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Abstract

A parametric study is presented of the buckling behavior of infinitely long sym-
metrically laminated anisotropic plates subjected to combined loads. The study
focuses on the interaction of a subcritical (stable) secondary loading state of constant
magnitude and a primary destabilizing load that is increased in magnitude until buck-
ling occurs. The loads considered in this report are uniform axial compression, pure
in-plane bending, transverse tension and compression, and shear. Results are pre-
sented that were obtained by using a special purpose nondimensional analysis that is
well suited for parametric studies of clamped and simply supported plates. In particu-
lar, results are presented for[&45] s graphite-epoxy laminate that is highly anisotro-
pic and representative of a laminate used for spacecraft applications. In addition,
generic buckling-design charts are presented for a wide range of nondimensional
parameters that are applicable to a broad class of laminate constructions. These
results show the general behavioral trends of specially orthotropic plates and the
effects of flexural anisotropy on plates subjected to various combined loading condi-
tions. An important finding of the present study is that the effects of flexural aniso-
tropy on the buckling resistance of a plate can be significantly more important for
plates subjected to combined loads than for plates subjected to single-component
loads.

Introduction with a significant potential for reducing structural weight

Buckling behavi f laminated plates i topic of of aircraft and launch vehicles. Thus, understanding the
uckiing behavior of laminated piales 1S a topic o .buckling behavior of symmetrically laminated plates is

fundamental importance in the design of aerospace vehi-

- an important part of the search for ways to exploit plate
cle structures. Often the sizing of many subcomponents P b y pior b

of these vehicles is determined by stability constraints, inorthotropy and anisotropy to reduce structural weight.
addition to strength and stiffness constraints. One sub- In many practical cases, symmetrically laminated
component that is of practical importance in structural plates exhibit specially orthotropic behavior. However,
design is the long rectangular plate. These plates comin some cases, such as4p]s laminates, these plates
monly appear as subcomponents of stiffened panels thagxhibit anisotropy in the form of material-induced cou-
are used for wing structures. In addition, long plates pling between pure bending and twisting deformations.
appear as subcomponents of semimonocoqgue shells thathis coupling is referred to herein as flexural anisotropy,
are used for fuselage and launch vehicle structuresand it generally yields buckling modes that are skewed in
Buckling results for infinitely long plates are important appearance, as depicted in figure 1. The effects of flex-
because they often provide a useful conservative estimat@ral orthotropy and flexural anisotropy on the buckling
of the behavior of finite-length rectangular plates, and behavior of long rectangular plates subjected to single
they provide information that is useful in explaining the and combined loading conditions are becoming better
behavior of these finite-length plates. Moreover, knowl- understood. For example, recent in-depth parametric
edge of the behavior of infinitely long plates can provide studies that show the effects of anisotropy on the
insight into the buckling behavior of more complex buckling behavior of long plates subjected to compres-
structures such as stiffened panels. sion, shear, in-plane bending, and various combinations
of these loads have been presented in references 1

An important type of long plate that appears as athrough 4. The results presented in these references indi-

subcorr:ponlelzntl of.ad;/a:jncht COImFtJr?S'te struc;tures IS tLh%ate that the importance of flexural anisotropy on the
symmeétrically laminated piate. In theé present paper, ebuckling resistance of long plates varies with the magni-

term, symmetnqally laminated plate, .refers to plates in tude and type of the combined loading condition. How-
which every lamina above the plate midplane has a corre-,

. ) X ever, the extent of the influence of the combined loading
spondmg lamina !ocated at the same dlstance. below th%ondition on the importance of neglecting flexural
plate mldplqne, W'th the same thlckness, material .pr0per'anisotropy in a buckling analysis is not well understood.
ties, and fiber orientation. Symmetrically laminated
plates remain flat during the manufacturing process and  The objectives of the present paper are to present
exhibit flat prebuckling deformation states. These char- buckling results for specially orthotropic plates subjected
acteristics and the amenability of these plates to structo combined loads in terms of a useful nondimensional
tural tailoring provide symmetrically laminated plates design parameter and to identify the effects of flexural



anisotropy on the buckling behavior of long symmetri-
cally laminated plates subjected to combined loads in a
more explicit manner than has been given in references 1K
and 2. This second objective is accomplished by model-
ing various combined loads as a primary system of desta-Kb|y =5=0
bilizing loads with a secondary system of subcritical

loads instead of using the traditional approach in which

each component of a combined loading is treated as a
destabilizing load with a fixed relative magnitude. This Ly Lo La Ly
approach permits the effects of flexural orthotropy, flex-
ural anisotropy, and combined loading characteristics on
plate-buckling behavior to be obtained and presented in ah)c(l, Ny1: Nyt Nog
direct manner. The primary destabilizing loads that are

considered consist of uniform axial compression, shear,

and pure in-plane bending loads; the secondary subcriti-

cal loads that are considered consist of transverse tension

or compression and shear loads. Results are presented for;

plates with the two opposite long edges clamped or sim-"x2: My2: Mxyz: Nb2
ply supported. A number of generic buckling curves that

are applicable to a wide range of laminate constructions

are also presented using the nondimensional parameters

Kx|y=6=0’

S|y:6:01

described in references 1, 2, and 5. N
Symbols
Ay Bm displacement amplitudes (see

eqg. (22)), in. Np
b plate width, (see fig. 1), in.
D11, D1p, Doy, Dgg  Orthotropic plate-bending Nyc

stiffnesses, in-lb

D16 Dog anisotropic plate-bending

stiffnesses, in-Ib Ny, Ny, Nyy
E;, Ep Goo lamina moduli, psi
Kp = (nbl)cr nondimensional buckling coeffi-

cient associated with critical value
of an eccentric in-plane bending
load (see eq. (21) and fig. 1(a))

nondimensional buckling coeffi-
cient associated with critical
value of a uniform shear load
(see eg. (20) and fig. 1(a)) ~ e

Ks = (nxyl)cr

P, Per
Ky= (nf(l)Cr nondimensional buckling coeffi-
cient associated with critical value
of a uniform axial compression
load (see eq. (18) and fig. 1(a))
WN(E:V])

nondimensional buckling coeffi-
cient associated with critical
value of a uniform transverse
compression load (see eq. (19) X,y
and fig. 1(a))

KYE (nyl)cr

Cc
Nyq o Nyz, Nyya, Npg

Cc
Nyo s Nyo, Nyyo, Npo

compression, shear, and in-plane
bending buckling coefficients
defined by equations (18), (20),
and (21), respectively, in which
anisotropy is neglected in the
analysis

nondimensional load factors
defined by equations (14)
through (17), respectively

nondimensional membrane
stress resultants of system of
destabilizing loads defined by
equations (10) through (13),
respectively

nondimensional membrane

stress resultants of system of sub-
critical loads defined by equations
(10) through (13), respectively

number of terms in series
representation of out-of-plane
displacement field at buckling
(see eq. (22))

intensity of eccentric in-plane
bending load distribution defined
by equation (5), Ib/in.

intensity of constant-valued ten-
sion or compression load distribu-
tion defined by equation (5), Ib/in.

longitudinal, transverse, and
shear membrane stress resultants,
respectively (see egs. (5), (7),

and (8)), Ib/in.

membrane stress resultants of
system of destabilizing loads
(see eqs. (6) through (9)), Ib/in.

membrane stress resultants of
system of subcritical loads
(see egs. (6) through (9)), Ib/in.

nondimensional loading parame-
ter (see eqs. (14) through (17))
and corresponding value at buck-
ling (see egs. (18) through (21)),
respectively

out-of-plane displacement

field at buckling defined by
equation (22), in.

plate coordinate system
(seefig. 1), in.



Ows B, Y, © nondimensional parameters Dyg

defined by equations (1), (2), Y= —— 3)
. 3
(3), and (4), respectively (D11D52)
€0, €1 symbols that define distribution of
in-plane bending load (see fig. 1 5 = D2s )
and eq. (5)) 3 1/4
(D11D22)
n=ylb, & =x/A nondimensional plate coordinates . _ _
N half-wavelength of buckling whereb is the plate width anil is the half-wavelength of

the buckle pattern of an infinitely long plate (fig. 1). The
subscripted-terms are the bending stiffnesses of classi-
Ab buckle aspect ratio (see fig. 1) cal laminated plate theory. The parameters and 3
characterize the flexural orthotropy, and the paramgters
andd characterize the flexural anisotropy.

mode (see fig. 1), in.

V1o lamina major Poisson’s ratio

®p(n) basis functions used to represent

i The loading combinations included in the analysis
buckling mode (see eq. (22))

are uniform biaxial tension and compression, uniform
shear, and eccentric in-plane bending, as depicted in fig-
Analysis Description ure 1. The longitudinal stress resultagtis partitioned
] ] ] ] . inthe analysis into a uniform tension or compression part

Often in preparing generic design charts for buckling ang a linearly varying part that correspond to eccentric
of a single flat plate, a special purpose analysis is Pré<in-plane bending loads. This partitioning is given by
ferred over a general purpose analysis code, such as a
finite element code, because of the cost and effort usually Ny, = Ny.—Npleg+ (g1 —€g)n] (5)
involved in generating a large number of results with a
general purpose code. The results presented herein wer@here N, denotes the intensity of the constant-valued
obtained using such a special purpose analysis. The anatension or compression part of the load, and the term
ysis details are lengthy, and only a brief description of containingN, defines the intensity of the eccentric in-
the analysis is presented. plane bending load distribution. The symbajsande,
define the distribution of the in-plane bending load, and

Symmetrically laminated plates can have many dif- \he symbol is the nondimensional coordinate given by
ferent constructions because of the variety of materlaln = yib (fig. 1).

systems, fiber orientations, and stacking sequences that

can be used to construct a laminate. A way of coping  The analysis is based on a general formulation that
with the vast diversity of laminate constructions is to use includes combined destabilizing loads that are propor-
convenient nondimensional parameters. The bucklingtional to a positive-valued loading paramefer  that is
analysis that is used in the present paper is based on cla#icreased monotonically until buckling occurs and inde-
sical plate theory and the classical Rayleigh-Ritz methodpendent subcritical combined loads that remain fixed at a
and is derived explicitly in terms of the nondimensional specified load level below the value of the buckling load.
parameters defined in references 1, 2, and 5. ThisHerein, use of the term, “subcritical load,” includes
approach is an effective method of conducting genericloads, such as a transverse tension load, that do not cause
in-depth parametric studies of buckling behavior in terms buckling to occur. In practice the subcritical loads are
of the minimum number of independent parametersapplied to a plate first with an intensity that is below the
needed to characterize fully the buckling behavior and tointensity that will cause the plate to buckle. With the sub-
obtain results that indicate overall trends and the sensitiv-Critical loads fixed, the destabilizing loads are applied by
ity of the results to changes in the parameters. The nonincreasing the magnitude of the loading parameter until
dimensional parameters used in the present paper arBuckling occurs. This approach permits combined-load

given by interaction to be investigated in a direct and convenient
manner.
.. 4 o I
o = b 115 1) The distinction between the destabilizing and sub-
@ )\%D critical loading systems is implemented in the buckling
analysis by partitioning the prebuckling stress resultants
as follows:
D1p+2Dgg
B 1/2 (2) _ c c
(D11D2,) Nye = =Ny1 + Nyo (6)



N, = =N, + N, 7) Nondimensional buckling coefficients are given by
y y y the values of the dimensionless stress resultants of the

ny = ny1+ ny2 (8) system of destabilizing loads at the onset of buckling;
that is,
Np = Npp + Np, (©) (NS, b2
. . . K,=(nS,)., = x17cr =L.p (18)
where the stress resultants with the subscript 1 constitute X x1/cr 2(D. D2 1Fcr
the destabilizing loads, and those with the subscript 2 10 (D1,D2,)
constitute the subcritical loads. The sign convention that 2
is used for positive values of these stress resultants is (Nyq), P .
shown in figure 1. The normal stress resultants of the Ky=(ny1),, = —5— = Lo, (19)
system of destabilizing Ioad!sxlf(1 anq/l , are defined T Dy
to be positive valued for compression loads. This con- )
vention results in positive eigenvalues being used to indi- (NXyl)crb .
cate instability caused by compression loads. Ks=(Nyya)o, = S 5 1 L3P,  (20)
The buckling analysis includes several nondimen- (Dy13D7)
sional stress resultants that are associated with equa- 5
tions (6) through (9). These dimensionless stress result- (Npp) b .
ants are given by Kp=(p)ey = 573 = LaPer  (21)
10 (D13D2,)
c,2
nt. = ijb (10) where bcr is the magnitude of the loading parameter at
X ”2(D11D22)1/2 buckling. Positive values of the coefficierkg and K

correspond to uniform compression loads, and the coeffi-

> cient K¢ corresponds to uniform positive shear. The
n = Nyjb (11) direction of a positive shear-stress resultant acting on a
yi 2D plate is shown in figure 1. The coefficieKt, corre-
22 sponds to the specific in-plane bending-load distribution
9 that is defined by the selected values of the paranmgjers
I N,yib (12) ande;.
Xyl (D, D3 )1/4 The mathematical expression that is used in the vari-
11722 ational analysis to represent the general off-centered and
N b2 skewed buckle pattern is given by
Mpj = 3 . 1/2 (13) N
T (D11D5)) wy(&n) = z (Asin TE + B ,cosTE) P, (n) (22)
where the subscripttakes on the values of 1 and 2. In m=1
addition, the destabilizing loads are expressed in terms ofvhere £ = x/A andn =y/b are nondimensional coordi-
the loading parametgy  in the analysis by nateswy is the out-of-plane displacement field, afgd
. and B,,, are the unknown displacement amplitudes. In
ng = L,p (14) accordance with the Rayleigh-Ritz method, the basis
functions ®,(n) are required to satisfy the kinematic
Ny = LZE) (15) boundary conditions on the plate edgesnat0 and
n = 1. For the simply supported plates the basis functions
Myt = st (16) used in the analysis are given by
Nyy = Lyp (17) ®,,(n) = sin[mmmn] (23)

for values oimn=1, 2, 3, ...N. Similarly, for the clamped

wherelL, throughlL, are load factors that determine the plates, the basis functions are given by

specific form (relative magnitude of the load compo-
nents) of a given system of destabilizing loads. Typi- @& _(n) = cof(m-1)mm]—cog(m+1)T] (24)
cally, the dominant load factor is assigned a value of 1

and all other factors are given as positive or negative  Algebraic equations that govern the buckling behav-
fractions. ior of infinitely long plates are obtained by substituting
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the series expansion for the buckling mode that is givenof parameters that is applicable to a broad class of lami-
by equation (22) into the second variation of the total nate constructions. The range of each nondimensional
potential energy and then by computing the integrals parameter used herein is given by 9f<3.0,
appearing in the second variation in closed form. The0O<A <0.6, and & < 0.6. The results presented in ref-
resulting equations constitute a generalized eigenvaluesrences 1 and 2 indicate that a value of 0.6/fandd
problem that depends on the aspect ratio of the bucklecorresponds to a highly anisotropic plate. For isotropic
patternA/b (fig. 1) and the nondimensional parameters plates,p = 1 andy =9 = 0. Moreover, for plates without
and nondimensional stress resultants that are definedlexural anisotropyy = & = 0. Values of these parameters
herein. The smallest eigenvalue of the problem corre-that correspond to several practical laminates are given in
sponds to buckling and is found by specifying a value references 1 and 2.

of A/b and solving the corresponding generalized eigen-

value problem for its smallest eigenvalue. This process is T(.) S|mpl|fy the presentation of the fundamental
repeated for successive values\db until the overall generic behavioral trends, results are presented only for

smallest eigenvalue is found. plates in whichy and 6 have equal values (e.g£45]s
laminates). However, these behavioral trends are applica-

Results that are obtained by using the analysisble to laminates that have nearly equal valuegafdd
described herein have been compared with other resultsuch as a #35/~15]; laminate made of the typical
for isotropic, orthotropic, and anisotropic plates that have graphite-epoxy material described herein. For this
been obtained by other analysis methods. These compariaminate p=1.95, y=0.52, and 6=0.51. Further-
sons are discussed in references 1 and 2; in every case theore, results showing the effectsaf, or equivalently
analysis described herein was found to be in good agreefD,,/D,,)', on the buckling coefficients are not pre-

ment with the results obtained from other analyses. sented since it has been shown in references 1 and 2 that
variations in this parameter only affect the critical value
Results and Discussion of the buckle aspect ratidb and not the buckling coeffi-

Results are presented for clamped and simply Sup_cient. (The buckling coefficient (emains constan't.) A

ported plates that are loaded by various combinations of/alue of D11/D57)!/* = 1 was used in all the calculations

axial compression, transverse tension or compressionpresemed her.em. For c;lanty th(_a compression, shear, and
" In-plane-bending buckling coefficients, defined by equa-

pure in-plane bending, and shear. For loading cases th :
involve shear, a distinction is made between positive anc? ons (18), (20), and (21), respectively, are expressed

. s . Kelv=s=0, Ksly=s=0, Kbply=x-= when
negative shear. _Ioads whenever flexural anisotropy is enerinregult% are Jésc?ibgd for v%ica fPexuraI aniso-
present. A positive shear load corresponds to the she
loads shown in figure 1. No distinction between positive
and negative pure in-plane bending loads is necessary for
flexurally anisotropic plates.

ropy is neglected in the analysis.

Importance of Anisotropy on Behavior of f45]g
Plates
Results are presented first fot4b]s flexurally

anisotropic plates. The importance of flexural anisotropy
on the buckling behavior of &45] plate subjected to
uniform uniaxial compression, pure shear, or pure in-
plane bending loads is well-known and is documented in
references 1 and 2. Additional results for this laminate
are presented herein that show that the importance o

flexural anisotropy on the buckling behavior depends ON\yvhich the destabilizing load is a uniform shear load.

the type of combined loading. This thin laminate is repre- | iese fiqures the minimum value of the loadin
sentative of spacecraft structural components and is arameterNg found by solvina the ceneralized ei e?m-
made of a typical graphite-epoxy material with a longitu- P P oY 9 9 9
dinal modulusE; = 127.8 GPa (18.5 10° psi), a trans- value problem ior a given value Aib is shown for val-
verse modulug, = 11.0 GPa (1.& 108 psi), an in-plane ues Qf. =AMbs2. Moreov.er,. the magnltude_ of the
shear modulu§,, = 5.7 GPa (0.832 10P psi), a major subcritical transverse load is indicated in the figures by

; X . . the value of the nondimensional stress resultgnthat
Poisson’s ratiz, = 0.35, and a nominal ply thickness of . : . —
0.127mm (0_001§ in). The fiber orientaﬁiﬁn angle of a is defined by equation (11). A limiting value of the sub-

lamina is measured from the platexis to the lamina critical load given b =4 correspo_nds to a W'_de'
major principal axis denoted by the subscript 1 column buckling mode. The dashed lines shown in the

figures correspond to the solutions of the generalized
Generic results are presented next, in terms of theeigenvalue problem that are obtained when flexural
nondimensional parameters described herein, for a ranganisotropy is included in the analysis. In contrast, the

Results are presented in figure 2 for a clamped
[+45]; plate subjected to a destabilizing uniform uniaxial
compression load. In addition, results are presented for a
combined-loading condition that consists of uniform
axial compression and either a uniform subcritical trans-
yerse tension load or a compression load. Similar results
are presented in figure 3 for a corresponding plate in
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solid lines correspond to the solutions that are obtained  Results that are similar to the results presented in
when flexural anisotropy is neglected in the analysis (i.e.,figures 2 and 3 are presented in figures 4 and 5 for a
D;6=Dyg=0). The overall minimum value of the load- clamped £45]; plate that is loaded by a subcritical shear

ing parameter for each curve correspondingyto= 0 is load and either a destabilizing uniform axial compression
indicated by an unfilled circle, and the minimum for each load or a pure in-plane bending load, respectively. Two
curve that corresponds to nonzero values,gfis indi- groups of curves are shown in the figures that correspond

cated by a filled circle. These minimum values of the to plates without a subcritical load and with either a posi-
loading parameter correspond to the value of the buck-tive or negative subcritical shear load with a magnitude
ling coefficient for each curve. The corresponding values equal to 75 percent of the corresponding shear buckling
of A/b are the critical values of the buckle aspect ratio.  coefficient Kg (eq. (20)). For the cases in which the
anisotropy is included in the analysis, the buckling coef-
ficients for positive and negative shear loads are given by
Ks=6.12 andK = -17.16, respectively. For the cases in
which the anisotropy is neglected, the buckling coeffi-
“cients for positive and negative shear loads are given by
Ks=12.03 andKg=-12.03, respectively. The results
shown in figures 4 and 5 therefore include the effects of
neglecting the anisotropy in the calculation of the sub-
critical loadn,y, and the actual calculation of the buck-
ling coefficient.

The results presented in figure 2 indicate that the
buckling coefficient (minimum loading parameter) of a
plate that is loaded by pure compression onjy £ 0) is
overestimated by approximately 30 percent of the aniso
tropic buckling load and that the critical value of the
buckle aspect ratid/b is slightly overestimated if the
flexural anisotropy is neglected in the buckling analysis.
For a subcritical transverse tension load given by

=3.5 (87.5 percent of the magnitude for a wide-
column buckling mode), the results show that the effect
of the flexural anisotropy becomes slightly less impor- The results shown in figures 4 and 5 indicate that
tant; that is, the buckling coefficient is overestimated by neglecting the flexural anisotropy in a buckling analysis
22 percent for this case. Neglecting the anisotropy for of the plate that is subjected only to uniform axial com-
this case also yields results that slightly overestimate thepression or pure in-plane bending,f =0) yields a
critical value of the buckle aspect ratio. However, for solution that overestimates the buckling coefficient by
a subcritical transverse compression load given byapproximately 30 percent of the anisotropic buckling

=-3.5, the buckling coefficient is overestimated by load, and the critical value of the buckle aspect ratio is
76 percent when the flexural anisotropy is neglected inslightly overestimated. For the subcritical positive shear
the analysis, and the critical value of the buckle aspectioad withn,,, = 0.7, the results predict that the buck-
ratio is slightly underestimated. ling coefficient is overestimated by approximately
84 percent and 66 percent of the anisotropic buckling

The results shown in figure 3 for a shear-loaded platecoefﬁcient for the uniform axial compression loads and

with a subcritical transverse tension or compression loadthe pure in-plane bending loads, respectively. Moreover
and the results shown in figure 2 indicate that the effectfor both loading conditions th;a critical vaILJe of the ’

of 'ne.glecting the flexural anisotropy in the buckling anal- buckle aspect ratio is also slightly overestimated when
ysis is much more pronqunced for thg shear-loaded platefhe anisotropy is neglected in the analysis. In contrast, for
than for the corresponding compression-loaded plate. Inthe subcritical negative shear load with, = 0.75

particular, the results presented in figure 3 indicate thatthe results predict that the buckling coefficient is usr’1der-

results that are obtained by neglecting the flexural aniso-estimated b :
; ) . ) y approximately 26 percent and 16 percent of
tropy in the buckling analysis of a plate that is loaded by the anisotropic buckling coefficient for the uniform axial

shear onlyry, = 0) overestimate the buckling coefficient .,y o5qion and pure in-plane bending loading condi-
by approximately 97 percent of the anisotropic buckll_ng tions, respectively. In addition, the critical value of the
Ioanq] (r:0m|ioanrt=id ‘é‘”tg‘ 3|0tper|§:ernt for Lheriticorlr‘?[fpﬁnvd'?g buckle aspect ratio is slightly underestimated for the uni-
compression-loaded plate. ~or a subcritical ransversg, ., ayiq) compression load and slightly overestimated

tension load given bg,, = 3.5, the results for the shear- ; .
. : ) S for the pure in-plane bending load when the flexural
loaded plate predict that the buckling coefficient is over- anisotropy is neglected in the analysis.

estimated by approximately 75 percent if flexural aniso-
tropy is neglected. More significantly, for a subcritical
transverse compression load given =-3.5, the
results predict that the shear buckling coefficient is over- A broad range of buckling results for specially ortho-
estimated by approximately 209 percent when the flex-tropic plates that are subjected to combined loads and
ural anisotropy is neglected in the analysis. For eachthat have either clamped or simply supported edges are
subcritical loading case, the critical values of the buckle presented in this section. These results are included to
aspect ratio are overestimated when the anisotropy isdemonstrate the effects of flexural orthotropy on plate-
neglected in the buckling analysis. buckling behavior in a general manner and to provide

Generic Results for Specially Orthotropic Plates
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design curves that can be used in conjunction with thepresented for plates that are subjected to a subcritical

results presented in the next section to obtain bucklingtransverse tension or compression load and destabilizing

coefficients of flexurally anisotropic plates. uniform axial compression, pure in-plane bending, and
shear loads, respectively. Then, results are presented for

Results are presented in figures 6 through 10 thaty|ates subjected to a subcritical shear load and to destabi-
show the generic effects of plate flexural orthotropy on lizing uniform uniaxial compression and pure in-plane
the buckling coefficients of clamped and simply sup- bending loads, respectively.

ported plates withy=93=0. The results in figures 6
through 8 are for plates that are subjected to a subcritical

transverse tension or compression load and a destabiIiz—ComPIraJs;;#?ézgt;degI?:bacrrg'celgggtsevder;e ftieﬂfézn 101r
ing uniform axial compression load, pure in-plane bend- P ’ P 9

ing load, and shear load, respectively. Similarly, the and 12, 13 and 14, and 15 and 16, respectively, for plates

generic effects of flexural orthotropy on plates that are z'L(I)?{elg[:éj ;Ong Zzgf;g'fa.lntranrs%ifﬁ ;enefllocr;%r (r:gsrgporﬁs-
subjected to a subcritical shear load and a uniform axial>" e bend'nl IZIar?dus%ear Io;(:js o fI_O reé 11
compression load or to a pure in-plane bending load are?4'® NP Ing, - In Tigu

shown in figures 9 and 10, respectively. The results inthrongh 16, the ratio of the anisotropic buckling coeffi-

figures 9 and 10 are also applicable to plates that ar&ient to the corresponding orthotropic buckling coeffi-

loaded in negative shear since the shear buckling coeffi—.Cien.t that is C(f)mthj.ted V\]fnt*;']: 5 =tr? Efigs_. 6 throughéml0)
cients for specially orthotropic plates that are loaded in IS glvlen ?S a L;ntzlon 0 te ortho roplctparamét r
positive or negative shear have the same magnitude. Tw§duadl values of the anisotropic parame §7s §) rang-

sets of curves are shown in figures 6 through 10 for val-'n9 from 0.1 to 0.6. For each valueyof 5 that is given

ues of the orthotropic parame®r 0.5, 1, 1.5, 2, 2.5 in figures 11 through 16, three curves are presented. The

and 3. The solid curves correspond to results for cIampeoSOIId lines correseond toa value_of the nond|n_1en5|onal
plates and the dashed curves are for simply Supporte&ransygrse load,, = O_th_at is used in Fhe calculations (no
plates. These curves show the buckling coefficient as asubcr|t|cal Ioad)._ Similarly, the finely dashed and
function of the nondimensional transverse logdn fig- coarsely dashed lines correspond to valu 05

ures 6 through 8 and as a function of the nondimensiona“?ompreSSion) and 0.5 (tension), respectively, for the

e simply supported plates, and to valuesgf= -2 (com-

shear loadhy in figures 9 and 10. pression) and 2 (tension), respectively, for the clamped

The results presented in figures 6 through 10 indicateplates. The magnitudes of these values correspond to
that the buckling coefficients of specially orthotropic 50 percent ofK,, the buckling coefficient that corre-
plates ¥ =8 = 0) increase substantially as the orthotropic sponds to a wide-column buckling mod§, €1 and 4
paramete increases. Furthermore, the results in fig- for simply supported and clamped plates, respectively).
ures 6 through 8 indicate that as the subcritical transverse o
load increases through positive values (increasing ten- ~ The results that are presented in figures 11 and 12,
sion), the buckling coefficients increase substantially. respectively, for simply supported and clamped plates
This trend is shown to be more pronounced for the shearsubjected to a subcritical transverse tension or compres-
loaded plates than for the compression-loaded plates ofion load and to destabilizing uniform uniaxial compres-
for the plates that are loaded by pure in-plane bendingSion show that the anisotropic _buckllng coe_fflment is
Moreover, the increase in buckling coefficient with always less than the corresponding orthotropic buckling
increasing subcritical tension load is predicted to be coefficient for the full range of parameters considered. In
slightly more pronounced for the simply supported plates gddltlo'n, these results predict that the effects of negle.ct-
than for the clamped plates. The results presented in figing anisotropy are more pronounced for the plates with
ures 9 and 10 for the plates with subcritical shear loadsthe transverse compression loads than for the plates with-
indicate that the buckling coefficient is substantially Out a subcritical loadn(, =0) or a transverse tension
reduced as the magnitude of the nondimensional sheaload. Moreover, these results predict that this trend is
load increases. In addition, the results also predict thisslightly more pronounced for the clamped plates than for

trend to be slightly more pronounced for the simply sup- the simply supported plates, as indicated by the increase
ported plates than for the clamped plates. in the relative spacing of the three curves that correspond

to each fixed value of andd. The results also predict
that the reduction in buckling coefficient caused by
anisotropy is generally larger for the clamped plates with
Results are presented in this section that show then, =-2 (transverse compression at a magnitude of
generic effects of plate flexural anisotropy and combined 50 percent of the wide-column buckling coefficient) than
loading condition on the buckling coefficients of forthe corresponding simply supported plates. This trend
clamped and simply supported plates. First, results ards indicated by the observation that the curve for the

Interaction of Flexural Anisotropy and Loading
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clamped plates generally lies below the correspondingbilizing pure in-plane bending loads. Moreover, these
curve for the simply supported plates for each fixed valueresults predict that this trend is also slightly more pro-
of y and d. Based on a similar observation, the results nounced for clamped plates than for simply supported
also predict, however, that the reduction in buckling plates. Furthermore, like the plates with the uniaxial
coefficient caused by anisotropy is generally smaller for compression loads, the results predict that the reduction
the clamped plates withy, =0 or 2 (transverse tension in buckling coefficient caused by anisotropy is generally
at a magnitude of 50 percent of the wide-column buck- larger for clamped plates loaded in positive shear and
ling coefficient) than for the corresponding simply sup- with ny, = -2 (transverse compression) than for the cor-
ported plates. responding simply supported plates. Similarly, the results
also predict that the reduction in buckling coefficient

The results presented in figures 13 and 14 for simply caused by anisotropy is generally smaller for the clamped

supported and clamped plates, respectively, that are su

jected to a subcritical transverse tension or compressi plates loaded in positive shear and =0 or 2
J o . Of COMPreSSIONy ansverse tension) than for the corresponding simply
load and a destabilizing pure in-plane bending load, also

) . . - . supported plates. For the plates loaded by negative shear,
show that the anisotropic buckling cogfﬂment_ls alway_s these trends are reversed. Overall, the results presented in
less than the corresponding orthotropic buckling coeffi- figures 11 through 16 indicate that plates loaded by posi-
cient for the full range of parameters being considered..; h icall o ; ;
These results also predict that the effects of neglectin tive shear typically exhibit substantially larger reductions

. . in the buckling coefficient when flexural anisotropy is
anisotropy are more pronounced for plates with a trans-

. . included in the analysis than do the corresponding plates
verse compression |oad than for plates wg=0orthe 0404 by yniform axial compression or pure in-plane

g)?ﬁif)\i/gc?eb tetﬂzlocnorlr%zdbr?cllji; notlattcgstr\:;theﬁent r:Pati 'Isbending. In contrast, the results for plates that are loaded
y P gp € uniaxia by negative shear predict sizable increases in the buck-

compression load. (Compare the difference in the rela-“ng coefficients when the flexural anisotropy is included
tive spacing of the three curves that correspond to eaci?n the calculations

fixed value ofy and o that is shown in figures 11

through 14.) Moreover, these results predict that this ) .

trend is slightly more pronounced for clamped plates  Plates subjected to subcritical shear loadResults
than for simply supported plates, but also not to theare presented in figures 17 through 20 and in f|gure_s_ 21
extent that is predicted for the corresponding plates withthrough 24 for plates that are subjected to a subcritical
a uniaxial compression load. Furthermore, like the platesShear load and to destabilizing uniform axial compres-
with a uniaxial compression load, the results also predictSion and pure in-plane bending, respectively. Moreover,
that the reduction in buckling coefficient caused by the re_s_ults in figures 17, 18, 21, and 22_are; for a positive
anisotropy is generally larger for clamped plates with subcritical shear load, and f[he result_s_ in figures 19, 20,
ne=-2 (transverse compression) than for the corre- 2_3, and 24 are for a negative subcrltlcal_ shear_ load. In
sponding simply supported plates. Similarly, the results figures 17 through 24, the ratio of the anisotropic buck-
also predict that the reduction in buckling coefficient ling coefficient to the corresponding orthotropic buckling
caused by anisotropy is generally smaller for clamped¢coefficient computed witly =3 =0 (figs. 6 through 10)
plates withn,, = 0 or 2 (transverse tension) than it is for 1S given as a function of the orthotropic param@téor

the corresponding simply supported plates. equal values of the anisotropic parametgrs &) rang-
ing from 0.1 to 0.6. For each valueyof 6 that is given

The results for simply supported plates subjected to ajn figures 17 through 24, four curves are presented. The
subcritical transverse tension or compression load and &olid lines correspond to the value of the nondimensional
positive destabilizing shear load presented in figure 15shear loadh,,, = 0 (no subcritical load). In addition, the
and corresponding results for clamped plates presented ifinely dashed, moderately dashed, and coarsely dashed
figure 16 also show that the anisotropic buckling coeffi- jines correspond to values af,, = 0.2K, 0.5,
cient is always less than the corresponding orthotropicand 0.%,, respectively, wher&, is the shear buckling
buckling coefficient. However, these results also show coefficient. More specificallyKy is the positive shear
that this trend is reversed for negative shear loads. Thesguckling coefficient in figures 17, 18, 21, and 22, and the
results also predict that the effects of neglecting aniso-negative shear buckling coefficient in figures 19, 20, 23,
tropy are generally more pronounced for plates with and 24. For each case, the shear buckling coefficient is a
transverse compression loads than they are for platesunction ofp, y, andd.
with n,, = 0 or with transverse tension loads. This trend
for the shear-loaded plates is slightly less pronounced  Points on the curves shown in figures 17 through 24
than it is for the corresponding plates with the desta-are obtained by calculating the shear buckling coefficient
bilizing uniaxial compression loads and slightly more first, assigning the appropriate subcritical valuengp,
pronounced for the corresponding plates with the desta-and then computing the buckling coefficient of the
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system of destabilizing loads. Since the calculation of theMoreover, these results show that the reductions in buck-
shear buckling coefficient that is used in specifying the ling coefficients are generally more pronounced for the
subcritical loading magnitude also dependsyandd, simply supported plates than for the clamped plates. This
the results shown in figures 17 through 24 represent thetrend is also indicated by the observation that each curve
overall effect of neglecting flexural anisotropy in both for the clamped plates generally lies above the corre-
the calculation of the subcritical shear loading magnitudesponding curve for the simply supported plates for a
and the buckling coefficient of the system of destabiliz- fixed value ofy andd. More importantly, these results
ing loads. This computational procedure is describedindicate that the reduction in buckling coefficient that is
subsequently in detail by using the results shown in fig- associated with including anisotropy in the calculations
ures 25 and 26 for the casenpf, = 0.8{s and for plates  increases substantially as the magnitude of the positive
with B =3 that are subjected to a subcritical shear loadsubcritical shear load increases.

and to uniform uniaxial compression and pure in-plane

bending, respectively. The results shown in figures 19 and 20 for simply

supported and clamped plates, respectively, which are
Buckling interaction curves for plates that are sub- loaded by destabilizing uniform axial compression and a
jected to a subcritical shear load and uniform uniaxial negative subcritical shear load, predict monotonic reduc-
compression and to a subcritical shear load and pure intions in buckling coefficient with increasing values of the
plane bending are shown in figures 25 and 26, respecanisotropic parameters for the values bf,=0
tively. The solid curve shown in each figure correspondsand 0.2%. However, for the larger valuesmf, shown
to results for specially orthotropic plates witkr 6 = 0, in the figures, the results predict increases in buckling
and the dashed lines correspond to resultg fod = 0.6. coefficient with increasing values of the anisotropic
Furthermore, the unfilled and filled circles on the curves parameters, as anticipated from the previous results that
correspond to results far,, = 0.8 and for positive  have been presented. This seemingly unusual trend for
and negative shear Ioacj?ng, respectively. The ordi-the negative shear load is a manifestation of the horizon-
nates of the filled and unfilled circles on the curves tal shift in the compression-shear buckling interaction
for y=56=0 correspond to the buckling coefficients curves caused by flexural anisotropy that has been
Kﬂyzazo and Kb|y=5:0 that are indicated in fig- reported in reference 1 and illustrated in figure 25. In
ures 17 through 20'and in figures 21 through 24, respec-addition, these results show this trend of increasing buck-
tively. Similarly, the ordinates of the filled and unfilled ling coefficient with increasing values of the anisotropic
circles on the curves for= 6 = 0.6 correspond to the parameters to be, overall, slightly more pronounced for
buckling coefficient, andKy, that are also indicated in  clamped plates than for simply supported plates. The
figures 17 through 20 and in fig-ures 21 through 24, trend of a decreasing buckling coefficient with decreas-
respectively. The buckling coefficient ratios shown in ing values of the anisotropic parameters is predicted,
figures 17 through 24 for the casg,, =0.8s are overall, to be slightly more pronounced for simply sup-
obtained by dividing the value of the ordinate on the ported plates than for clamped plates. Furthermore, these
curve fory=46=0.6 (in figs. 25 and 26) by the corre- results indicate that the importance of anisotropy on the
sponding value of the ordinate for the curveyferd =0 buckling resistance changes dramatically with the magni-
for either the filled or unfilled circles. For positive sub- tude of a negative subcritical shear load.
critical shear loading, the results in figures 25 and 26
indicate that the buckling coefficient ratios for plates
subjected to uniform uniaxial compression and pure in-
plane bending have values less than 1. In contrast, fo

negative shear loading, the results in figures 25 and 2 d Th its al dict toni ducti ;
indicate that the buckling coefficient ratios have values oad. These results aiso predict monotonic reductions in
.buckling coefficient with increasing values of the aniso-

greater than 1. This trend reversal is caused by the horl-t . i di ) ud f :
zontal shift in the buckling interaction curves that occurs ropic parameters and increasing magnitudes of a posi-
when anisotropy is present tive subcritical shear load. However, these results show

that the reductions in buckling coefficient are practically
The results presented in figures 17 and 18 for simplythe same for the simply supported and clamped plates.
supported and clamped plates, respectively, loaded byThe results also indicate that the reduction in buckling
uniform axial compression and a positive subcritical coefficient associated with having anisotropy included
shear load, predict monotonic reductions in buckling in the calculations increases substantially as the magni-
coefficient with increasing values of the anisotropic tude of the positive subcritical shear load increases.
parameters. This same trend is also predicted for increas€omparing the results in figures 17, 18, 21, and 22 sug-
ing magnitudes of the positive shear load as indicated bygests that the reductions in buckling coefficient that are
the four different line types shown in figures 17 and 18. caused by including flexural anisotropy in the analysis

Results similar to those presented in figures 17
and 18 are presented in figures 21 and 22 for simply sup-
Iported and clamped plates, respectively, that are loaded

y pure in-plane bending and a positive subcritical shear
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are nearly the same for the plates loaded by uniform axiathe plates loaded by pure in-plane bending. Moreover,
compression and pure in-plane bending witf), = 0. the results indicate that the curves for plates with nonzero
However, the comparison also suggests that the reducsubcritical shear loads, which show decreases in buck-
tions in buckling coefficient that are caused by including ling coefficient with increasing values of the anisotropic
flexural anisotropy in the analysis are more pronouncedparameters, also show that the decreases in buckling
for plates that are loaded by uniform axial compressioncoefficient are, overall, much more pronounced for the
than for those that are loaded by pure in-plane bendingplates loaded by pure in-plane bending than for the
when a nonzero subcritical shear loading is present, especompression-loaded plates.
cially for the larger magnitudes of a subcritical shear
load. This trend is also indicated by the observation thatConcluding Remarks
each curve for the compression-loaded plates generally
lies below the corresponding curve for the plates that are A parametric study has been presented of the buck-
subjected to pure in-plane bending, for a fixed valug of ling behavior of infinitely long symmetrically laminated
andd. anisotropic plates subjected to combined loads. A special
purpose nondimensional analysis that is well suited for
Results similar to those presented in figures 19 Parametric studies of clamped and simply supported
and 20 are shown in figures 23 and 24 for simply sup- Plates has been described, and its key features have been
ported and clamped plates, respectively, that are loadediscussed. The results presented herein have focused on
by pure in-plane bending and a negative subcritical sheafh€ interaction of a subcritical (stable) secondary loading
load. These results also predict monotonic reductionsState and a primary destabilizing loading state. The inter-
in buckling coefficient with increasing values of the @action of uniform axial compression, pure in-plane bend-
anisotropic parameters for the valuesmf,=0 and  INg, transverse tension and compression, and shear loads
0.2, Unlike the results for compression-loaded plates, With plate flexural anisotropy and orthotropy have been
the results in figures 23 and 24 predict monotonic reduc-€xa@mined. In particular, results have been presented
tions in buckling coefficient with increasing values for [+45]s thin graphite-epoxy laminates that are repre-
of the anisotropic parameters fom,,=0.5Ks For sentative of spacecraft structural components. In addi-
Ny2 = 0.8, the results predict increases in buckling tion, a number of generic buckling results have been
coefficient with increasing values of the anisotropic Presented that are applicable to a broad class of laminate
parameters. This unusual trend for a negative shear loagonstructions and show explicitly the effects of flexural
is also a manifestation of the horizontal shift in the pure Orthotropy and flexural anisotropy on plate-buckling
in-plane  bending-shear buckling interaction curves behavior under combined loads.
caused by flexural anisotropy that has been reported in

reference 2 and illustrated in figure 26. Moreover, the -+ ihe importance of flexural anisotropy on the buck-
difference between the trends for plates that are loade ing behavior of a long plate is strongly dependent on the
by negative subcritical shear and pure in-plane bendingy ye and magnitude of the combined load that is applied.
and by negative subcritical shear and uniform axial com- g ifically, the results presented show that significant
pression is manifested by the pronounced difference ingrorq (on'the order of 100 percent) can be made when
the shape of the corresponding buckling interaction .5\cjating buckling coefficients of plates subjected to
curves shown in figures 25 and 26. (See also refs. 1.,mnineq loads if flexural anisotropy is neglected. Over-

and 2.) For the curves in figures 23 and 24 that show, e resylts presented herein show that the buckling

increases in buckling coefficient with increasing values .eficients increase significantly as the orthotropic

of the anisotropic parameters, the results predict that the D..+2D
12 2Dgg

increases in buckling coefficient are generally more pro- parameterp =
nounced for the clamped plates than for the simply sup- (D11D22)l/2
ported plates. In contrast, for the curves that show
decreases in buckling coefficient with increasing values

The most significant finding of the present study is

increases, and that they

decrease significantly as the anisotropic parameters

of the anisotropic parameters, the results predict that the _ Dyg and & = D2s with equal
decreases in buckling coefficient are slightly more pro- ¥ = 3 1/4 - 3 1/4 q
nounced for the simply supported plates than for the (D11D2,) (D11D3))

clamped plates. Comparing the results in figures 19, 20values { = &) increase for all load combinations that are
23, and 24 indicates that the curves in the figures, whichconsidered, except those involving negative shear loads.
show increases in buckling coefficient with increasing For the negative shear loading condition, the trend is
values of the anisotropic parameters, also show that theenerally reversed. The results that are presented herein
increases in buckling coefficient are, overall, much more also show, in many cases, that the effects of plate aniso-
pronounced for the compression-loaded plates than fortropy are more pronounced for clamped plates than for
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Flgure 18. Effects of orthotropic paramefeaind anisotropic parameterandd on buckling coefficients for clamped plates subjected to axial compression
(le) and positive subcritical sheemxyz) loads.
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Figur% 20. Effects of orthotropic paramefeand anisotropic parametegreindd on buckling coefficients for clamped plates subjected to axial compression
(N44) and negative subcritical she(arxyz)
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Figure 21. Effects of orthotropic paramefeand anisotropic parameter&ndd on buckling coefficients for simply supported plates subjected to pure in-
plane bendindN,;) and positive subcritical sh(—tn;{yz) loads.
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Figure 22. Effects of orthotropic paramefeaind anisotropic parameterandd on buckling coefficients for clamped plates subjected to pure in-plane bend-
ing (N,,;) and positive subcritical she(amxyz) loads.
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Figure 23. Effects of orthotropic paramefeand anisotropic parameter&ndd on buckling coefficients for simply supported plates subjected to pure in-
plane bendindNy;) and negative subcritical sk(eggz) loads.



GE

N

IV /6/F70E — =

- — ——  — — — ——

No1 — — — = Ny =08Ks

18

- N b2
2
y=0=.6 N o = Xy

16 |- 2 4 | vz 2 (D13 D3p) V4

14 | J—
et 1o L %—_____'

ratio, ' " T
Kb o " ]

Kb‘y:E:O . - L

= A

4 .

- : ye D16 D2
- 33 s °° 3.\14|
2 (D11 D22) (D11 D%2)
1 1 1 I 1 1 1 '] I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1
0 5 1.0 15 2.0 25 3.0
Dqs + 2D
Orthotropic parameter, 3 = 127615;32
(D11 D22)

Figure 24. Effects of orthotropic paramefeaind anisotropic parametagrandd on buckling coefficients for clamped plates subjected to pure in-plane bend-
ing (Ny,1) and negative subcritical she(a‘rxyz) loads.
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