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Abstract

The integral expression for the mutual admittance between circu-
lar apertures in a planar array is evaluated in closed form. Very good
accuracy is realized when compared with values that were obtained by
numerical integration. Utilization of this closed-form expression, for
all element pairs that are separated by more than one element spacing,
yields extremely accurate results and significantly reduces the compu-
tation time that is required to analyze the performance of a large elec-
tronically scanning antenna array.

Introduction

The wide flexibility available in the design of antenna arrays is very useful in applications where
factors such as beam shaping, side-lobe control, and rapid beam steering are of prime consideration;
however, the implementation of a good design can become quite complicated as a result of the effects of
mutual interaction between closely spaced radiating elements. These interactions are evident as (1) a
distortion of the radiation pattern, (2) an element-driving impedance that varies as the array is phased to
point the beam in different directions, and (3) a polarization variation with scan angle in an array with
elements that can support more than one sense of polarization. The degree to which the interelement
coupling affects the performance of the array will depend upon the element type, the polarization and
excitation of each element, the geometry of the array, and the surrounding environment. To accurately
model the effects of mutual interelement coupling in the design of a phased-array antenna, the analysis
must include all these factors.

Since interelement coupling in phased arrays is a near-field phenomenon, an accurate analytical
model is generally formulated such that the resulting expression involves either a single or a double
integration in the spectral domain. This integral formulation can readily be evaluated numerically with
the aid of high-speed computers; however, the computation time can still become prohibitively large.
This substantially increased computation time for large arrays is primarily a result of the need to calcu-
late the mutual coupling between all possible pair combinations of the array and the highly oscillatory
nature of the integrand to be evaluated, which oscillates more rapidly and converges more slowly as the
separation between element pairs increases.

The focus of this paper is to illustrate a technique for developing an accurate closed-form evaluation
of the integral formulation for mutual coupling between circular-aperture elements in a planar array. In
particular, the final results in this paper are limited to identical circular elements whose aperture fields
are restricted to that of the dominant mode of a circular waveguide of the same cross section; however,
the approach is applicable to other aperture fields that can be represented in Bessel-function form.

Symbols

Alkyky,2) solution to wave equation in spectral domain

a radius of circular aperture

& complex amplitude of modal field incident @h aperture

ay, 8y, ag, ...,aN complex amplitude of modal field incident on aperture (1, 2, 3)...,
b; complex amplitude of modal field reflected frath aperture

by, by, by, ...,byN complex amplitude of modal field reflected from aperture (1, 2, H)...,
D diameter of circular aperture
EN(x,y,2) vector electric field due to excitation ioh aperture



EO(x,y,2)
EO(keky,2)
ED(kky.2)
Ex.Ey

e

F(keky,2)
f(B)

a(B)
HO(xy.2)
HOXy.2)
HO (ks ky,2)
HO (K, ky,2)
H Hy
J,(0)

3,0)

DS Z3FFFC

—_

S
Si
Tu(koBR)
Vi
Vi
W;(B)
Wo(B)

X,Y,Z
B

vector electric field due to excitation jof aperture
bidimensional Fourier transform &f(x,y,2)
bidimensional Fourier transform &f)(x,y,2)

x andy scalar components of vector electric field
base of natural logarithmsZ.718281828459)
solution to wave equation in spectral domain
function defined in equation (22)

function defined in equation (14)

vector magnetic field due to excitationitt aperture
vector magnetic field due to excitationjtf aperture
bidimensional Fourier transform bf)(x,y,7)
bidimensional Fourier transform bfd)(x,y,7)

x andy scalar components of vector magnetic fidld
Bessel function of first kind and of order

first derivative of () with respect to the argument
= J-1

Fourier transform variable ix-direction

Fourier transform variable ydirection

wave propagation constant in free spacé)g

index for products as defined in equation (12)
total number of elements in array

index for summation as defined in equation (12)

radial distance between aperture centers in cylindrical coordinates

radial distance in spherical coordinates

area ofith aperture

coefficients of scattering matrix

guantity defined in equation (12)

complex amplitude of modal voltage excitatioritbfaperture
complex amplitude of modal voltage excitatiorjtbfaperture
guantity defined in equation (17)

guantity defined in equation (18)

spatial variables in Cartesian coordinates

Cartesian coordinates ih aperture center

first zero of derivative od;(x), =1.84118

modal characteristic admittance fdr aperture

mutual admittance betwedth andjth apertures in an array
mutual admittance between apertures 1 and 2
coefficients of normalized admittance matrig; /Y,

unit vector inz-direction



a,pB variables of integration

I complex reflection coefficient ath element in array,/g;

Jj coefficients of unit matrix

€ permittivity of medium outside of aperture plane

& =¢elgg

€0 permittivity of free space

4(%)) quantity defined in equation (20)

0 angle with respect tpaxis in spherical coordinates

80, P antenna-beam pointing direction in spherical coordinates
Ao wavelength of electromagnetic field in free space

V] permeability of medium outside of aperture plane

Ho permeability of free space

Hr = WHo

Y order of Bessel function

&(B) guantity defined in equation (19)

€00, 00 guantities defined in equation (33)

L1 ratio of circumference of a circle to its diameter

(0] angular position of center of aperture 2 with respect to center of aperture 1
@ angular polarization of aperture 2 with respect to aperture 1
Wno Wno guantities defined in equation (34)

w electromagnetic wave frequency, rad/sec

Analysis

The general analytical formulation for the interelement mutual coupling in planar arrays of arbitrary
apertures has been developed. (See ref. 1.) The effects of mutual coupling are determined by computing
the self and mutual admittances among all the elements of the array to form a complex admittance
matrix. This admittance matrix is then operated on to determine the complex scattering matrix for the
array. The scattering matrix represents the relationship between the amplitudes and phases of all the
feed-waveguide modal fields that are incident on and reflected from the radiating apertures. This com-
plex scattering matrix allows one to completely characterize the performance of the antenna for any
amplitude and phase excitation.

The mutual admittance between fille andjth apertures of the array can be determined from the
reaction between the electric field of tith aperture and the magnetic field of fie aperture. In
general,

I Viivjj’g[E(i)(x, y, 0) x H(j)(x, Y, 0)} [z dx dy (1)

where E(i)(x,y,O) is the vector electric field in thigh aperture with all others long circuited, and
H(J)(x,y,O) is the vector magnetic field that would exist at itheaperture with all apertures short
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circuited except thigh. The fields are evaluated at the aperture plare). However, for purposes of
this analysis (which will become obvious), equation (1) is rewritten as

__1 (M) : ()
Yii = —— E Y0 lim H Y [(Z dx d 2
i vivjfﬂ (xy,0) x lim HP(x,y. 2| (2 dx dy @
In the Fourier spectral domain, equation (2) can be expressed in an equivalent form (ref. 1) as
Y, = ;J'm J’m [E(i)(k k., 0) % lim HO (=, — ,z)}[kdk dk, 3)
o arty v o) YT e Y g

By performing the vector multiplications and by indicating that the integrations are to be performed
before taking the limit, the admittance expression is rewritten as

= (0 () 0 ()
Yi = 4nvvf_mf_m[E (ko Ky O)Hy (ko Ky, 2) BV (K Ky OHL (ko =k )| dk, k- (4)

In the spectral domain, the transverse components of the transformed electric and magnetic fields are
related to the transformed solutions to the wave equations as

_ : 0
E,(ky K, 2) = ws(Z)A(k y 2+ Ik F (K, K, z)g
K, _ O
Ey(ky Ky, 2) = 8(Z)A(k Ky 2) = JkyF (ks Ky, z)%
E (5)
H (ke Ky, 2) = Ll(Z)F (ky Ky 2) = ik AlKy, K, z)g
0
Hy(ky Ky, 2) = “(Z)F (Ke Ky 2) + JK, AR, Ky, Z)E

where the primes oA andF denote differentiation with respect z0The admittance expression can
then be rewritten as

o o A' (K, ky, 0)A(-k, k. 2) F(k,, ky, 0)F (-k,, k., 2)
Vi AP vV, z“[no — _w(k y)[ we(0) * wu(2) dk, dk, (6)

When the first term is multiplied and divided B§(-k,,~k,,0), and the second term is multiplied and
divided byF(—k,,~k,,0), equation (6) becomes

Vi = i [ (kAR K, 0A (ko 0) — e D
Toantvy, Y IR LT ¥ 7 we(0)A (K, —k,, 0)
F (k. Ky, 2)
+ F(ky kyp 0)F (K, —k,, 0)[0)“ " 0)} dk, dk, %
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Solving equation (5) independently for tite andjth apertures and substituting into equation (7)
yields the following general expression for the mutual admittance between two apertures whose
electric-field distributions are known:

€
k(z) 0
Y

Koe, (0)A(a, B, 2)
i li IO bk e
! 4nvv ZITO ch o.rg oﬁ iA'(a, B, 0)

][E‘x‘)(a, B, 0)cosar + E0(a, B, 0)sina]

() P Dy - jF(a,B,2)
[E,"(a,-B, 0)cosa + Ey (a,—B, 0)sina] + [kour(Z)F(G, B, 0)]

x [ES)(G, B, 0)sina —ES)(G, B, 0)cosa][E§<j)(a, —B, 0)sina —Eg,j)(cx,—B, 0)cosa] BB dp da (8)
O

where a change of variables has been made sudk thigp cosa andk, = ko3 sina. The solutions to
the free-space wave equations in the Fourier transform domain yield

0
OB exptiko/1-BH O
jA'(a, B, 0) g2 E ©)

[ jF'(a,B,2) }: /1_Bzexﬂa—jkozz\/l BZEE
O

Kok, (2)F (0, B, 0)

For circular apertures, whose field distributions are those of the circular waveguide modes, the integra-
tion ona in equation (8) can be readily evaluated in terms of Bessel functions. The mutual admittance
expression for circular apertures then reduces to a single integraffon on

To demonstrate the method of evaluating the closed-form expression for mutual admittance, the
remainder of this report is limited to identical circular apertures with only the dominant transverse elec-
tric mode (Thk,) aperture fields. The mathematical development for other circular waveguide modal
fields and unequal size apertures would proceed in the same manner. Assuming idepticaddeE
circular apertures, equation (8) can be written as

€0
2
/\/7 2 X1 knad; (KqaaP)
Yij = lim J' expDJkozAll %/ ! 11K0 12 20 L

xll—12~0 xll—koa B
x [Jo(kgBR) cosp, — J,(KoBR) cos(2¢—- )]

D
 Alo®) ~[3(koBR) 08P, + J,(koBR) cOS( 20— @p)] DB dp (10)

Rhg .

Although the two apertures are identical in size and excitation, they may be polarized differently with
respect to each other (as denoted by the relative polarizationg@pdlée geometry for the two circu-
lar apertures is illustrated in figure 1.

To evaluate equation (10) in closed form, the semiconvergent series of Hankel (ref. 2, pp. 137
and 138) is first utilized to express the Bessel functions (with arguhkyfRsin a series form as

.TT

Jy(kgBR) = ————
0 ¥ /2, flgBR

[T, (—koBR)exp(jkoBR) — T, (kgBR)exp(-jk,BR)] (11)



where

n

M [4v2—(2m—1)

m=1

. 0 )"
n
£, Ch! (8K,BR)

2

T,(kgBR) = 1+

] (12)

OoOod

and wherey is the order of the Bessel function. (For the special case gfriiéde,v is either 0 or 2.)
When equation (11) is substituted into equation (10) (& substituted for-f in terms containing
Tv(-koBR), the integration of in equation (10) can be extended over the limits-&ftp ) as

-0

Yy, = ﬁEeXpagmlim %wag(s)exp[—jko(ﬁm 5/1_32)} dBE (13)

where the following additional quantities have been introduced for convenience:

a(B) = /BIG,(B) To(koBR) — G,(B) T (koBR)] (14)
where
Go(B) = [W(B)E*(B) + W,(B)Z*(B)] cosyp, (15)
G,(B) = [Wy(B)E(B) - W,(B)Z ()] cos(20-@,) (16)
W, (B) = —= (17)

J1-p?
W,(B) = J1-B° (18)

J1(kyaB)
EPB) = —— (19)
BA/X121_1
"2 J1(koaB)
xllkoa{JO(kOaB)— koaP }
¢(B) = (20)

K111 (koaB)]

Expressingz and R in spherical coordinatez € r cos@ and R=r sin@), equation (13) can be
rewritten as

_ [2]%0 |1 mg, 4 1 ® . 0
Yo = A/;—T/\/H:V\/k:orexp%4Dellingg\/?nej'_mg([3)exp[1rf (B)] dB% (21)
2
where
f(B) = —ko%sme*‘ A 1- BZCOSGE (22)
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The integral in equation (21) is now in a form that can be readily evaluated, for large valuss of
the saddle-point method (ref. 3, pp. 305 to 307) as

0 . _ . 2 U 1
I_mg(B)eXIO[JFf (B)] dB=g(Bo)expljrf (By)] /—J'rf”(Bo)ElJijff”(Bo)

{f”'(Bo)g'(Bo) ""(By) 50" (B 9'(By) } O
X — + - ——[— - +...00
" (Bo)a(By)  4f"(By) 120" (By)D  9(Ro) O

(23)

The primes ori andg denote differentiation with respectfpandfq is the saddle point as determined
from

f' =0
o) =00 (24)
f (By) 200
Therefore,
By = sin6 (25)

The modification in equation (2) allowed the saddle point to be determined as defined in equation (24);
thus, the integral evaluation can be performed.

The evaluation of the integral in equation (23) requires taking partial derivatives (up to the fourth
order) with respect to the integration variaBland evaluating these derivatives at the saddle fgint
The quantities of interest are

= _| O
f(Bg) Ko E
f(By) =0 %
" K 0
t(Bg) = — 0
cos 0 O 26
3k, Sing . (26)
f By = y 0
cos 6 B
2
3kn(4sit 8 +1)0
7 (Bo) = —— -
cos 6 0
1 0
W, (Bg) = coD E
' sin@ O
Wl(Bo) = 0
cod o E (27)
2 0
" 2sin 8 +1
Wi (Bg) = —5°E
cos 6 0



and

W,(Bg) = cosd %
' _ —sing O

WaBo) = S0 % (28)
., 1 O
Wz(Bo) = E
O

The primes oW, andW, denote differentiation with respectfoTaking derivatives off with respect
to 3, setting = By, and dropping the functional notations yields

0(Bo) = .[Bo| To(W,&” + W,L?) cosp, ~ To(W, &2 - W,2*) cos(29- @) (29)

1

2,[Bo

+ JB—(@T;)(wlzz + W,L%) + To(W &2+ 2W, 88 +W5H7% +2W,20 )] cosp,

§(B) = S=| To(W1&" + Wol*)cosp, — To(WE2 - W,22) cos(29- ;) |

[ TH(W,ER ~W,2?) + T (W E + 2W B8 —W,2? — 2W,07)] cos(2- ) @ (30)

and

0" (Bg) = ——=[To(W,&% + W,C?) cosip, — T (W, €2~ W,22) cos(20 - ¢)]

4Bo./Bo

- iB{ [To(W1E2 + W,2%) + To(WE2 + 2W,EE + WyZ2 +2W,07)] cosp,
0

—[TH(WE = WpT?) + T (W) &% + 2W, EE —W,Z — 2W,2T )] cos( 20— @) }

+ JBol [Tg (W& + W,2°%) + 2To (W, €% + 2W, EE' +W,T2 +2W,20)

F To(WYE + AW EE +2W,E'E + 2W,EE" + W02 +4W,ZT +2W,0'T +2W,7Z")] cosp,
—[T5(W1E = W,L%) + 2T (W, &% + 2W, 88— W5HL% - 2W,0T)

+ T (WY E + AW EE —2W E'E — 2W 88" ~W,57” — AW,1T — 2W,0 T~ 2W,20 ) cos(9-9,)}  (31)

All primes in equations (30) and (31) denote derivatives with respgatvtaluated g = . Substitut-
ing equations (26) to (31) into equation (23) and evaluating equation @%)rd2 yields (after consid-
erable algebraic manipulation)



€ exp(—jknR
Yy, = 2) |2 L [ p(“’)}

HoX3-1  KoR

P
xg %cowp—cw(zv Pp)] + z [WnoCOSP, — W, CO(2¢0— wp)]tﬂ

n_

~2j fo_1 exp-ikoR) 7 j g

00

H [l
X ggé COﬂpp— COS( 2p_(pp)] + nzl(n - l)[llJnOCOS(pp— qJnZCOS(ZCP_(Pp)] E

_8Z0%C0spp + COS( Zp (pp)] + Z [lpnocospp + qJnZCOS(ZCP (pp)] D

n=1
+85000%C0&pp—C05(2p (pp)] + 2 [qJnoCOS(Pp wnzcoqch (pp)]ED (32)
n=1
where
&g = J1(koa) E
7. = izlkoa{ (k) - 1(k0a)}§
0= 75 53 Jolked) ————
xlzl— gaz koa E (33)
(koa+1)d(koa) U
0 = Jp(koR) ——> koal 0 .
O
and
bo =~ ] rzm-1
n!(8k,R)"
0 m=1 E (34)
by =~ |‘| [16-(2m-1)°] 0
N1 (8koR) " o J

Retaining only the terms inF_Ulle, and 1R3, the mutual-admittance expression becomes

Yo = 2] ik.R) |0 L
12 = Jexp(_JO)“_Oxz

EQEOCOS(Z(p (pp) + ZO[ Coapp + COS( Zp (pp)]

L2l cosp, - cos( 2p-0,)]
1H<0_R° P G

ko

O -1 0.2
— &40l cosp, — co( Ap—@,)] O+ —=—=[BE[3cosp, — 350 2—@,)]
0T e PTE 1283R%0 P P

N
+16g[ cosp, — 1508 )] — 168,0,[ cosp, + 1508( 2p-@,)] aE (35)



Equation (35) can be used to calculate the complex mutual admittance between a pair of identical circu-
lar apertures excited in the dominant;TEhode; however, the self admittance of a single aperture must
still be calculated by numerical integration (ref. 1).

The self admittance can be obtained from the integral form of the mutual admittance,

2 [0 g
— 2
Mo «0J7(kyaB)

o

[3o(koBR) cosp, + J,(kBR) cos(29— )]

x Skoad (k ? 3
.\ /1_[32! 11’20 k12( 2052[3) [JO(kOBR)cos(pp—Jz(kOBR)COS(ZCP—(pp)]EB dp (36)
X112~ Ko
O

by making the two apertures coincident (i.e., by setting both the polarization angle and the aperture
spacing to zero). The aperture self admittance is then given by

Y1 =

€
ZF 2 . 2
o J k k J k
[, (ﬁoas) Vl—lex—”,zoa : zoaf)] 6 dp 37)
X11—l 0 %3 B

xll—k B

In a large array, the self admittance for each element and the mutual admittance for each pair com-
bination is calculated; and the complex scattering matrix for the array can then be determined from the
complex normalized admittance matrix by the following matrix relationship:

-1

(5] = [1851 -y 181 * vy (38)
with
5 =0t (=Dg (39)
00 (i#)) O
and
Y.
Yij = 7” (40)

whereS; is the complex coupling coefficient from apertpte aperture, Y, is the characteristic admit-
tance for the waveguide mode that excites apertamd []' denotes matrix inversion.

The scattering matrix, in conjunction with the array excitation coefficients, contains the neces-
sary information for describing the performance of a scanning phased-array antenna, including all the
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interactions between array elements. The scattering matrix gives the relationship between the incident
and reflected waveguide modal fields for all the elements of the array as follows:

by = Sj18; + S8, +Syz83+ ... +Say %
by = Sya; +Sy58, +Sy383+ .. + Sy %
by = S318; +S558, +S3383+ ... + S8y % (41)
: : : : : %
by = Sn181+ Sy282 + Syz@z - +Synan O
The equivalent voltage and current for itreaperture is then expressed as
V. = a +b.
i i i 0
_ O 42)
Therefore, the active admittance of ttteelement in the array is
Vi T ta+b T LT, “
and the active reflection coefficient of tite element is given by
b o3
IRFEDET )
J =

Assuming a constant incident power source, the radiated beam from the planar array can be scanned
to the anglef, @y) by producing a progressive phase shift across the array as follows:

a; = |ay|expl—jky(x;cosPy + Y; Sin@y) SinB] (45)

wherex; andy; are the Cartesian coordinates of the center ofttheperture. The variation with beam
scan for the reflection coefficient of a particular element in the array can be calculated by substituting
equation (45) into equation (44) with the scattering coefficients obtained from equation (38).

Results

The closed-form expression (eq. (35)) for mutual admittance was validated by comparing results
with those obtained from the numerical integration of equation (36). The scattering-matrix results were
used for comparison; in all cases, the self admittance was obtained by numerical integration of equa-
tion (37). All computations were performed on an MS-DOS 80486DX2-66 desktop computer using the
code CWG (ref. 4); this code was modified to include an option for the closed-form mutual-admittance
evaluation.

Two sets of data were used for verification. The first data set was the mutual coupling between two
apertures, and the second set was the active reflection coefficient for a large scanning array whose grid
geometry is illustrated in figure 2.

The first set of data was obtained for the purpose of establishing the range of applicability by com-
paring the mutual coupling between two identical apertures for various sizes, orientations, and spacings.
These results (plotted in figs. 3 and 4) indicate that very accurate results are consistently obtained for
center-to-center spacings greater than the classic far-field distanD@/b[);Zn many cases, accurate
results are obtainable when the apertures are almost touching.
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The second set of data was calculated for the active reflection coefficient of the center element in a
scanning array. The mutual admittance between all element pairs for a 721-element array (array diame-
ter of 20 wavelengths) was calculated by numerical integration and by the closed-form expression. The
calculated reflection coefficient for the center element is plotted against beam scan angle in the two
principal planes in figures 5 to 8. The results of these calculations, using numerical integration for all
element pairs, were used as the basis for evaluation. When the closed-form expression was used for all
element pairs, a small discrepancy was observed, as shown in figures 5 and 6. However, when the
admittance matrix was modified to use the numerical integration values for the closest neighbor pairs
(i.e., elements spaced 0.Apfand the closed-form expression for all others, the results were extremely
accurate, as shown in figures 7 and 8. As a result of the uniform grid geometry of the array, numerical
integration of only two mutual-admittance values were required in order to obtain extremely accurate
results. Also, as noted in figures 7 and 8, utilization of the closed-form expression resulted in a consid-
erable reduction in computational time required to fill the admittance matrix.

Conclusion

An approach for obtaining a closed-form expression for the mutual admittance between elements in
a planar array of apertures was presented. The closed-form expression for circular apertures was devel-
oped and compared with results obtained by numerical integration. The judicious use of the closed-form
expression, in conjunction with the integral form of the mutual admittance, provides an antenna design
and analysis tool that produces extremely accurate results with a significant reduction in computational
time for large phased arrays.

NASA Langley Research Center
Hampton, VA 23681-0001
December 11, 1995
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Figure 1. Geometry of dominant transverse electric mode €kcited circular apertures.
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Figure 2. Geometry for equilateral triangular grid array.
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Figure 3. H-plane coupling between circular apertures with fitode excitation.
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Figure 4. E-plane coupling between circular apertures with méde excitation.
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Figure 5. Reflection coefficient versus H-plane scan angle for center element of 721-element array.
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Figure 6. Reflection coefficient versus E-plane scan angle for center element of 721-element array.
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Figure 7. Reflection coefficient versus H-plane scan angle for center element of 721-element array.
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Figure 8. Reflection coefficient versus E-plane scan angle for center element of 721-element array.
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