitudes of internal pressure,
the effect of crack growth on the initial buckling load is
expected to be more significant.  Crack growth for inter-
nal pressure loads greater than 30 psi extends to the
boundaries of the refined mesh shown in Fig. 3b, and the
interaction between crack growth and initial buckling
could not be evaluated with this model.

Figure 19.  Predictions from an elastic-plastic analysis of the effect of internal pressure on the load-shortening 
response of a 0.040-inch-thick shell with a 3.0-inch-long longitudinal crack.

(a)  Load-shortening response (b)  Magnified view of local and global buckling points 
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Concluding Remarks

The results of an analytical study of the effects of a
longitudinal crack on the nonlinear response of thin un-
stiffened aluminum cylindrical shells subjected to axial
compression, and to combined internal pressure and axi-
al compression loads are presented.  The results indicate
that the nonlinear interaction between the in-plane stress
resultants and the out-of-plane displacements near a
crack in a thin shell can significantly affect the structural
response of the shell.  Large local stress and displace-
ment gradients exist near a crack in a shell for all loading
conditions considered in the present study.  The results
indicate that the nonlinear response of the shell depends
on the loading condition applied to the shell and the ini-
tial crack length.  The initial buckling load of a shell sub-
jected to axial compression loads decreases as the initial
crack length increases.  Initial buckling causes general
instability or collapse of the shell for shorter initial crack
lengths.  Initial buckling is a stable local response for
longer initial crack lengths.  This stable local buckling
response is followed by a stable postbuckling response,
which is followed by general or overall instability of the
shell.  The results for combined internal pressure and ax-
ial compression loads indicate that the initial buckling
load of a shell increases as the magnitude of the internal
pressure increases, but decreases as the inital crack
length increases.  Furthermore, results indicate that pre-
dictions from an elastic analysis for the initial buckling
load of a cracked shell subjected to combined axial com-
pression and internal pressure can be unconservative.

Figure 20.  Selected deformation patterns for a 0.040-inch-thick shell with a 3.0-inch-long longitudinal crack and 
subjected to 30 psi of internal pressure and an axial compression load.

(a)  Initial postbuckling deformation pattern (b)  General instability deformation pattern
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Figure 21.  Interaction between crack growth and 
initial buckling for a 0.040-inch-thick 
shell with a 3.0-inch-long crack and 
subjected to combined internal 
pressure and axial compression loads.
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