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A first order geometrical optics treatment of

holograms combined with the generation of interfer-
ence fringes by two point sources 1is wused to
describe reference fringe formation in non-diffuse

dual-hologram interferometry.
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1. TRODUCTLIC

Non-diffuse dual-hologram interferometry is one of the
more commonly used holographic flow visualization techniques
for wind tunnels. The technique was used as early as 1966
/1/ with the first majoragplications of the technique to
wind tunnels being made in the early 1970's /2/. With this
technique flow and no-flow recordings are made as two sepa-
rate holograms. Schlieren and shadowgraph are obtained from
reconstructions of the flow hologram only, while interfero-
metry 1is obtained by interfergng reconstructions from both
holograms. By adjusting the holograms relative to one

another in the reconstruction setup various reference (or
background) fringe spacings and orientations can be realized,

either to emphasize different parts of the flow field or to
create more fringe crossings in the region of evaluation.

. The adjustments required to produce reference fringes in
the dual-hologram interferometer can sometimes appear rather
"mysterious" and a mixture of trial-and-error and experience
is usually required. The purpose of this paper is to show
that a simple first order model is useful as an aid in under-
standing some of the basic adjustments of the interferometer.
First, the generation of fringes by two point sources and the
first order imaging properties of planar holograms are
reviewed. It is then shown how the first order imaging
relationships can be used to describe reference fringe pat-
terns for the typical geometry used in dual-hologram inter-
ferometry. Finally it is shown how the first order model can




be used to determine the reconstruction geometrK necessary to
obtain reference fringes, without adjusting the two holo-
grams, when the reconstructing wavelength is less than the

exposing wavelength.
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The experimental arrangement for holographic flow visu-
alization typicall consists of a plane wave reference beam

and a converging spherical wave scene beam which intersect at
the hologram plane at equal angles. The spherical wave 1s
produced by two parabolic mirrors used off-axis in the con-

V/

ventional configuration with offset angles made equal to
minimize coma. The converging spherical wave suffers from
astigmatism but to first order focuses to a point. Such a
‘scene beam is particularly amenable to a first order treat-
ment since it is only necessary to determine the location of
the two point source ¥mages reconstructed by each of the two

- holograms to predict reference fringe patterns.

Consider a two beam interferometer in which two virtual
images of a point source are formed. The optical components
of the interferometer can be adjusted such that the two point
source images move with respect to one another to form vari-

ous reference fringe patterns
(fig. 1). It is the displace-
ment of the fringes from their
reference positions that is
measured to determine optical

path length changes. The inter-

ference fringes formed by two

point sources form hyperboloids
of revolution with the point
sources as foci /3/. The
interference pattern formed at
a given plane is determined by
its intersection with the

fringe surfaces. For instance, o .

if the two point sources are :':om‘to:'l‘t;;“?npco?n:d:::r:n
displaced perpendicularly to 9

the viewing plane, circular

fringes are seen. If the two point sources are displaced
parallel to the viewing plane hyperbolic fringes are seen
with the vertex perpendicular to the line connecting the two
point sources. To first order the reference fringes for the
two parallel displaced point sources are straight lines with
spacing given by AZ/D where A is the wavelength of light, D
is the distance between the two point sources, and Z 1is the
distance from the plane containing the point sources to the
viewing plane. In general, curved fringes result with the
center of curvature of the fringes found at the intersection
with the viewing plane of a line which passes through the two

point sources.
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The optical power ® of a planar hologram at wavelength
A, when treated as a thin lens, 1s given by

= n P i (1)

where &, is the optical power of the hologram when recon-
structed with the exposing wavelength Ao, and p = A/A,. The




power & is related to the focal length f of the hologram by f

. The power &, is found from the Gaussian object-image
relationship to be - _ ' ‘

b = 1/24 - 1/3.,

where (0,Y,,25) and (0,Yg,2g)
exposing reference and scene
The hologram is centered at t

rigi located in the Xy

YZ plane

(2)

sources reference
used to ex “hologram. (0,Yg,ZR)
Sweatt \4\ points out "that

there is no loss of generality
in such a choice. A construc-
tion ray (a ray drawn in a
first order analysis which does
not necessarily pass through
the optics) drawn from the
exposing reference beam point
source to the scene beam point
source passes through the

hologram plane at the thin lens equivalent to a nodal point
located at (0,Yy,0) where ' '

Y = (ZrYs - 2gYr)/(%2r - Zs) ' (3)

The nodal point need not lie on the hologram itself and

is independent of exposing or reconstruction wavelength.
Just as for a thin lens, any first order construction ray

which passes through the nodal point is not refracted. To
find the point source image, a construction ray is drawn from
the reconstruction reference point source through the nodal
point to the Gaussian image plane. The image is located at
the point where the ray intersects the mage Elane. This
plane is perpendicular to the Z axis and given by 2z = Z +
Zy = 1/(1/2, + &) (4)

where

V/

and Zc 18 the plane containing the reconstruction
reference point source. If the X,Y coordinates of the recon-
struction reference point are (X,,Y<) then the

the reconstructed scene

(5)

If the exposing geometry and wavelength are duplicated for
reconstruction so that (Xo,Ye,2%2c) = (Xpn/Y¥Yn/2%2r) and p = 1,
then (X;,Y:,2,) = (Xs/Ys,25) and the reconstructed scene beam
point source image is located at the focus of the exposing

scene beam. Once the exposing geometry is known the location
of a point source image during reconstruction at other wave-
lengths and geometries can be determined with the above
relations. If the exposing reference or scene beam is a
plane wave then the appropriate use of direction tangents to

describe the location of the sources is necessary in some of
the above relations.
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As mentioned earlier a typical holographic flow visual-
ization setup will use a plane wave reference beam and a
converging spherical wave scene beam which intersect the
hologram plane at equal angles /5/. From the above rela-
tions, assuming a plane wave reference beam for exposure and
reconstruction, ' ‘

= 1/® = Z4/M

r = f

f
Yo = Ygu = Vp Z2a
Z
X

r = u. £

Y, = Y, +t Vo £

where u and v are direction tangents (slopes) in the XZ and
YZ planes of the exposure or reconstruction reference beam.

The direction tangent is positive if the ray must be rotated
clockwise to be parallel to the 72 axis.

In dual-hologram interferometry an exposure without flow
is made on one hologram which is then removed, and another
exposure with flow made on a second hologram. The holograms
are separated by d. In the following discussion it 1is
assumed that during reconstruc- . :

tion the two holograms have the
same relative positions as for

the exposure. This arrangement
is depicted in fig. 3 where the  reference - _
hologram substrate  thickness . 1T ><<
has been neglected and the two ’i _

holograms are assumed to be 192

parallel. Note that the holo- -
gram substrate does not affect . holograms
the power of a hologram (assum- '
ing a plane parallel plate),
but does introduce a first
order focus shift and a lateral displacement. The plane on
which the fringes are observed is perpendicular to a ray from
the center of the flow hologram. The plane Z = 0 is located

at hologram #1 and the focal lengths of the two holograms are
given by _ ' -

nodol

Y _
JQJV'dew
'

scene

Fig. 3 Dual—holograms

f, = Z25/1

_ o (7)
f, = (25 - d)/p = £, - d/pn

gosing scene
1 and #2 are
1 the

where Z2 = Z, is the plane of focus of the ex
beam. The Gaussian image planes of holograms

located at Z = f, and 2 = f, + d respectively. For p =
Gaussian image planes of the two holograms coincide.

A construction ray parallel to the reference beam and
passing through the scene beam focus determines the nodal
points of the two holograms. If reconstruction occurs at the
same wavelength (p = 1) and geometry as used for exposure,
then two point source images are formed which coincide in the

common Gaussian image plane, giving an infinite fringe condi-
tion. Any phase differences between exposures are evident as




partial or whole fringe shifts. 1If one of the holograms 1is
translated in the Y direction for instance, the point source
image reconstructed from that hologram moves the same amount

and direction in the Gaussian image plane. The reference
fringes observed on the viewing glane are then curved with
the center of curvature determined by the intersection of the

viewing lane and the Gaussian plane. To obtain

mage

straight line reference fringes an additional translation 1in
y/

the direction would be necessary to ensure that the two
point sources are separated parallel to the viewing plane
(which for the typical case 1is not perpendicular to the 2
axis). Note that if the hologram substrate thickness is not
negligible the two reconstructed point sources do not coin-

cide (without adjusting one of the holograms) since the
reconstructed scene beam from hologram #1 passes through two

substrates while the scene beam from hologram #2 only passes
through one. For a typical substrate thickness t = 1 mm,
refractive index n = 1.52, and scene beam slope angle of +5°,

the scene beam from hologram #1 suffers an additional focus
shift t(n-1)/n = +0.34 mm in the Z direction and a lateral

displacement -vit(n-1)/n = -0.029 mm in the Y direction.

Reconstructions are often made at a shorter wavelength
(m < 1) when wusing a pulsed

ruby laser for the exposure. nodal  8Z

This situation is depicted in Y, points
fig . 4 in which the expos ing ' - /l\;‘l// i source
geometry of the reference beam . . : !

is maintained. Again a ray ' -

parallel to the reference beam
is passed through the nodal
points of the two holograms.

12

The intersection of the con- holo

struction ray with the Gaussian grame

image planes (now separated) of Fig. 4 Dual-holograms with <1
the two holograms locates the

reconstructed point source

images. The Gaussian image Elane of hologram #1 is separated
in the Z direction from the image plane of hologram #2 by

§2 = f, - (fo +d) =d (1/pn - 1) (8)

The two point source images are separated in the Y direction
by

§Y = d v (1/p - 1) (9)

For typical values of d 6.0 mm, p = 0.91, and a refer-
ence beam slope angle of -5°, 6§Z will equal +0.53 mm and 8Y
will equal -0.051 mm. &Z and 8Y are in addition to the focus
shift and lateral displacement (which are
wavelength dependent) due to the substrate.
the viewing plane (assuming the holograms are positioned as
for the exposure) are curved with the center of curvature
determined by the intersection of a line through the two
point sources and the viewing plane. To obtain the infinite
fringe condition hologram #2 can be translated in the 2
direction by 6Z and in the Y direction by &Y.

4.1 Reference inge formation v 10U NC nd hologarams

The first order model can also be used to predict refer-
ence fringe formation for other than plane wave reference




beams during reconstruction. For instance, the two recon-
structed point source images can be made to coincide without
adjusting the two holograms from their positions for the
exposure (even with p # 1) if the radius of curvature of the
reference beam is allowed to vary for the reconstruction.
The Gaussian image plane for each ho¥ogram can be found from
eq. (4) when using a spherical wave reference beam for recon-
struction. Taking into account the distance d between the
two holograms and with Z = 0 located at hologram #1, a plane
72 = Z. can be solved for as the plane of focus of a recon-
struction reference beam which will cause the Gaussian image
planes of the two holograms to coincide. If d =6 mm, 32, =
25 cm, and pn = 0.91, Z. is found to be +5.67 m which indi-
cates a slightly converging sﬁherical wave reference beanm.
(For the second solution to the resulting quadratic equation,
the reference beam would be focused between the two holo-
grams.) The two point sources in the common image plane will
coincide to produce the infinite fringe case if the focus of
the spherical wave reference beam lies on the line through
both nodal points. The two point sources can be separated
parallel to the viewing plane to form straight line reference
fringes by changing the focus and angle of inclination of the

reference beam.

- The error in the above model in determining relative
locations of the two point source images is much smaller than
the error in determining their absolute locations since the

absolute errors for each image are nearly equal. Errors in
the above model can be lessened by replacing the Z coordinate
in egs. (2-5) with the radial distance from the origin, where
the radial distance has the same sign as the 2 coordinate
/6/. This improved model (which lacks the computational
simplicit of the above paraxial first order model) is some-
t imes calied the nonparaxial first order model.

5.

W =l

g

A first order geometrical optics treatment of holograms
combined with the generation of interference fringes by two
point sources is useful in describing reference fringe forma-
tion in dual-hologram interferometry and as an aid in under-
standing some of the basic adjustments of the interferometer.
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